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Gödel, K.F., 343
Gonthier, G., 384, 389

Hales, T.C., 384, 389
Harrison, J., 374, 389
Heyting, A., 388
Hilbert, D., xv, 159, 276, 343
Hindley, J.R., 5, 65, 389
Howard, W., 119
Huet, G., 207, 388

Iemhoff, R., 309, 341
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+, Fig.14.12, 320
×, Fig.14.22, 336
−, Fig.14.16/14.17, 328, 331
| , Fig.14.23, 339
0, Fig.14.1/14.3, 307, 310
1, Fig.14.13, 321
2, Fig.14.13, 321
3, Fig.14.13, 321

∩, Fig.13.2, 283
∪, Fig.13.2, 283
\, Fig.13.2, 283
. . .c, Fig.13.2, 283
∅, Fig.13.6, 287
∅S , Fig.13.6, 287
⊆, Fig.13.2, 283
=, Fig.13.2, 283
[. . .]R, Fig.13.10, 290
ε, Fig.13.1, 282
εS , Fig.13.1, 282
ε-el , Fig.13.3, 284
ε-in, Fig.13.3, 284

≤, Fig.14.18, 333
≤Z, Fig.14.18, 333
<, Fig.14.18, 333
≥, Fig.14.19, 334
≥Z, Fig.14.19, 334
>, Fig.14.19, 334

⇒, Fig.11.5, 234
⇒ -el , Fig.11.5, 234
⇒ -in, Fig.11.5, 234
⊥, Fig.11.6, 235
⊥-el , Fig.11.6, 235
⊥-in, Fig.11.6, 235
¬, Fig.11.7, 235
¬-el , Fig.11.7, 235
¬-in, Fig.11.7, 235
¬¬-el , Fig.11.17, 242
¬¬-in, Fig.11.17, 242
∧, Fig.11.10, 236
∧-el1, Fig.11.10, 236
∧-el2, Fig.11.10, 236

∧-in, Fig.11.10, 236
∨, Fig.11.11, 237
∨-el , Fig.11.11, 237
∨-el-alt1, Fig.11.19, 244
∨-el-alt2, Fig.11.19, 244
∨-in1, Fig.11.11, 237
∨-in2, Fig.11.11, 237
∨-in-alt1, Fig.11.19, 244
∨-in-alt2, Fig.11.19, 244
⇔, Fig.11.12, 237
⇔ -el1, Fig.11.12, 237
⇔ -el2, Fig.11.12, 237
⇔ -in, Fig.11.12, 237
∀, Fig.11.22, 246
∀-el , Fig.11.22, 246
∀-in, Fig.11.22, 246
∃, Fig.11.23/12.14, 247, 270
∃1, Fig.12.14, 270
∃≥1, Fig.12.14, 270
∃≤1, Fig.12.14, 270
∃-el , Fig.11.23, 247
∃-el-alt , Fig.11.28, 251
∃-in, Fig.11.23, 247
∃-in-alt , Fig.11.28, 251
antisymm, Fig.12.7, 264
antisymmetric, Fig.8.2, 173
assoc-add , Fig.14.14, 324
ax -int1, Fig.14.3, 310
ax -int2, Fig.14.4, 311
ax -int3, Fig.14.6, 312
ax -nat1, Fig.14.1, 307
ax -nat2, Fig.14.1, 307
ax -nat3, Fig.14.1, 307
bijective, Fig.13.13, 293
class, Fig.13.10, 290
clos-prop, Fig.14.5, 312
com-div , Fig.14.23, 339
comm-add , Fig.14.14, 324
coprime, Fig.14.23, 339
d , Fig.15.7, 357
D , Fig.8.1/15.20, 169, 370
div , Fig.14.23, 339
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div -the, Fig.15.3/15.22, 354, 372
doub-neg , Fig.11.16, 241
element , Fig.13.1, 282
eq , Fig.12.3, 261
eq-cong1, Fig.12.5, 263
eq-cong2, Fig.12.6, 263
eq-refl , Fig.12.3, 261
eq-subs, Fig.12.4, 262
eq-subset , Fig.13.5, 286
eq-sym, Fig.12.10, 267
eq-sym ′, Fig.12.11, 268
eq-trans, Fig.12.12, 268
equivalence-relation, Fig.13.9, 289
exc-thrd , Fig.11.16, 241
full-set , Fig.13.6, 287
gcd , Fig.14.23, 339
gcd-pos, Fig.14.23, 339
gcd-prop, Fig.14.23, 339
gcd-unq , Fig.14.23, 339
grtstZ, Fig.15.19, 370
ι, Fig.12.16, 272
ι-prop, Fig.12.16, 272
image, Fig.13.15, 294
increasing , Fig.8.1, 169
injective, Fig.13.13, 293
inj -subset , Fig.13.14, 293
inj -suc, Fig.14.3, 310
inv , Fig.13.13, 293
inverse, Fig.8.8, 181
Id , Fig.8.8, 181
IS , Fig.13.2, 283
IS -prop, Fig.13.5, 286
least , Fig.15.1, 353
Least , Fig.12.13, 269
leastZ, Fig.15.1, 353
left-canc-add , Fig.14.14, 324
lw -bnd , Fig.14.20, 335
lw -bndZ, Fig.14.20, 335
max -prop, Fig.15.19, 370
max -the, Fig.15.19, 370
max -uni-the, Fig.15.19, 370
maximum, Fig.15.19, 370
min, Fig.15.1, 353
Min, Fig.12.18, 274
min-prop, Fig.15.2, 353
min-the, Fig.15.2/15.18, 353, 368
min-uni-the, Fig.15.2, 353
minimal-element , Fig.8.3, 175
minimum, Fig.15.2, 353
minus, Fig.14.16, 328
N, Fig.14.1/14.5, 307, 312
N+, Fig.15.5, 356
nat-cond , Fig.14.5, 312
nat-ind , Fig.14.8, 314
nat-prop1, Fig.14.7, 313
nat-prop2, Fig.14.7, 313
nat-smallest , Fig.14.5, 312
nat-split , Fig.14.9, 315
nat-split-alt , Fig.14.9, 315

