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A Brief Overview of Time Series and Stochastic
Processes

This chapter serves as a brief introduction to time series to readers unfamiliar with this topic.
Knowledgeable readers may want to jump directly to Chapter 2, where the basics of long-
range dependence and self-similarity are introduced. A number of references for the material
of this chapter can be found in Section 1.6, below.

1.1 Stochastic Processes and Time Series

A stochastic processes {X (t)}:eT is a collection of random variables X () on some proba-
bility space (2, F, IP), indexed by the time parameter ¢ € T. In “discrete time,” we typically
choose for T,

Z=A{..,—-1,0,1,...}, Z+ ={0,1,...}, {1,2,...,N}, ...,
and denote ¢ by n. In “continuous time,” we will often choose for T,
R, Ry = [0, 00), [0, N],....

In some instances in this volume, the parameter space 7 will be a subset of R?, g > 1,
and/or X () will be a vector with values in R”, p > 1. But for the sake of simplicity, we
suppose in this chapter that p and g equal 1. We also suppose that X (¢) is real-valued.

One way to think of a stochastic process is through its law. The law of a stochastic process
{X (t)};er is characterized by its finite-dimensional distributions (fdd, in short); that is, the
probability distributions

P(X(t1) <x1,....,X(t) <x»), tieT,x;eR,n=>1,
of the random vectors
(X(t), ..., X(t), tieT,n>1.

Here, the prime indicates transpose, and all vectors are column vectors throughout. Thus,
the finite-dimensional distributions of a stochastic process fully characterize its law and, in
particular, the dependence structure of the stochastic process. In order to check that two
stochastic processes have the same law, it is therefore sufficient to verify that their finite-
dimensional distributions are identical. Equality and convergence in distribution is denoted

by 4 and —d> respectively. Thus {X (¢)}ser 4 {Y (t)};eT means
P(X(tl) S x15 "'7X(tﬂ) an) :]P)(Y(tl) le, ceey Y(tﬂ) S xﬂ)v tl S T7~xl S R7n Z 1

1
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2 A Brief Overview of Time Series and Stochastic Processes

A tilde ~ indicates equality in distribution: for example, we write X ~ N'(u, 02) if X is
Gaussian with mean p and variance o2
A stochastic process is often called a time series, particularly when it is in discrete time

and the focus is on its mean and covariance functions.

1.1.1 Gaussian Stochastic Processes

A stochastic process {X(¢)};er is Gaussian if one of the following equivalent conditions
holds:

(i) The finite-dimensional distributions Z = (X (#1), ..., X(#,))’ are multivariate Gaussian
N (b, A) with mean b = EZ and covariance matrix A = E(Z — EZ)(Z —EZ);

(ii) a1 X(t1) + ---+ a, X (t,) is a Gaussian random variable for any a; e R, #; € T;

(iii) Inthe case when EX (t) = 0,foranya; e R,t; € T,

Eexp (i@ X (1) + -+ @ X)) = exp | — 3 E@X )+ +a X))

=exp| - %i; aia EX @)X (@)}, (1D

The law of a Gaussian stochastic process with zero mean is determined by a covariance
function Cov(X (1), X(s)) = EX ()X (s), s,t € T. When the mean is not zero, the covari-
ance function is defined as Cov(X (¢), X (s)) = E(X (t)—EX (t))(X (s)—EX (s)), s,teT.
Together with the mean function EX (), t € T, the covariance determines the law of the
Gaussian stochastic process.

Example 1.1.1 (Brownian motion) Brownian motion (or Wiener process) is a Gaussian
stochastic process {X (¢)};>0 with!

EX() =0, EX®)X(s)= o’ min{¢t, s}, t,s>0, o >0, (1.1.2)

or, equivalently, it is a Gaussian stochastic process with independent increments X (#;) —
X(t—1), k=1,...,n,withtg < t; < --- < t, such that X(¢) — X(s) ~ o N(0,t — 5),
t > s > 0. Brownian motion is often denoted B(t) or W (¢). Brownian motion {B(¢)};cr on
the real line is defined as B(t) = Bi(t),t > 0, and B(t) = By(—t),t < 0, where By and B>
are two independent Brownian motions on the half line.

