
Index

Bisect, 74
Descent, 313
FFT2D, 191
FFT, 182
FindPeriods, 333
LFPDE, 129
ListPlot, 8
LoPass, 187
MakeDifference, 96
Mathematica
BesselJ, 321
Eigensystem, 273
Eigenvalues, 294
FinancialData, 369
HermiteH, 270
Import, 186
Inverse, 223
LUDecomposition, 235
Length, 19
LinearSolve, 295
NormalDistribution, 367
Norm, 320
QRDecomposition, 231
RotateRight, 185
SparseArray, 293
Table, 3, 12, 19
Timing, 19
Union, 333
help, 12

Module, 6
Newton, 76
Print, 8
RKODE, 41
Random, 161
Simpson2D, 158
Simpson3D, 159
Simpson, 156
Table, 3, 11–12

referencing elements, 12, 18, 19
Timing, 19
Verlet, 32
iFFT, 184
nNewton, 78

acceleration, 22
action, 301
action minimization, 301–302, 314
adaptive step size, 41
air resistance, 23
Algorithm, 13
angular momentum, 55
area minimization, 56–58
area under the curve, 141

Monte Carlo, 161
average, 143
average value, 159

backward Euler’s method, 45, 50
balls and springs, 200–204

decoupling, 206
equation of motion, 202–204
Lagrangian, 203
linearized, 211

basin of attraction, 325
basis functions

Galerkin, 379
Bessel function

modified, 147
bifurcation diagram, 332–333,

349
bisection, 73–74, 302

shooting, 77
timing, 83

Bohr radius, 69, 255
bonds, 200
Born–Infeld E&M, 373–374, 388
bound states, 61

hydrogen, 69, 255
one dimension, 67–70

boundary condition, 34, 88
for PDEs, 128
Laplace problem, 89–93
numerical, 94
periodic, 128
Poisson problem, 92

boundary-value form, 54, 63
box-counting dimension, 343–344, 348
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Cantor middle thirds set, 347
capacity dimension, see box-counting

dimension
Cash–Karp embedding, 42, 49
Cauchy–Schwarz inequality, 295
causal contact, 60
chaotic solution, 323, 331
characteristic curves, 117–118

crossing, 120
charge conservation, 115
circuits, 222
classical mechanics, 24
conductor, 90
conjugate gradient, 289–292, 307,

381
timing, 292

conservation laws, 115–116
conservation of momentum, 123
consistent method, 36, 46
continuity, 62, 67, 70, 71
convergence, 46
Crank–Nicolson, 133

norm-preservation, 136
cube of charge, 148
Cybenko theorem, 363

damped driven harmonic oscillator, 88–89,
96–98

damped harmonic oscillator, 43
data fitting, 224–227, 246–248, 300–301
density of cars, 119
determinant, 239–240
diagonal matrix, 227
dimensions and units, 15
dipole, 111
Dirac delta function, 110, 121, 134,

174
discrete, 194
integral of exponential, 174

discontinuity, 109
discrete Fourier transform, 178–180

and Fourier series, 180
frequency spacing, 179
inverse, 180
Nyquist frequency, 179
recursion, 180–182

discretization, 33–38
time and space, 125

dissipative, 377
drag, 25

eccentricity, 167
eigenvalue problem, 66, 97, 204, 220, 246,

251
Krylov subspace, 285–287
ODE, 66
power method, 260–262
QR iteration, 262–264
simultaneous iteration, 262–264

eigenvalues
shooting, 66–73

elastic network model, 201
electrical circuits, 222
electrostatic potential, 87
ellipse, 167

eccentricity, 167
perimeter, 169

elliptic integral, 146, 167
Euler equations, 123
Euler’s method, 35–36, 39, 50

backward, 45, 50
for PDEs, 126
for Schrödinger’s equation, 132
implicit, 126
stability, 44

expectation value, 299

fast Fourier transform, see FFT
Feigenbaum numbers (δ and α), 333–334,

349
FFT

algorithm, 182–186
frequency spacing, 179
inverse, 184
recursion, 180–182
sound, 186–187
time dependence, 192
timing, 182–184
two-dimensional, 189–191

field-particle system, 275
filter, 177, 187–189
fine structure constant, 70
finite difference, 77, 87

one dimension, 93–98
time dependent PDEs, 127
two dimensions, 98–102

finite precision, 15
finite square well, 61–62, 82, 84
fitting data, 224–227, 246–248,

300–301
fixed point, 324, 327–328

and periodicity, 327–328
logistic map, 329–331
stable, 325, 327–328

fluid dynamics, 122–123
for loop, 5–6, 17
forward Euler method, 126
four-dimensional sphere, 169
Fourier cosine series, 195
Fourier series, 177–178, 195–196
Fourier sine series, 195, 371
Fourier transform, 173–176

discrete, 178–180
filter, 177
inverse, 173–176
of differential equations, 175–176

fourth-order Runge–Kutta, 41
fractal, 341–346
fractional dimension, 342–346
free particle, 70
friction, 23
fringing field, 103
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full column rank, 231, 249
function pointers, 10
functional, 57
functions, 6–8, 10

argument, 6
projection, 34
recursion, 8

Galerkin method, 371, 378–385
nonlinear Klein–Gordon, 382–384
nonlinear wave equation, 384–385
Schrödinger’s equation, 381–382
wave equation, 380