neg , Fig.14.9, 315
opp, Fig.14.17, 331
origin, Fig.13.15, 294
p, Fig.14.3, 310
part-ord , Fig.12.7, 264
partially-ordered , Fig.8.2, 173
plus, Fig.14.11, 320
plus-clos-nat , Fig.14.15, 325
plus-i , Fig.14.12, 320
plus-i-alt , Fig.14.14, 324
plus-ii , Fig.14.12, 320
plus-ii-alt , Fig.14.14, 324
plus-iii , Fig.14.12, 320
plus-iii-alt , Fig.14.14, 324
pos, Fig.14.9, 315
pre-ord , Fig.12.7, 264
ps, Fig.13.1, 282
p-s-ann, Fig.14.3, 310
q, Fig.15.21, 371
r, Fig.15.22, 372
rec-add-lem, Fig.14.11, 320
rec-add-prop, Fig.14.11, 320
rec-mult-lem, Fig.14.21, 336
rec-mult-prop, Fig.14.21, 336
refl , Fig.12.7, 264
reflexive, Fig.8.2/13.9, 173, 289
right-canc-add , Fig.14.14, 324
s, Fig.14.1/14.3, 307, 310
S , Fig.15.5, 355
S+, Fig.15.5, 356
s-p-ann, Fig.14.3, 310
spec-rec-th, Fig.14.10, 319
subtr -prop1, Fig.14.16, 328
subtr -prop2, Fig.14.16, 328
surjective, Fig.13.13, 293
surj -suc, Fig.14.3, 310
sym-∨, Fig.11.14, 239
symmetric, Fig.13.9, 289
times, Fig.14.21, 336
times-i , Fig.14.22, 336
times-ii , Fig.14.22, 336
times-iii , Fig.14.22, 336
total , Fig.8.1/8.8, 169, 181
trans, Fig.12.7, 264
transitive, Fig.8.2/13.9, 173, 289
trip, Fig.14.9, 315
uni-dif , Fig.14.16, 328
up-bndZ, Fig.15.19, 370
Z, Fig.14.3, 310
zero-prop, Fig.14.5, 312
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=, 261, 283
=α, 9, 10
=β , 18, 61, 202
Δ
=, 199
Δ
=β , 203
≡, 6

→, 42
→β , 16, 61, 79, 202
�β , 17, 61, 202
Δ→, 198, 219

∗, 70, 189
∗p, 175
∗s, 175
�, 87, 189

�, 38
⊥⊥, 213
◦, 71, 303
∈, 114, 280
∼, 344
�, 53
+, 320
+m, 317
×, 336
×m, 336
− (binary), 328
− (unary), 331
| , 339
0, 307, 310
1, 321
2, 321
3, 321

∩, 283
∪, 283
\, 283
. . .c, 283
∅, 287
∅S , 287
⊆, 283
[. . .]R, 290

≤, 333
≤Z, 333
<, 333
≥, 334
≥Z, 334
>, 334

⇒, 43, 111, 114, 144, 234
⊥, 82, 137, 144, 225, 235
¬, 144, 225, 235
¬¬, 241, 242
∧, 144, 226, 236
∨, 144, 237
⇔, 144, 237
∀, 112, 114, 150, 246
∃, 150, 247, 270
∃1, 270
∃≥1, 270
∃≤1, 270

β-nf, 19
δ-nf, 200
ε, 276, 282
εS , 282
ι, 271, 275, 292
λ, 1, 5
λ→, 40, 125
λ2, 69, 73, 125
λC, 123, 125, 232
λD, 165, 211, 212, 215
λD0, 189, 192, 204, 211
λP, 103, 105, 125
λP2, 125
λω, 125
λω, 86, 125

Δ, 190
Λ, 5
Λ0, 9
ΛT, 39
ΛT2, 74
Π, 72
Σ, 72
Ω, 20
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d, 357
iET , 147
q, 371
r, 372
s, 71, 87, 306, 309
s1, 124
s2, 124
s3, 124

D, 169, 370
Mx→y , 9
S, 355
S+, 356
V , 5
Y , 25, 31
Yσ , 66
Z, 31

K, 86
L, 35
N, 33, 306, 307, 311, 312
N+, 356
T, 34
T2, 73
V, 34, 73
Z, 308, 309

B, 30
I, 30
K, 28, 30, 66, 83
List, 101
S, 28, 30, 66, 83

D, 190, 192
E, 128
EλD, 190
P, 80, 281

A, 160, 172
x, 172
x : A, 172
U : V , 195
[x := U ], 194

conclusion, 40
dom, 53, 75
premiss, 40
Sub, 6

add , 30
false, 31
gcd , 339, 340
gcd ′, 374
if -then-else, 31
iszero, 31
mult , 30
not , 31
one, 30
suc, 30
true, 31
two, 30
zero, 30

Add , 83
Bool , 84

False, 84
FV , 8
Iszero, 84
Mult , 83
Nat , 83
Neg , 84
One, 83
Suc, 83
Tree, 84
True, 84
Two, 83
Zero, 83