Example 1.1.2 (Ornstein—Uhlenbeck process) The Ornstein—Uhlenbeck (OU) process is a
Gaussian stochastic process { X (¢)};er with

— — 0_2 —A(t—s)
EX() =0, EX(@®)X(s) T , t>s, (1.1.3)

! One imposes, sometimes, the additional condition that the process has continuous paths; but we consider here
only the finite-dimensional distributions.
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1.1 Stochastic Processes and Time Series 3

Figure 1.1 If the process has stationary increments, then, in particular, the
increments taken over the bold intervals have the same distributions.

where A > 0,0 > 0 are two parameters. The OU process is the only Gaussian stationary
Markov process. It satisfies the Langevin stochastic differential equation

dX (@) = —-AX@)dt +odW (1),

where {W(¢)} is a Wiener process. The term —A X (¢)d¢ in the equation above adds a drift
towards the origin.

1.1.2 Stationarity (of Increments)

A stochastic process { X (¢)};e7 is (strictly) stationary if T = R or Z or R4 or Z, and for
anyheT,

(XO)er £ (X + ) ier. (1.1.4)

A stochastic process {X (t)};e7 is said to have (strictly) stationary increments if T = R or
ZorRiorZy,andforany h € T,

(X(t+h) = X(W}ier £ {X (1) — XO)er. (1.15)

See Figure 1.1.

Example 1.1.3 (The OU process) The OU process in Example 1.1.2 is strictly stationary.
Its finite-dimensional distributions are determined, for ¢ > s, by

2 2
EX ()X (s) = %e—*<’—5> - Z—Ae—l“ﬁm—(”h)) —EX(t+h)X(s +h).

Thus, the law of the OU process is the same when shifted by 4 € R.

An example of a stochastic process with (strictly) stationary increments is Brownian
motion in Example 1.1.1.

There is an obvious connection between stationarity and stationarity of increments. If
T = 7Z and {X;};cz has (strictly) stationary increments, then AX; = X; — X;_1,t € Z, is
(strictly) stationary. Indeed, for any % € Z,

{AXH-h}teZ = {Xt+h - Xz+h—1}teZ = {Xt+h — Xp — (Xt+h—l - Xh)}teZ
d
= {Xt — Xo — (thl - XO)}teZ = {Xz - thl}teZ = {Axt}teZ-

Conversely, if {Y;},ez is (strictly) stationary, then X, = ch:l Yi can be seen easily to have
(strictly) stationary increments.

If T = R, then the difference operator A is replaced by the derivative when it exists and
the sum is replaced by an integral.
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4 A Brief Overview of Time Series and Stochastic Processes

1.1.3 Weak or Second-Order Stationarity (of Increments)

The probabilistic properties of (strictly) stationary processes do not change with time. In
some circumstances, such as modeling, this is sometimes too strong a requirement. Instead
of focusing on all probabilistic properties, one often requires instead that only second-
order properties do not change with time. This leads to the following definition of (weak)
stationarity.

A stochastic process { X (¢)};er is (weakly or second-order) stationary if T = R or Z and
foranyt,s € T,

EX(t) =EX(0), Cov(X(t),X(s)) =Cov(X(t—s), X(0)). (1.1.6)

The time difference ¢ — s above is called the fime lag. Weakly stationary processes are often
called time series. Note that for Gaussian processes, weak stationarity is the same as strong
stationarity. This, however, is not the case in general.

1.2 Time Domain Perspective

Consider a (weakly) stationary time series X = {X,,},¢z. In the time domain, one focuses
on the functions

yx (h)
yx(0)’
called the autocovariance function (ACVF, in short) and autocorrelation function (ACF, in

short) of the series X, respectively. ACVF and ACF are measures of dependence in time
series. Sample counterparts of ACVF and ACF are the functions

yx (h) = Cov(Xy, Xo) = Cov(Xp4n, Xn), px(h) = h,n € Z, (1.2.1)

N—|h|

~ - = - vx (h)
yx(h) = — (Xntin — X)(Xn — X)), px(h)==—=, || =N -1,
N ; i " 7x(0)
where X = % Zﬁ:’:l X, is the sample mean. The following are basic properties of the

ACF:

o Symmetry: px(h) = px(—h), h € Z.

® Range: |px(h)| < 1,h € Z.

