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Preface

During the past forty years or so, spanning roughly our careers as teachers and research
scientists, Einstein’s theory of general relativity has made the transition from a largely
mathematical curiosity with limited relevance to the real world to arguably the centerpiece
of our effort to understand the universe on all scales.

At the largest scales, those of the universe as a whole, cosmology and general relativity
are joined at the hip. You can’t do one without the other. At the smallest scales, those of
the Planck time, Planck length, and Planck energy, general relativity and particle physics
are joined at the hip. String theory, loop quantum gravity, the multiverse, branes and bulk —
these are arenas where the geometry of Einstein and the physics of the quantum may be
inextricably linked. These days it seems that you can’t do one without the other.

At the intermediate scales that interest astronomers, general relativity and astrophysics
are becoming increasingly linked. You can still do one without the other, but it’s becoming
harder. One of us is old enough to remember a time when the majority of astronomers felt
that black holes would never amount to much, and that it was a waste of time to worry about
general relativity. Today black holes and neutron stars are everywhere in the astronomy
literature, and gravitational lensing — the tool that relies on the relativistic bending of light —
is used for everything from measuring dark energy to detecting exoplanets.

Given the surge of interest in general relativity, it is no surprise that the last several years
have witnessed the publication of a multitude of new textbooks on Einstein’s theory. Many
of them are cut from a very similar cloth: they cover the fundamentals of the theory at
an introductory level, including the spacetime formulation of special relativity, elements
of differential geometry, the Einstein field equations, black holes, gravitational waves, and
cosmology. This book is cut from a very different cloth. Here you will not (spoiler alert!)
find any discussion of cosmology, and although black holes will appear in many places,
you will not find anything about the joys and wonders of the Kerr metric.

This book is about approximations to Einstein’s theory of general relativity, and their
applications to planetary motion around the Sun, to the timing of binary pulsars, to grav-
itational waves emitted by binary black holes, and to many other real-life, astrophysical
systems.

The first approximation to general relativity is, of course, Newton’s gravity. Although the
theories are conceptually very different, it must be admitted that the overwhelming majority
of phenomena in the universe can be very adequately described by the laws of Newtonian
gravity. To a high degree of accuracy, Newton rules the Sun, the Earth, the solar system,
all normal stars, galaxies, and clusters of galaxies. Accordingly, almost a quarter of this
book is devoted to Newton’s theory. This choice reflects one of our (not so) hidden agendas.
During our careers of teaching general relativity and advising graduate students, we have

Xi
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too often encountered students who are superbly motivated to study Einstein’s theory, but
who cannot say more than “inverse square law” and “elliptical orbits” when asked what they
know about Newtonian gravity. In our view, general relativity is a theory of gravity, and if
you wish to comprehend its importance for astrophysics, you must first master what Newton
has to say about gravitating bodies, rotating bodies, tidally interacting bodies, perturbed
Keplerian orbits, and so on. We therefore make it our mission, in Chapters 1, 2, and 3, to
provide a thorough discussion of the wonders of Newtonian gravity.

In the following two chapters we quickly review special relativity, the foundations of
general relativity as a metric theory of gravity, the mathematical formulation of the theory,
and its most famous solution, the Schwarzschild metric. We emphasize that Chapters 4 and
5 are very much a minimal package. The coverage is sufficient for our intended purposes in
the remainder of the book, but it is no substitute for a proper education in general relativity
that can be acquired from the traditional textbooks.

We get to our main point by Chapter 6. This is the development of a set of systematic
schemes, known as post-Minkowskian theory and post-Newtonian theory, for obtaining
approximate solutions to the Einstein field equations. The idea is to go from the exact
theory, which governs the behavior of arbitrarily strong fields, such as those near black
holes, to a useful approximation that applies to weak fields, such as those inside and near
the Sun, those inside and near white dwarfs, and those at a safe distance from neutron stars
and black holes. The approximation, of course, reproduces the predictions of Newtonian
theory, but we go beyond this and formulate a method of approximation that can be pushed
systematically to higher and higher order, and generate increasingly accurate descriptions
of a weak gravitational field. Along the way, we make the case that this approximation
can also describe important situations involving compact objects such as neutron stars and
black holes; not the up-close-and-personal geometry of a compact object, to be sure, but its
motion around another body (compact or not), so long as the mutual gravitational attraction
is weak.

This program occupies us through Chapters 6, 7, 8, and 9. In Chapter 10 we apply the
approximation methods to the description of relativistic effects on the dynamics of the solar
system, the measurement of time on the Earth’s surface and in orbit, the bending of light
by a massive body, and the dynamics of spinning bodies. In Chapter 11 we explore the rich
physics of gravitational waves, and in Chapter 12 we investigate the impact of radiative
losses on the dynamics of gravitating systems. We conclude the book in Chapter 13 with a
brief overview of alternative theories of gravity.