(abst), 40, 94, 111, 203
(abst2), 72
(appl), 40, 94, 111, 203
(appl2), 73
(βδ-conv), 203
(conv), 97, 203
(δ-conv), 202
(def ), 193
(def -prim), 214
(form), 76, 93, 123, 203
(func-abst), 42
(func-appl), 42
(inst), 197
(inst-pos), 195
(inst-prim), 215
(inst-zero), 196
(par), 206
(sort), 88, 203
(var), 40, 75, 89, 203
(weak), 90, 203

(⇒-elim), 43, 114
(⇒-intro), 43, 114
(⊥-elim), 138
(⊥-intro), 138
(¬-elim), 139
(¬-intro), 139
(∧-elim-left), 140
(∧-elim-left-sec), 140
(∧-elim-right), 140
(∧-elim-right-sec), 140
(∧-intro), 140
(∧-intro-sec), 140
(∨-elim), 142
(∨-elim-sec), 143
(∨-intro-left), 142
(∨-intro-left-sec), 143
(∨-intro-right), 142
(∨-intro-right-sec), 143
(∀-elim), 112, 114
(∀-intro), 113, 114
(∃-elim), 151
(∃-elim-sec), 152
(∃-intro), 153
(∃-intro-sec), 153
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α-conversion, 9, 10
extended, 78

α-convertible, 11
α-equivalence, 9, 10

extended, 78
α-equivalent, 11
α-variant, 11
abbreviation, 183
abbreviation mechanism, 207
absolute value, 318
abstract data type, 389
abstract syntax, 5
abstraction, 2, 5, 35

first order, 69, 74
second order, 70, 72, 74
type-, 69, 71

absurdity, 137, 225, 392
AC, 297
accumulated dependency, 191
adding a definition, 192
addition, 80, 305

associativity of, 323
commutativity of, 323
integer, 316
left cancellation for, 323
right cancellation for, 323

addition in N

closure under, 324, 403
addition of axiom, 147
Agda, 120, 382, 388, 389
ALF, 120, 388
algebraic data type, 80
Algol 60, 63
algorithm

Euclidean, 350
type checking, 222
typing, 82

alpha-conversion, 9, 10
extended, 78

alpha-convertible, 11
alpha-equivalence, 9, 10

extended, 78

alpha-equivalent, 11
alpha-variant, 11
alphabet

Greek, xxviii
alternative rules for ∨, 243
alternatives for disjunction, 394
alternatives for existential quantification, 396
antisymmetric, 258
application, 2, 4, 5, 35

second order, 70, 73
twofold, 264
type-, 69

argument, 1, 16
arithmetic, 305

integer, 308
arithmetical laws for addition, 322
arithmetical operation, 316
arrow type, 34
associativity of addition, 323
associativity of multiplication, 337
assumption, 174

overall, 213
asymmetric, 45
at least one, 269
at most one, 269
AUT-68, 119
AUT-QE, 119
Automath, xvi, 119, 126, 231, 372, 382, 383, 388
Automath project, 207, 221
automatic verification, 296
axiom, 147, 211, 212, 221, 350

addition of, 147
parameterised, 221

Axiom of Choice, 276, 297
axiom of induction for N, 307
axiom of induction for Z, 311
axiom scheme, 160
axiomatic method, 161
axiomatic notion, 211, 212, 222
axiomatic set theory, 297
axiomatic system, 159
axiomatisation of integers, 309
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axioms
Peano-, 306, 307, 309

axioms for N, 313

β-conversion, 18, 97
β-convertible, 18
β-equality, 18
β-normal form, 19, 63
β-normalising, 19
β-reduction, 3, 5, 16, 59, 61, 97, 220

extended, 78
one-step, 16, 61, 79
zero-or-more-step, 17, 61

β-reduction for λD0

one-step, 202
β-reduction step, 16
βδ-confluence, 220
βδ-conversion, 203
backward rule, 139
Barendregt convention, 15
Barendregt cube, 125, 133
base, 57
basic type, 34
basis, 16, 38, 61
beta-conversion, 18
beta-convertible, 18
beta-delta-confluence, 220
beta-delta-conversion, 203
beta-equality, 18
beta-nf, 19
beta-normal form, 19, 63
beta-reduction, 3, 16, 59, 61, 220

one-step, 16, 61, 79
zero-or-more-step, 17, 61

beta-reduction for λD0

one-step, 202
beta-reduction step, 16
Bézout’s Theorem, 374
Bézout’s Lemma, 176, 349

proof of, 350, 354
biimplication, 393
bijective map, 292
binary minus-operator for Z, 327
binary plus-operation, 320
binary predicate, 115, 289
binary relation, 288, 295
binder

Π-, 72
type-, 72

binding occurrence, 8
body, 16
body of definition, 190, 216
book, 120, 222, 231
bound occurrence, 8
bound variable, 8
Brouwer–Heyting–Kolmogorov, 120
de Bruijn criterion, 383
de Bruijn index, 28

calculus
λ-, 1

Calculus of Constructions, 100, 123, 133, 232,
388

Calculus of Inductive Constructions, 120, 133,
388

call-by-name, 66
call-by-value, 66
cancel, 310
cancellation for addition

left, 323
right, 323

cancellation for multiplication, 338
cancellation for subtraction

left, 329
right, 329

capture, 120
Cartesian product, 107, 115, 280
case distinction, 142
CC, 133
choice function, 276
choice operator, 276
Church-computability, 27
Church numerals, 27, 65, 305