Gauss–Seidel, 279, 281
Gaussian elimination, 233

pivoting, 238–239
global truncation error, 36
golden ratio, 304
golden section search, 302
gradient, 78
Gram–Schmidt, 230–231
gravitational potential, 87
gravity, 55
Green’s function, 110, 142
grid

rectangular, 98
grid-free, 371
ground state, 299

Hénon map, 325
harmonic approximation, 201
harmonic oscillator

damped driven, 88–89, 96–98
eigenvalue problem, 81, 216
simple, 44

heat equation, 377–378
Helmholtz equation, 87, 111
Hessian matrix, 308
hidden layer, 361–363
Hooke’s law, 376
hydrogen, 68–70, 85, 255

ground state, 305
spectrum, 70, 272, 296

if, 5–6
image compression, 255–260
image method, 275
Implementation, 12
implicit method, 45
induced norm, 258
infinite square well, 67, 69, 252–254, 387
infinity, 16, 69
initial data, 32, 88
initial value form, 54, 63

for PDEs, 114
InsertionSort, 7f
instanton, 215
integral equation, 47
integration

accuracy, 156–158
higher-dimensional, 158–160

interpolation, 151–156
Monte Carlo, 160–166
one-dimensional, 149–151
Simpson’s rule, 155
trapezoidal rule, 151, 155

interpolating polynomial, 152
interpolation, 151–156

Lagrange’s formula, 152
inverse FFT, 184
inverse Fourier transform, 173–176
inverse iteration, 294

Jacobi’s method, 279, 281

kicked rotor, 347
Kirchhoff’s laws, 222–223
Klein–Gordon equation, 375–376
Kronecker delta, 178
Krylov subspace, 274, 282–292, 381

construction, 284–285
definition, 282–284

Lagrange’s interpolating formula, 152
Lanczos iteration, 284–285, 294
Landau O notation, 14, 15, 31–32
Laplace

averaging, 109
boundary conditions, 89–93
min/max, 109
problem, 89
unique solutions, 91

Laplace operator, 86
Laplacian

Cartesian coordinates, 86
cylindrical coordinates, 107

Lax–Friedrichs, 127
nonlinear, 127

Lax–Wendroff, 129
nonlinear (Richtmyer), 131

leapfrog, 127
least squares, 220, 246, 248–250,

300
noisy data, 271
nonlinear, 309–313

Levenberg–Marquardt, 311–313, 321
line minimization, 313–314
linear algebra, 220
linearized general relativity, 88
local truncation error, 36, 44
logistic map, 328–331, 346

chaotic solutions, 331
fixed point, 329–331
periodic solutions, 329–331

longitudinal motion, 386
Lorentz force law, 27
Lorentz gauge, 116
Lorenz attractor, 340
Lorenz equations, 339–341
low pass filter, 187–189
lower Hessenberg, 284
lower triangular matrix, 231
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LU decomposition, 231–239
construction, 236–238
existence, 234–235

Lyapunov exponent, 336–337, 350

machine epsilon, 15
Magnus force, 25, 82
Mandelbrot set, 344
matrix decompositions

LU, 231–239
QR, 228–231, 249

matrix exponentiation, 204, 216
matrix inversion, 220, 227–233, 246

explicit inverse, 240–241
Krylov subspace (conjugate gradient),

287–292
matrix norm, 256–259, 320
matrix-vector multiplication, 221

column combination, 221
maximization, 319, 320
membranes, 200
MergeSort, 8
midpoint Runge–Kutta, 40
minimal surface, 57
minimization, 72

higher-dimensional, 306–313
one-dimensional, 302–306
steepest descent, 78–81

modified Bessel function, 147
modified Gram–Schmidt, 230
molecular dynamics, 200
momentum conservation, 123
monopole, 111
Monte Carlo integration, 160–166

Gaussian sampling, 164
statistical connection, 163–164

Monte Carlo minimization, 315–317
multi-step methods, 47–48, 88
multibrot set, 350
multiplicative separation, 90

nearest neighbor, 217
neural network model, 351

hidden layer, 361–363
interpretation, 359–361
linear, 352–354
nonlinear, 354–356
steepest descent, 357–359
training, 356–359

Newton’s method, 74–76, 308–309
extension, 83
numerical derivative (secant method),

77
shooting, 77–78

Newton’s second law, 21, 25
fluids, 122
linear, 199
relativistic, 28, 374
shooting, 62–66

Newtonian gravity, 55
nondimensionalization, 16

nonlinear fitting
Levenberg–Marquardt, 311–313
neural network, 352

nonlinear least squares, 309–313
nonlinear map, 324–327

initial conditions, 334–337
nonlinear wave equation, 376–377
norm, 295, 321

definition, 257
induced (matrix), 258

normal equations, 248–249, 310
normal modes, 209–210
numerical analysis, 33
numerical viscosity, 46
Nyquist frequency, 179