® [nterpretation: px (h) close to —1,0 and 1 correspond to strong negative, weak and strong
positive correlations, respectively, of the time series X at lag h.

Statistical properties of the sample AVCF and ACF are delicate, for example, p(h) and
©(h — 1) have a nontrivial (asymptotic) dependence structure.

1.2.1 Representations in the Time Domain

“Representing” a stochastic process is expressing it in terms of simpler processes. The
following examples involve representations in the time domain.

Example 1.2.1 (White Noise) A time series X, = Z,, n € Z, is called a White Noise,
denoted {Z,} ~ WN(0, 02), if EZ, = 0 and
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1.2 Time Domain Perspective 5
2
_J o7, h=0, 1, h=0

Example 1.2.2 (MA(I) series) A time series { X, },c7 is called a Moving Average of order
one (MA(1) for short) if it is given by

Xy =2y +0Zy_1, ne’,
where {Z,} ~ WN(0, 02). Observe that

o2(14+6%), h=0,

yx(h) =EX X0 =E(Zy +0Zpn-1)(Zo+60Z_1) = { 020, h=1,
0, h =2,
and hence
1, h=0,
px() =1 tm  h=1
0, h>2.

Example 1.2.3 (AR(1) series) A (weakly) stationary time series {X,},ez is called
Autoregressive of order one (AR(1) for short) if it satisfies the AR(1) equation

Xn=¢Xy1+ 2y, nelk,

where {Z,} ~ WN(O, a%). To see that AR(1) time series exists at least for some values of
@, suppose that |¢| < 1. Then, we expect that

Xn = (/JZXn—Z + (pZn—l + Zn

00
=" Xp—m + (Pmilzn—(m—l) ++Zy= Z 0" Zn—m.
m=0

The time series {X,},c7 above is well-defined in the L2($2)—sense? because

np 2 np
E( Z (men_m> = Z (p2m0% — 0, asnjp,ny—> 00,
m=nj m=nj

for |¢| < 1. One can easily see that it satisfies the AR(1) equation and is (weakly) stationary.
Hence, the time series {X,,},c7z is AR(1).
When |¢| > 1, AR(1) time series is obtained by reversing the AR(1) equation as

-1 -1
Xﬂ = (p Xﬂ-‘rl - (p Zn—H, ne Z?
and performing similar substitutions as above to obtain

2 A random variable is well-defined in the L2(2)—sense if IE|X|2 < 00. A series Z,fozl X, is well-defined in the
L%(Q2)-sense if Z,’:/:l X, converges in L2(Q)-sense as N — oo, that is, | Zf:’iNl X, — 0as

Ny, Ny — o0.
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6 A Brief Overview of Time Series and Stochastic Processes
_ -1 -1
Xn = % Xn+1 - Zn+1

oo
=0 X2 =90 Zna— 9 Zopi ==Y 07"V Z, 0

m=0

When |p| = 1, there is no (weakly) stationary solution to the AR(1) equation. When
¢ = 1, the AR(1) equation becomes X, — X,,—1 = Z, and the non-stationary (in fact,
stationary increment) time series satisfying this equation is called Integrated of order one
(I(1) for short). When Z,, are i.i.d., this time series is known as a random walk.

For |¢| < 1, for example, observe that for # > 0,

yx() =EXpXo =E(Zp+ -+ ¢"Zo+ "' 21+ )(Zo + 9Zo1 + )

2</’h

h+2 +)=O'Z]_

h+4

=" +¢" 7+ >

%
and hence, since px(—h) = px(h), we getfor h € Z,

px (h) = o™,

Example 1.2.4 (ARMA (p,q) series) A (weakly) stationary time series {X,},cz is called
Autoregressive moving average of orders p and g (ARMA(p, q), for short) if it satisfies the
equation

Xn — (pIXn—l - (prn—p =Zy+hZy1+--- +9an—q,

where {Z,} ~ WN(O0, 02).
ARMA(p, g) time series exists if the so-called characteristic polynomial 1 — 1z —--- —

¢pz? = 0 does not have root on the unit circle {z : |z| = 1}. This is consistent with the
AR(1) equation discussed above where the root z = 1/¢; of the polynomial 1 — ¢1z = 0 is
on the unit circle when |¢1| = 1.