polymorphic, 80, 305
Church–Rosser for �βδ in λD, 220
Church–Rosser Theorem, 21, 61, 79, 130
Church’s λ→, 40
Church’s thesis, 27
Church–Turing thesis, 27, 343
Church–Turing Undecidability Theorem, 131
Church-typing, 36, 65
CIC, 133, 167, 388
class

equivalence, 289
classical logic, 146, 233
classical predicate logic, 249, 396
classical propositional logic, 240, 393
closed λ-term, 9
closure under addition in N, 324, 403
closure under multiplication in N, 337
combination

legal, 217
combination of flags, 234
combinator, 9

fixed point, 25, 31, 66
combinatory logic, 27
common divisor, 176, 339, 351

greatest, 176, 339, 340
commutativity of ∨, 239
commutativity of addition, 323
commutativity of multiplication, 337
compatibility, 10, 16, 61
compatibility rule, 3
complement, 280, 283
composite unary predicate, 289
composition, 67, 70, 303

function, 71, 303, 343
computability, 343

Church-, 27
effective, 27
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Herbrand–Gödel-, 27
Turing-, 27

computable function, 343
computation, 351

model of, 343
compute, 316
computer program

correctness of, 132
conclusion, 40, 160
condensed derivation, 229
Condensing Lemma, 56, 79, 129, 218
condition, 174

side, 35
confluence, 19, 21, 61, 130, 220, 222
congruence property, 262
conjunction, 139, 226, 392
conservative extension, 275
consistency

logical, 81, 222, 223
consistent, 81, 298
constant, 168, 172, 189

defined, 168
introduction of, 172
primitive, 211, 216
proper, 216
reuse of, 238
use of, 172

construction scheme for typing problems, 53
constructive logic, 146, 211, 225
constructive predicate logic, 246, 395
constructive propositional logic, 234, 391
constructor, 87

proper, 87
type, 85, 101

context, 38, 39, 57
empty, 39, 170
λ2-, 75
legal, 217
well-formed, 129

context of definition, 169, 190, 216
contractum, 16
contradiction, 137
convention

Barendregt, 15
parameter list, 239, 240

conversion, 61, 98
α-, 9, 10
β-, 18, 97
βδ-, 203
δ-, 197, 199

conversion rule, 97, 202
convertible

α-, 11
β-, 18
δ-, 200

coprime, 176, 339, 351, 354
Coq, 120, 134, 161, 374, 375, 382–384, 388
correct instantiation, 201
correctness of computer program, 132

CR, 21, 61, 130, 220
cube

Barendregt 121, 123, 125, 133
cumulativity, 133
Curry fixed point operator, 31
Curry–Howard interpretation, 119
Curry–Howard isomorphism, 119
Curry–Howard–de Bruijn embedding, 119
Currying, 115, 289, 291
Curry-typing, 36, 65
cut elimination, 161

δ-confluence in (λD,
Δ→), 220

δ-conversion, 197, 199
δ-convertible, 200
δ-normal form, 200
δ-reduction, 199

one-step, 198
zero-or-more-step, 199

data type, 80, 120, 388
abstract, 389
algebraic, 80
polymorphic, 133

decidability, 59, 65, 279, 280, 296, 343
Decidability of Term Finding, 59
Decidability of Type Assignment, 59
Decidability of Type Checking, 59
decidability of typing, 280
Decidability of Well-Typedness, 59
decidable, 47
declaration, 39, 74
deduction

natural, 43, 157, 208
definability

lambda-, 27
defined constant, 168
defined constant of definition, 190, 216
defined name, 166, 168
definiendum, 168, 172, 190, 216
definiens, 168, 172, 216
definiens of definition, 190, 216
definite description, 275
definite description operator, 275
definition, 126, 165, 189, 213

adding of, 192
body of, 190, 216
context of, 169, 190, 216
defined constant of, 190, 216
definiens of, 190, 216
descriptive, 189, 190, 211, 212, 216
element of, 190, 216
format for, 168
inductive, xx, 5, 55, 167
instantiation of, 170, 193
linguistic, 184
local, 185
mathematical, 184
parameterised, 207
primitive, 211–214, 216
proper, 216
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recursive, 167, 192, 316, 344
statement of, 190, 216
type of, 190, 216
well-formed, 183

definition format, 231
definition in a context, 169
definition of a primitive entity, 213
definition unfolding, 197, 220

one-step, 198
definitional equivalence, 198

delta-confluence in (λD,
Δ→), 220

delta-conversion, 197, 199
delta-normal form, 200
delta-reduction, 199

one-step, 198
zero-or-more-step, 199

dependency, 45
accumulated, 191
first order, 69
second order, 69

dependent product, 106, 120
dependent type, 121, 124
deramification, 298
derivability, 38
derivable, 343
derivable rule, 140
derivation, 41, 44

condensed, 229
shortened, 95, 96, 98, 116
state of, 230

derivation in λD, 225
derivation in natural deduction, 238
derivation rule, 40, 160
derivation rules for Church’s λ→, 40
derivation rules for λ2, 76
derivation rules for λD, 409
derivation rules for λD0, 204
derivation rules for λP, 105
derivation rules for the λ-cube, 127
derivation scheme, 40
derivation system, 39
derivation tree, 161
descending sequence, 345
description

definite, 275
description operator, 275

definite, 275
descriptive definition, 189, 190, 211, 212, 216
descriptor, 271
diagram, 45
difference, 280, 283, 327

uniqueness of, 327
disjunction, 139, 142, 393

alternatives for, 394
distributivity

left, 337
right, 336

divide, 338
dividend, 369

divisibility, 338
divisibility operator, 351
division, 351, 354
Division Theorem, 351, 353, 369
divisor, 338, 369

common, 176, 339, 351
DN, 213, 240, 249
domain, 53, 75
double negation, 213, 233, 240, 394
double negation law, 146