ODE
vector, 42

Ohm’s law, 222
one point transform, 181
one step methods, 47
operation counts, 14
orbital motion, 55–56
orthogonal basis

functions, 178
vectors, 229

orthogonal matrix, 205, 227

parabolic motion, 65
parallel plate capacitor, 102
Parseval’s theorem, 177
pendulum, 143–146

period of oscillation, 145
perceptron, 364
period doubling, 333–334
periodic function, 177
periodic solutions, 327–328

logistic map, 329–331
perturbation, 265–268
phi to the fourth, 375
pitchfork bifurcation, 330
pivoting, 238–239
point source solution, 142
Poisson problem, 86, 87, 89

arbitrary boundary, 100–102
boundary conditions, 92
circular boundary, 112
Green’s function, 110
rectangular boundary, 98

population growth, 328
positive definite, 287, 287
power in an interval, 177
power method, 260–262
power spectrum, 176–177

Parseval’s theorem, 177
pressure, 123
principal submatrix, 239
probability density, 143

Gaussian, 143, 194
transformation, 165
uniform, 161
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proof by induction, 233–234
pseudo-code, 13
Pythagorean length, 256

QR decomposition, 228–231
existence, 228–231
rectangular matrices, 249
timing, 240–241

QR iteration, 262–264
and simultaneous iteration, 263
timing, 264–265

quadratic potential energy, 206
quadrature, 141

accuracy, 156–158
higher-dimensional, 158–160
interpolation, 151–156
one-dimensional, 149–151
Simpson’s rule, 155
trapezoidal rule, 151, 155

quadrupole, 111
quantum mechanics

harmonic oscillator, 315–317
hydrogen, 255, 305–306
infinite square well, 252–254
perturbation, 265–268
scattering dynamics, 124

r-squared value, 250
range formula, 65–66, 82, 84
Rayleigh–Ritz, 286
rectangular grid, 98
recursion, 8
reflected wave, 71
relativistic mechanics, 28–30, 48
relativistic momentum, 28, 374
relativistic spring, 30, 52
rest energy, 30
retarded time, 59–60, 84
Richtmyer two-step (Lax–Wendroff), 131
Riemann problem, 121, 138
roots of functions, 54

physical setups, 55–62
Runge–Kutta methods, 38–44

adaptive step size, 41
Cash–Karp embedding, 49
fourth order, 41
initial value form, 64
midpoint, 40

scattering dynamics, 124
scattering states, 61

one dimension, 70–73
Schrödinger’s equation, 123, 131, 252

Euler’s method, 132
Galerkin method, 381–382
radial, 69
time-independent, 55

secant method, 77
self-similar, 344
self-sourcing (field), 372
semi-major axis, 167

semi-minor axis, 167
separation of variables, 90, 124, 252,

380
shifted evaluation, 38, 40
shock solutions, 120–122
shock tube, 121
shooting

bisection, 77
eigenvalues, 66–73
Newton’s method, 77–78
Newton’s second law, 62–66

sigmoid function, 354–355
simple harmonic oscillator, 44

eigenvalue, 81
Simpson’s rule, 155, 168

accuracy, 168
controlling error, 157
two-dimensional, 158

simultaneous iteration, 262–264
and QR iteration, 263

sine map, 325, 349, 350
single slit, 107
soap film, 57
SOR, 279–281, 295
sound data, 186–187
sparse matrices, 276–277, 293
spectral radius, 44
spectrogram, 192–193, 198
spin, 25
square wave, 195
stability, 44–47

for PDE solutions, 126, 136
von Neumann, 137

stable fixed point, 325, 327–328
standard map, 347, 349
statistical interpretation, 61
steepest ascent, 320
steepest descent, 78–81, 306–307, 357
stencil, 127
step function, 121, 135
stock price, 351, 369
successive over-relaxation, see SOR
superposition, 146, 220

Taylor series, 18, 34
two-dimensional, 78

time-of-flight, 59
timing, 14

conjugate gradient, 292
FFT, 182–184
matrix-vector, 17
QR decomposition, 240–241
QR iteration, 264–265
sparse matrices, 276–277

total power, 177, 187
traffic flow, 119–120
training, 353, 356–359
training data, 351
transients, 332
transverse motion, 376, 386
trapezoidal rule, 151, 155
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400 Index

triangle inequality, 257
triangle wave, 196

uniform distribution, 161
uniqueness, 91
units, 16
unstable equilibrium, 215
unstable method, 44
upper Hessenberg, 282–284
upper triangular matrix, 227

Vandermonde matrix, 225, 245
variance, 143
variational Calculus, 57
variational method, 299–300

harmonic oscillator, 315–317
hydrogen, 305–306
Monte Carlo, 315–317

Verlet method, 30–33, 47, 88, 219,
275

energy conservation, 51
voltage drop, 222
von Neumann stability analysis, 137

wave equation, 114, 116–118
general solution, 117
solution by Galerkin method,

380
wave file, 186
wave function, 55

Gaussian, 124, 135
normalization, 133, 135

weights, 154
while loop, 5–6, 17

zero, 15, 69
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