Example 1.2.5 (Linear time series) A time series is called linear if it can be written as

o
X, = Z A Zn—k, (1.2.2)

k=—00

where {Z,} ~ WN(O, a%) and ZZ‘;_OO lak|?> < oo. Time series in Examples 1.2.1-1.2.3
are, in fact, linear. Observe that

o0 o0
EXn+nXn =E< Z aan+h—k>< Z aan—k>

k=—00 k=—00
0 o0
=E< Z ak/+th—k’)< Z aan—k>
k'=—00 k=—o00
x x
2 2 2 v
=0z Z Ak+hQk = 0% Z ap—ra—k = oz(axa’)p,
k=—00 k=—00
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1.3 Spectral Domain Perspective 7

where * stands for the usual convolution, and aV denotes the time reversal of a. Since
EX,+1 X} depends only on i and EX,, = 0, linear time series are (weakly) stationary. The
variables Z,, entering the linear series (1.2.2) are known as innovations, especially when
they are i.i.d.

Remark 1.2.6 Some of the notions above extend to continuous-time stationary processes
{X (¢)};cr. For example, such process is called linear when it can be represented as

X(t):/a(t—u)Z(du), t eR, (1.2.3)
R

where Z(du) is a real-valued random measure on R with orthogonal increments and control
measure E(Z(du))? = du (see Appendix B.1, as well as Section 1.4 below), and a € L*(R)
is a deterministic function.

1.3 Spectral Domain Perspective

We continue considering (weakly) stationary time series X = {X},},cz. The material of this
section is also related to the Fourier series and transform discussed in Appendix A.1.1.

1.3.1 Spectral Density

In the spectral domain, the focus is on the function

1 = _
fx0) = Y e Myxh), re(-m 7l (1.3.1)

h=—o00

called the spectral density of the time series X. The variable A is restricted to the domain
(—m, ] since the spectral density fx () is 2w—periodic: that is, fx(A + 2wk) = fx(A),
k € Z. Observe also that the spectral density f is well-defined pointwise when yx € £!(Z).
The variable A enters fx (A) through e~"* or sines and cosines. When 1 is close to 0, we
will talk about low frequencies (long waves), and when A is close to 7, we will have high
frequencies (short waves) in mind. Graphically, the association is illustrated in Figure 1.2.

Example 1.3.1 (Spectral density of white noise) 1If {Z,} ~ WN(O, O’%), then

2
_ 9%z
fz() = 5

that is, the spectral density fz()A), A € (—m, 7], is constant.

VAV I

Figure 1.2 Low (left) and high (right) frequencies.
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8 A Brief Overview of Time Series and Stochastic Processes

Example 1.3.2 (Spectral density of AR(1) series) If {X,}nez is AR(1) time series with
lol < 1and yx(h) = o9 /(1 — ¢?), then

2 (0.¢]
o . ,
fx) = —~4— (1 +) (e*’“+e‘“)<ph)
2n (1 — ) P
2 —ix i 2
o e e o 1
- - 2 (1+ £ T £ iA)Z - —ir2°
27 (1 — ¢?) 1 — e 1 — ge 2w |1 — pe™H|

The spectral density has the following properties:

o Symmetry: fx(A) = fx(—A). This follows from yx(h) = yx(—h). In particular, we can
focus only on A € [0, 7].
® Nonnegativeness: fx()) > 0. For yx € 21(Z), this follows from

2 l]E Y X X —i(r—s))»
—ﬁ (Z ris€ >

rs=

1 N
0 < —E‘ X =i
B N ; .

1 . © )
= 2 N = 1hDyx(me™ = 3 yx(e™™ =27 fx(b),
|h|<N h=—00

as N — oo, by using dominated convergence.
® [nverse relation:

yx(h) = /n e fx(Wdx, heZ. (1.3.2)

—7T

1.3.2 Linear Filtering

The following is a useful result. If

o0
Y, = Z ar Xp—k (1.3.3)

k=—00
with a (weakly) stationary time series {X,},cz and a = {ai}kez € 21(Z), then

fr) =@ fx), (13.4)
where a(A) = Z;’;_OO a je”jA is the Fourier transform of a (see Appendix A.1.1). This
follows from observing that

o0

yr(h) =EY, Yy = Z ajaryx(h+k — j)