ε-operator, 276
ECC, 133
Edinburgh LF, 120
effective computability, 27
element, 110, 280

least, 258, 269, 352
minimal, 174

element of definition, 190
element of definition in λD, 216
element of subset, 281
elementhood, 280
Elements, 350
elimination rule, 160, 232
elimination rule for ⇒, 43, 111
elimination rule for ⊥, 138
embedding, 301
empty context, 39, 170
empty parameter list, 196
empty type, 81
environment, 190

legal, 217
equality, 259, 275

β-, 18
Leibniz, 275, 286
parameterised, 259
reflexivity of, 260
transitivity of, 268

equality checker, 222
equality of subsets, 283
equality relation, 259
equivalence

α-, 9, 10
definitional, 198

equivalence class, 289
equivalence relation, 10, 289
equivalent

α-, 11
ET, 213, 240, 249
Euclidean algorithm, 350
evaluation rule, 2
evaluation strategy, 28
ex falso, 137
exactly one, 269, 272
excluded third, 213, 233, 240, 393
excluded third law, 146
existence, 251
existence quantifier

unique, 269
existential quantification, 395
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alternatives for, 396
existential quantifier, 269

second order encoding of, 150
explicit typing, 36, 65
expression, 189

legal, 130, 217
expressions of λC, 128
expressions of λD, 190
expressions of λD0, 190
extended α-conversion, 78
extended α-equivalence, 78
extended β-reduction, 78
Extended Calculus of Constructions, 133, 389
extended judgement, 191
extensional type theory, 120

F, 100
Fω, 100
factorial, 26
family of types, 104
feasibility, 296
finite reduction path, 20
first order abstraction, 69, 74
first order dependency, 69
Fitch style, 208
Fitch style natural deduction, 161
fixed point, 24, 63
fixed point combinator, 25, 31, 66

Curry, 31
Turing, 31

Fixed Point Theorem, 24
fixpoint, 24
flag, 43, 45
flag format, 45
flag notation, 45
flag pole, 43, 45
flag style, 208
flag-style λD0, 228
flag-style natural deduction, 161, 225
flag-style proof, 229
flags

combination of, 234
Flyspeck project, 384
folding, 199
foreknowledge, 259, 274
formal λD0, 228
formal logic, xv
formal mathematics, xv
format

flag, 45
linear, 44
tree, 44

format for definition, 168
formation rule, 76, 93, 107, 123
forward rule, 139
free occurrence, 8
free variable, 8
Free Variables and Constants Lemma, 217
Free Variables Lemma, 54, 79, 128
fresh, 193

function, 1, 42, 292, 295
computable, 343
general recursive, 27
identity, 36, 69
injective, 306
μ-recursive, 343
polymorphic, 71
proposition-valued, 104
recursive, xxii, 27
set-valued, 103
successor, 24, 71, 167, 212, 306
surjective, 306
two-place, 4
two-valued, 295
type-valued, 103

function composition, 71, 303, 343
function evaluation, 3
function of two variables, 4
function space, 295
function type, 34, 35, 111
functional language, 100
functional program, 120
functional programming language, 28, 65, 81
functional relation, 292

general recursive function, 27
generalised polynomial, 66
generalised term, 85
generalised type, 85, 124
Generation Lemma, 58, 79, 129, 218
Gentzen style natural deduction, 161
grammar, 5
greatest common divisor, 176, 339, 340
Greek alphabet, xxviii

Haskell, 100
Herbrand–Gödel-computability, 27
high level programming language, 63
higher order predicate logic, 133
Hilbert style system, 159
Hilbert’s Program, 276
hint, 284, 361
HOL, 389
HOL Light, 374, 375, 384
hole, 260, 361, 363, 382
Homotopy Type Theory, 389
hypothesis, 160

induction, 55

ι-operator, 272, 276
ideal element, 276
identity

syntactical, 6
identity function, 36, 69

polymorphic, 70
identity instantiation, 173
illative logic, 119
image, 293
implication, 43, 109, 111, 295, 391
implicit typing, 36, 65, 81
impredicative Σ-type, 133
impredicativity, 80, 388
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inclusion, 283
inclusion of λC in λD0, 216
inclusion of λD0 in λD, 216
incompleteness theorem, 343
inconsistent, 80, 133, 297
index

de Bruijn, 28
indexed type, 104
indirect proof, 243
indiscernibility, 259
induction, 213

mathematical, 307
structural, 55
symmetric, 310

induction for N, 213, 313
induction for Z, 311

variant of, 311, 346, 366
induction hypothesis, 55
induction on the generation, 62
induction property, 213
inductive definition, xxii, 5, 55, 167
inductive type, 120, 133, 161, 167, 383
inequality in Z, 332
inference

type, 81, 82
infinite reduction path, 20, 219
inhabitant, 51
Inhabitation, 47
initialisation rules, 126
injective function, 306
injective map, 292
input value, 1
instance, 40
instantiate, 183
instantiation

correct, 201
identity, 173

instantiation of parameter, 170
instantiation of definition, 170, 193
integer

opposite of, 330
integer addition, 316
integer arithmetic, 308
integer multiplication, 335
integer number, 308
integer subtraction, 327
integers

axiomatisation of, 309
negative, 312

intensional type theory, 120
interpretation

Brouwer–Heyting–Kolmogorov, 120
intersection, 280, 283, 351
introduction of constant, 172
introduction rule, 160, 232
introduction rule for ⇒, 43, 111
introduction rule for ⊥, 138
intuitionistic logic, 146
intuitionistic type theory, 120, 388

