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K. Bolejko, A. Krasiński, C. Hellaby and M-N. Célérier Structures in the Universe by Exact Methods:
Formation, Evolution, Interactions

D. M. Brink Semi-Classical Methods for Nucleus-Nucleus Scattering†

M. Burgess Classical Covariant Fields†

E. A. Calzetta and B.-L. B. Hu Nonequilibrium Quantum Field Theory

S. Carlip Quantum Gravity in 2+1 Dimensions†

P. Cartier and C. DeWitt-Morette Functional Integration: Action and Symmetries†

J. C. Collins Renormalization: An Introduction to Renormalization, the Renormalization Group
and the Operator-Product Expansion†

P. D. B. Collins An Introduction to Regge Theory and High Energy Physics†

M. Creutz Quarks, Gluons and Lattices†

P. D. D’Eath Supersymmetric Quantum Cosmology†

J. Dereziński and C. Gérard Mathematics of Quantization and Quantum Fields
F. de Felice and D. Bini Classical Measurements in Curved Space-Times

F. de Felice and C. J. S Clarke Relativity on Curved Manifolds†

B. DeWitt Supermanifolds, 2nd edition†

P. G. O. Freund Introduction to Supersymmetry†

F. G. Friedlander The Wave Equation on a Curved Space-Time†

J. L. Friedman and N. Stergioulas Rotating Relativistic Stars
Y. Frishman and J. Sonnenschein Non-Perturbative Field Theory: From Two Dimensional

Conformal Field Theory to QCD in Four Dimensions
J. A. Fuchs Affine Lie Algebras and Quantum Groups: An Introduction, with Applications in

Conformal Field Theory†

J. Fuchs and C. Schweigert Symmetries, Lie Algebras and Representations: A Graduate Course
for Physicists†

Y. Fujii and K. Maeda The Scalar-Tensor Theory of Gravitation†

J. A. H. Futterman, F. A. Handler, R. A. Matzner Scattering from Black Holes†

A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev Harmonic Superspace†

R. Gambini and J. Pullin Loops, Knots, Gauge Theories and Quantum Gravity†

T. Gannon Moonshine beyond the Monster: The Bridge Connecting Algebra, Modular Forms and
Physics†
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Preface

The first exactly solvable cosmological models of Einstein’s theory revealed the

presence of a very striking phenomenon: the Big Bang singularity. Since the

time it was discovered in 1922 by Alexander Friedmann, a fundamental ques-

tion has arisen as to whether this phenomenon is due to the special simplifying

assumptions underlying the exactly solvable models or whether a singularity is

a general property of the Einstein equations. This question was formulated for

the first time by L. Landau in 1959.

The question was answered by V. Belinski, I. Khalatnikov and E. Lifshitz

(BKL) in 1969. The BKL work showed that a singularity is a general prop-

erty of a generic cosmological solution of the classical gravitational equations

and not a consequence of the special symmetric structure of the exact models.

Most importantly, BKL were able to find the analytical structure of this generic

solution and show that its behavior is of an extremely complex oscillatory char-

acter, of chaotic type. Because it provides the description of a general solution

of the Einstein equations (i.e., a solution depending on sufficiently many freely

adjustable functions of space), the BKL analysis sheds light on intrinsic proper-

ties of Einstein gravity. Given the nonlinear character of the Einstein equations

and the difficulty of finding exact solutions without symmetries, the BKL results

are quite notable. They have a fundamental significance not only for cosmology

but also for the evolution of collapsing matter forming a black hole. The last

stage of collapsing matter will follow in general the BKL regime.

The chaotic oscillations discovered by BKL can be understood in terms of a

“cosmological billiard” system, where the cosmological evolution is described at

each spatial point as the relativistic motion of a fictitious billiard ball in the

Lorentzian space of the logarithmic scale factors. This reformulation of the BKL

behavior can be naturally extended to arbitrary matter couplings and dimensions

of space-time, enabling one to show that the BKL regime is inherent not only to

General Relativity but also to more general physical theories containing gravity,

such as supergravity models. The dimension of the billiard table and the nature
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xii Preface

of the walls that bound it depend on the theory, but the billiard description

remains universally valid.

The billiard point of view provides a remarkably simple description of the

gravitational field in the vicinity of a spacelike singularity. In spite of the com-

plexity of the Einstein-matter field equations, the asymptotic behavior of the

fields near a cosmological singularity can be phrased in surprisingly elementary

terms involving finite-dimensional dynamical systems. This description is valid

generically, i.e., without making any symmetry assumption.

The billiard point of view has also unexpectedly led to the discovery of a

remarkable connection with one of the most beautiful and active subjects of

modern mathematics, namely hyperbolic Coxeter groups and the theory of indef-

inite Kac–Moody algebras. This connection emerges because the billiard region

in which the cosmological billiard ball moves turns out to possess exceptional

properties, which imply that the group of reflections in the billiard walls is a

simplex crystallographic hyperbolic Coxeter group for the known theories con-

taining gravity. This intriguing fact opens up the fascinating perspective that

an underlying infinite-dimensional symmetry algebra might play a central role

in the fundamental formulation of gravity. However, at the time of writing this

book, a complete proof of the presence of such algebras has not been found, so

that the origin of the observed emergence of the hyperbolic Coxeter groups in

the BKL description remains something of a mystery.

The purpose of this book is to explain at length the BKL analysis, starting

from the early work on the subject and going all the way to the most modern

developments.
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