J.k=—00

T . T s 2
=Y aja / eI IH=D £ (3)d = / |3 aje | fxGodi.
J.k 7 j=—00

-

Relation (1.3.3) transforms the series { X} into the series {Y, } by means of a linear filter.
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1.3 Spectral Domain Perspective 9

Example 1.3.3 (Spectral density of AR(1) series, cont’d) Applying (1.3.3)—(1.3.4) to the
AR(1) equation X;, — ¢ X,,—1 = Z, with {Z,} ~ WN(O0, 1) yields

2
11— e ™2 fx () = f2(0) = ;—Z
T

or
2
oy 1
MN=-%2——
Jx®) 27 |1 — pe~i|2

the result obtained directly in Example 1.3.2.

1.3.3 Periodogram
A sample counterpart to the spectral density is defined by

N
1 N _ 1 _12 Ix(A)
_ e M — _‘ X, e | = 22 1.3.5
5o D Tx(he | 2 Xne o= (13.5)
lh|<N n=1
with the first relation holding only at the so-called Fourier frequencies
2k N -1 N
A=A = ‘thk:—[—],...,[—]. 1.3.6
k=W 3 2 ( )

Ix(A) is known as the periodogram, and has the following properties:

® Computational speed: Ix(Ar) can be computed efficiently by Fast Fourier Transform
(FFT) in O (N log N) steps, supposing N can be factored out in many factors.

® Statistical properties: Ix(A) is not a consistent estimator for 27 fy (1), but is asymptoti-
cally unbiased. The periodogram needs to be smoothed to become consistent.

Warning: Two definitions of the periodogram Iy are commonly found in the literature.
One definition appears in (1.3.5). The other popular definition is to set the whole left-hand
side of (1.3.5) for the periodogram; that is, to incorporate the denominator 27 into the peri-
odogram. Since the two definitions are different, it is important to check which convention
is used in a given source. With the definition (1.3.5), we follow the convention used in
Brockwell and Davis [186].

1.3.4 Spectral Representation

A (weakly) stationary, zero mean time series X = {X,},ez with a spectral density fx can
be represented as

g
X, = / e Zx(d)), (1.3.7)

-

where Zx (d)) is a complex-valued random measure such that Zy(—di) = Zx(d)); that
s, Zx is Hermitian. Moreover,

EZx(dMZx(dA) =0 (1.3.8)
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10 A Brief Overview of Time Series and Stochastic Processes

when d\ # d)/ (i.e., having orthogonal increments), and
E|Zx(dM)]> = fx(L)dA. (1.3.9)
As with most integrals, this is interpreted through discrete sums as
Xy &Y e Zy(dh),
k

where Zy (dAy) are uncorrelated with variances fy (Ax)dix. See Appendix B.1 for a more
rigorous treatment. Thus, at frequency A with larger value of fx(A), the variance of the
random coefficient at e!"* is larger. These terms dominate in the representation.

Remark 1.3.4 In writing the spectral representation (1.3.7) we assumed implicitly that
the series X has a spectral density. Spectral representations, however, exist for all (weakly)
stationary time series. They are written more generally as

Xy = / " Zx (dh),
(=m.7]
where Zy (dA) is a complex-valued random measure as above with the only difference that
the property (1.3.9) is replaced by
E|Zx(d)* = Fx(d})

for the so-called spectral measure Fx on (—m, w]. When the spectral measure Fy has a
density fx (with respect to the Lebesgue measure), fx is the spectral density of the series
X and the relation (1.3.9) holds.

Example 1.3.5 (Spectral density of AR(1) series, cont’d) The spectral density of AR(1)
series was derived in Examples 1.3.2 and 1.3.3. Typical plots of AR(1) time series and their

5 ‘ 99:0.7' 5 ‘ 49:70.7‘
15 15
o) 1 o) 1
0.5 0.5
0 0
0 1 2 3 0 1 2 8
A A
=0.7 o=—0.7
5 i 5 s
X” 0 X"l O
-5 . . . -5 . . .
0 50 100 150 200 0 50 100 150 200

n n

Figure 1.3 Typical plots of AR(1) spectral densities and of their sample paths in
the cases ¢ > O and ¢ < 0.

© in this web service Cambridge University Press www.cambridge.org



www.cambridge.org/9781107039469
www.cambridge.org