inverse map, 293
irreflexive, 45
irrelevance of proof, 273, 340, 341
Isabelle, 374, 375, 389
iteration, 70

judgement, 38, 39, 160, 190
extended, 191
typing, 190

judgement chain, 87
judgement with definitions, 190
junk, 56

kernel, 383
kind, 86, 87

λ-abstraction
second order, 71

λ-calculus, 1
simply typed, 33, 121
untyped, 1, 2, 5

λ-Coquand, 123
λ-cube, 121, 123, 125, 133
λ-definability, 27
λ-term, 5

closed, 9
pre-typed, 39

λ→
properties of, 53

λ→-term
legal, 43

λ2-context, 75
λ2-term, 74

legal, 76
lambda calculus, 1

polymorphic, 81
simply typed, 33, 121
untyped, 1, 2, 5

lambda-cube, 121, 123, 125, 133
lambda-definability, 27
lambda-term, 4, 5

closed, 9
pre-typed, 39

law
arithmetical, 322
double negation, 146
excluded third, 146

LCF, 389
leaf, 7, 9
least element, 258, 269, 352
least-element-predicate, 270
left-associative, 8, 34, 36
left cancellation for addition, 323
left cancellation for multiplication, 338
left cancellation for subtraction, 329
left distributivity, 337
left-most redex, 28
legal, 217
legal λ→-term, 43
legal λ2-term, 76
legal combination, 217
legal context, 217
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legal environment, 217
Legal Environment Lemma, 217
legal expression, 130, 217
legal term, 43, 58
Legality Lemma, 217
Lego, 389
Leibniz’s law, 259
Leibniz-equality, 275, 286
lemma, 271
Lemma

Bézout’s, 176, 349
Condensing, 56, 79, 129, 218
Free Variables, 54, 79, 128
Generation, 58, 79, 129, 218
Permutation, 56, 79, 129
Subject Reduction, 61, 79, 98, 130, 219
Substitution, 59, 79, 130, 219
Subterm, 58, 79
Thinning, 56, 79, 129, 218
Uniqueness of Types, 59, 79, 99, 130, 218, 280

level, 87
LF, 120
library, 380
line, 120, 222
linear combination, 355
linear format, 44
linguistic definition, 184
Lisp, 28
list, 80
local definition, 185
log-book, 231
logic

classical, 146, 233
combinatory, 27
constructive, 146, 211, 225
formal, xv
illative, 119
intuitionistic, 146
predicate, 150
propositional, 144

logic in λC, 137
logic in λD, 232
logical consistency, 81, 222, 223
logical framework, 119, 388, 389
logical operation, 111
logicist approach, 298

μ-recursive function, 343
many-to-one map, 295
map, 291, 292

bijective, 292
injective, 292
inverse, 293
many-to-one, 295
partial, 292
surjective, 292
total, 292

Martin-Löf type theory, 388
mathematical definition, 184
mathematical induction, 307

mathematical statement, 180
mathematics

formal, xv
mathematics in λD, 257
Matita, 389
maximum, 339, 371
Maximum Theorem, 364, 369, 377
meta-level abbreviation, 183
meta-notation, 12
mini reduction, 185
minimal element, 174
minimal predicate logic, 109, 114
minimal propositional logic, 137
minimisation, 344
minimum, 272, 273, 351, 364, 368
minimum operator, 274, 351, 352
Minimum Theorem, 351, 352, 356, 364, 376, 405
minus-operator

binary, 327
unary, 330

Mizar, xvi, 374, 375, 384
mnemonic, 167
model, 29
model of computation, 343
modulo α-equivalence, 15
modus ponens, 43, 161
most general type, 81
most general unifier, 65
multiplication, 80, 305

associativity of, 337
commutativity of, 337
integer, 335
left cancellation for, 338
right cancellation for, 338

multiplication in N

closure under, 337
multiset, 6

Naive Set Theory, 80
name, 9

defined, 166, 168
temporary, 166

name of proof, 176, 178
naming of a unique element, 272
natural deduction, 43, 157, 208

derivation in, 238
Fitch style, 161
flag-style, 161, 225
Gentzen style, 161
tree-style, 161

natural deduction system, 159
natural number, 305, 311
negation, 137, 138, 225, 392
negative integers, 312
nf, 19
node, 7
non-emptiness, 351
normal form, 19

β-, 19, 63
δ-, 200
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normal forms in (λD,
Δ→)

uniqueness of, 220
normalisation, 222

strong, 21, 66, 131, 219
weak, 21, 66, 219

normalising
β-, 19

notation convention, 234
notion

axiomatic, 211, 212, 222
primitive, 211, 221

number, 305
integer, 308
natural, 305, 311

number theory, 308
numerals

Church, 27, 65, 305
polymorphic, 305

Nuprl, 120, 382, 388, 389

occurrence, 6
binding, 8
bound, 8
free, 8

one
at least, 269
at most, 269
exactly, 269, 272

one-step β-reduction, 16, 61, 79
one-step β-reduction for Λ2, 79
one-step β-reduction for λD0, 202
one-step δ-reduction, 198
one-step definition unfolding, 198
one-step folding, 199
one-step unfolding, 199
operation

arithmetical, 316
operator

choice, 276
description, 275
ε-, 276
ι-, 272, 276

opposite of an integer, 330
order, 264

partial, 257, 264, 334, 363
pre-, 264

order between definitions, 174
origin, 293
outcome, 19, 63, 317
output value, 1
overall assumption, 213
overlap, 290
overloading, 81, 174