The central theme of this book is therefore the physics of weak gravitational fields. The
reader may object that we give up too much by eliminating strong fields from our discussion;
after all, exact solutions to the Einstein field equations describe the full richness of curved
spacetime, whether strong or weak. Unfortunately, there are extremely few exact solutions to
Einstein’s equations that are physically interesting. The Schwarzschild solution is obviously
interesting and important, and so is the Kerr solution for rotating black holes (although
the Kerr metric makes no appearance in this book). But no exact solution to Einstein’s
equations has ever been found that describes a simple double-star system in orbital motion.
And no exact solution is known that describes any kind of bounded, physical system that
radiates gravitational waves.
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The problem is that Einstein’s field equations are so complicated that it is almost always
necessary to impose a high degree of symmetry (spherical symmetry, spatial homogeneity,
stationarity, etc.) in order to make progress toward finding a solution. Furthermore, a
solution to Einstein’s equations is, by definition, a spacetime; it must encompass the entire
past history and future fate of the system, everywhere in space. For a binary-star system,
for example, the solution must, at least in principle, run from the distant past, when a
tenuous cloud of gas coalesced to form the stars, all the way to the distant future, when
the stars, having possibly collapsed to form neutron stars or black holes along the way,
have merged into a single object (possibly a single black hole); it must also describe the
gravitational waves that are generated during the entire time by the orbital motion and
merger of the two stars, and by the relaxation of the merged object to a final stationary state.
It should not come as a surprise that nobody has found a solution that describes such a wide
range of phenomena. Ironically, a body of beautiful mathematical work has demonstrated
conclusively that given suitable initial conditions, a solution to Einstein’s equations always
exists, at least within a specified part of the spacetime. Sadly, such existence theorems do
not tell us how to find such solutions.

Often, when one talks about exact solutions to the Einstein field equations, one means
analytic solutions, or solutions that can be expressed in terms of reasonably well-known
mathematical functions. Perhaps this is too restrictive. What about numerical solutions?
Given a sufficiently powerful computer, it should be possible to solve Einstein’s equations
numerically without imposing any symmetries. After all, the field equations of general
relativity are partial differential equations, and these can readily be converted into the kind
of difference equations that are suited to digital computing. This has turned out to be a
very difficult challenge. Part of the difficulty is computational: simulation of the simplest
spacetimes requires enormous computational power and memory. Part of the difficulty is
mathematical: one must identify, from a broad spectrum of possibilities, a formulation of
the field equations that is best suited for numerical work. There has been enormous progress
on these fronts in the last 20 years, and spectacular breakthroughs have occurred in the last
ten. Today (in 2013), numerical relativity is a major sub-branch of gravitational physics. It
is now possible to simulate the final dozen orbits of two inspiralling and merging compact
objects (black holes or neutron stars), the gravitational collapse of a dead stellar core on its
way to form a supernova, the formation and evolution of accretion disks around black holes,
the interaction of a binary neutron-star system with the strong magnetic fields it supports,
and the generation of gravitational waves by such strongly gravitating systems.

As spectacular as this progress has been, at present it is still not possible to simulate the
final thousand orbits of a compact binary inspiral. The limitations are both technical (a vast
range of grid resolutions is required) and computational (insufficient memory and speed,
even with the largest parallel processors). But approximately 990 of those orbits can be
described by the weak-field methods that we develop in this book. It was found that there is a
very good agreement between the approximation methods and those of numerical relativity
when their domains of applicability overlap. So in addition to their obvious applications
to the solar system, the weak-field methods have proved to be unreasonably effective in
describing situations, such as the late stages of binary inspirals, where the fields are not so
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weak and the motions not so slow. And the combination of these methods with numerical
relativity has proved to be a powerful tool for many important problems.

The vast majority of high-precision experiments that were carried out to test general
relativity can be fully understood on the basis of the post-Newtonian methods that we
develop in this book. And even though the departures from Newtonian gravity are very,
very small on and around Earth, modern technology has made them not only detectable, but
also essentially important in the precision measurement of time. A well-known example is
the Global Positioning System, which simply would not work if relativistic corrections were
not taken into account. Today every relativist proudly points to the GPS as an example —
admittedly, perhaps, the only example — of a practical application of general relativity. We
describe how this comes about in Chapter 10.

Finally, a central motivation for this book is the expectation that soon after its initial pub-
lication, gravitational waves will be measured directly and routinely, and that gravitational-
wave astronomy, enabled by ground-based laser interferometers, by pulsar timing arrays,
and possibly by a future space-based antenna, will become a new standard way of “listen-
ing” to the universe. The approximation methods that we develop in this book are #%e tools
for understanding gravitational radiation, and it is our hope that students and researchers
wishing to join this new scientific venture will turn to our book to learn and master these
tools.
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