Π-binder, 72
Π-type, 71, 106
pair, 115
pair of types, 291
paradox

Russell’s, 298
parameter, 169

instantiation of, 170
parameter list, 169, 172

empty, 196
parameter list convention, 239, 240
parameterised axiom, 221
parameterised definition, 207
parameterised equality, 259
parameters

suppressed, 240
parametricity, 81
parenthesis, 7, 74
partial map, 292
partial order, 257, 264, 334, 363

strict, 45, 334
PAT, 53, 81, 104, 340
PAT-interpretation, 53, 104, 110
path

reduction, 20
PCF, 66
Peano arithmetic, 212
Peano-axioms, 306, 307, 309
permutation, 53
Permutation Lemma, 56, 79, 129
plus-operation

binary, 320
unary, 317

PN, 221
polymorphic, 70
polymorphic Church numerals, 80, 305
polymorphic data type, 133
polymorphic function, 71
polymorphic identity function, 70
polymorphic lambda calculus, 81
polynomial

generalised, 66
postulated concept, 212
powerset, 80, 280, 281
powersets-as-types, 299
preamble, 227
pre-context, 213
predecessor, 306, 310
predicate, 104, 110, 114, 295

binary, 115, 289
composite unary, 289

predicate logic, 150
classical, 249, 396
constructive, 246, 395
higher order, 133
minimal, 109
quantifier free, 276

premiss, 40
preorder, 264
pre-typed λ-term, 39

second order, 74
primitive constant, 211, 216
primitive definition, 211–214, 216
primitive entity, 212

definition of, 213
primitive notion, 211, 221
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primitive recursion, 344
principal type, 65
principal type algorithm, 65
Principia Mathematica, xv, 80, 298, 387
product, 72

Cartesian, 107, 115, 280
dependent, 106, 120

product rule, 107
product type, 72
program

functional, 120
programming language, 63

functional, 28, 65, 81
high level, 63

projection, 53
proof, 53, 110, 114, 271

flag-style, 229
irrelevance of, 273, 340, 341
name of, 176, 178
skeleton, 265
specialised, 362

proof assistance, 158
proof assistant, 131, 133, 158, 161, 207, 222,

380, 388
proof by contradiction, 242, 243, 250
proof by induction, 55
proof checker, 133, 222
proof checking, 158, 280, 381
proof development, 380
proof irrelevance, 340
proof object, 110, 117, 363
proof of a proposition, 52
proof of Bézout’s Lemma, 350, 354
proof term, 161
proof theory, 161
ProofPower, 374, 376
proofs-as-terms, 53, 110
proper constant, 216
proper constructor, 87
proper definition, 216
proper subterm, 7
properties of λ→, 53
properties of λ2, 78
properties of λC, 128
proposition, 51, 110, 114

proof of, 52
proposition-valued function, 104
propositional logic, 144

classical, 240, 393
constructive, 234, 391
minimal, 137

propositions-as-types, 53, 81, 104, 110
provable correctness, 132
PTS, 124, 207
Pure Type System, x, 124, 207
PVS, 301

quantification
existential, 395, 396
universal, 109, 112, 395

quantifier
existential, 269
unique existence, 269

quantifier free predicate logic, 276
quotient, 344, 354, 369, 371

Ramified Type Theory, 65, 298, 299, 387
recursion, 317

primitive, 344
well-founded, 120, 317

recursion scheme, 167
Recursion Theorem for Z, 318, 344

restricted, 319
recursive call, 344
recursive definition, 167, 192, 316, 344
recursive function, xxii, 27
redex, 16
reduction, 5, 59

β-, 3, 5, 16, 59, 61, 97, 220
mini, 185
one-step δ-, 198
zero-or-more-step δ-, 199

reduction path, 20
finite, 20
infinite, 20, 219

reduction strategy, 28
refinement step, 382
reflexive, 6, 10, 257, 289
reflexivity of equality, 260
relation, 288

binary, 288, 295
equality, 259
equivalence, 10, 289
functional, 292
well-founded, 345

remainder, 354, 369, 371
renaming, 9, 10, 78
representation

tree, 7
restricted Recursion Theorem for Z, 319
reuse of constant, 238
rewriting in logic, 252
right-associative, 8, 34, 36
right cancellation for addition, 323
right cancellation for multiplication, 338
right cancellation for subtraction, 329
right distributivity, 336
root, 9
root path, 9
RTT, 65, 299
rule

derivable, 140
derivation, 40, 160
elimination, 160, 232
introduction, 160, 232

Russell’s paradox, 298

Σ-type, 120, 133, 300
Σ-type

impredicative, 133
second order abstraction, 70, 72, 74
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second order application, 70, 73
second order dependency, 69
second order encoding of conjunction, 140
second order encoding of disjunction, 142
second order encoding of ∃, 150
second order λ-abstraction, 71
second order pre-typed λ-term, 74
second order typed lambda calculus, 69
self-application, 27, 63, 81
separation marker, 38
sequent calculus, 121, 159
sequential substitution, 13
set, 110, 114, 279
set building, 281
set comprehension, 281
set of all sets, 80
set theory

axiomatic, 297
Zermelo–Fraenkel, 213, 297, 299

set-valued function, 103
shortened derivation, 95, 96, 98, 116
side condition, 35
simple theory of types, xvi, 275, 387
simple type, 34
simply typed λ-calculus, 33, 121
simultaneous substitution, 194
skeleton proof, 265
SN, 220
sort, 87
specialised proof, 362
Start Lemma for declarations and definitions,

218
state of a derivation, 230
statement, 35, 39, 74, 231

mathematical, 180
typing, 35
universal, 295

statement of definition, 190, 216
step

β-reduction, 16
strict partial order, 45, 334
strong normalisation, 21, 66, 131, 219

strong normalisation of
Δ→, 219

strong normalisation for �βδ in λD, 221
Strong Normalisation Theorem, 79, 131
Strong Normalisation Theorem for λ→, 62
structural induction, 55
subcontext, 53
Subexpression Lemma, 130
subject, 39
Subject Reduction, 61, 79, 98, 130, 219
subset, 279, 280, 295, 350

element of, 281
subset-as-predicate, 281
subset-equality, 283, 286
subsets via embedding, 301
substitution, 3, 11, 12, 59

sequential, 13
simultaneous, 194

Substitution Lemma, 59, 79, 130, 219
substitutivity, 261
subterm, 6

proper, 7
Subterm Lemma, 58, 79
subtraction

integer, 327
left cancellation for, 329
right cancellation for, 329

subtree, 7
successor, 30, 309
successor function, 24, 71, 167, 212, 306
sum, 72, 316
super-kind, 133
super-super-type, 87
super-type, 85
suppressed parameters, 240
surjective function, 306
surjective map, 292
symmetric, 10, 289
symmetric induction, 310, 313
syntactical identity, 6
syntax

abstract, 5
syntax-directed, 58
system F, 80, 100
system Fω, 100

tactic, 162, 383
tautology, 52
temporary name, 166
term

generalised, 85
λ2-, 74
legal, 43, 58, 76
typable, 36, 58, 81

Term Construction, 47
term depending on term, 69, 124
term depending on type, 69, 124
Term Finding, 47, 51, 59, 131
term variable

renaming of, 78
termination, 219
Termination Theorem, 131
Termination Theorem for λ→, 62
theorem, 271
Theorem

Division, 351, 353, 369
Maximum, 364, 369, 377
Minimum, 351, 352, 356, 364, 376, 405
Undecidability, 131

theory of types
intuitionistic, 120, 388
simple, xvi, 275, 387

thinning, 91
Thinning Lemma, 56, 79, 129, 218
total map, 292
transitive, 6, 10, 45, 258, 289
transitivity of equality, 268
tree, 80
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tree format, 44
tree representation, 7
tree-style natural deduction, 161
tripartition property, 315
true, 343
Turing-complete, 26–28
Turing-computability, 27
Turing fixed point operator, 31
Turing machine, 27, 343
Twelf, 120
twofold application, 264
two-place function, 4
two-valued function, 295
Typability, 46
typable term, 36, 58, 81
type, 33, 39

arrow, 34
basic, 34
data, 80, 120, 388
dependent, 121, 124
empty, 81
function, 34, 35, 111
generalised, 85, 124
indexed, 104
inductive, 120, 133, 161, 167, 383
most general, 81
Π-, 71, 106
principal, 65
Σ-, 120, 133, 300
simple, 34
super-, 85
super-super-, 87

type-abstraction, 69, 71
type-application, 69
Type Assignment, 46, 59
Type Checking, 47, 50, 59, 131
type checking, 158, 222, 280
type checking algorithm, 222
type constructor, 85, 101
type depending on term, 103, 124
type depending on type, 85, 86, 124
type inference, 81, 82
type of all kinds, 87
type of all types, 70
type of definition, 190, 216
Type Reduction, 98
Type System

Pure, xvi, 124, 207
type theory, xv

extensional, 120
intensional, 120
intuitionistic, 120, 388
Martin-Löf, 388
ramified, 65, 298, 299, 387
simple, xvi, 275, 387

type-valued function, 103
type variable, 34

renaming of, 78
type-binder, 72

typed lambda calculus
second order, 69
simply, 33, 121

types
family of, 104

typing
Church-, 36, 65
Curry-, 36, 65
explicit, 36, 65
implicit, 36, 65, 81

typing à la Church, 36
typing à la Curry, 36
typing algorithm, 82
typing judgement, 190
typing problems, 53
typing statement, 35

unary minus-operator for Z, 330
unary plus-operation, 317
unary predicate

composite, 289
Undecidability Theorem, 131
undecidable, 47, 343
unfold, 183
unfoldable, 200
unfolding, 220

definition, 197, 220
one-step, 198, 199

unification, 65
unification algorithm, 65
union, 280, 283
unique element, 272

naming of, 272
unique existence, 268
unique existence quantifier, 269
Uniqueness of βδ-normal form, 220

uniqueness of δ-normal forms in (λD,
Δ→), 220

uniqueness of difference, 327
Uniqueness of Types, 59, 79, 280
Uniqueness of Types up to βδ-conversion, 218
Uniqueness of Types up to Conversion, 99, 130
Univalent Foundations, 390
universal quantification, 109, 112, 395
universal statement, 295
universe, 133
untyped λ-calculus, 1, 2, 5
use of constant, 172

variable, 1, 5, 34, 167
bound, 8
free, 8
type, 34

variant of induction for Z, 311, 346, 366
vector, 104
verification

automatic, 296

weak normalisation, 21, 66, 219
weak normalisation for �βδ in λD, 221

weak normalisation of
Δ→, 219

weaken, 90
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weakening, 90, 91
well-definedness, 344
well-formed context, 129
well-formed definition, 183
well-formedness, 222
well-founded, 318
well-founded recursion, 120, 317
well-founded relation, 345
Well-typedness, 46, 47, 59, 131
witness, 251
WN, 220

Zermelo–Fraenkel set theory, 213, 297, 299
zero element, 306
zero-or-more-step β-reduction, 17, 61
zero-or-more-step δ-reduction, 199
zero-test, 26
ZF, 297, 298
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