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ABSTRACT. This is a survey on pointed Hopf algebras over algebraically
closed fields of characteristic 0. We propose to classify pointed Hopf al-
gebras A by first determining the graded Hopf algebra gr A associated to
the coradical filtration of A. The Ag-coinvariants elements form a braided
Hopf algebra R in the category of Yetter—Drinfeld modules over the corad-
ical Ag = kI, T" the group of group-like elements of A, and gr A ~ R#Ao.
We call the braiding of the primitive elements of R the infinitesimal braid-
ing of A. If this braiding is of Cartan type [AS2], then it is often possible
to determine R, to show that R is generated as an algebra by its prim-
itive elements and finally to compute all deformations or liftings, that is
pointed Hopf algebras such that gr A &~ R#KkTI. In the last chapter, as a con-
crete illustration of the method, we describe explicitly all finite-dimensional
pointed Hopf algebras A with abelian group of group-likes G(A) and in-
finitesimal braiding of type A, (up to some exceptional cases). In other
words, we compute all the liftings of type Ay; this result is our main new
contribution in this paper.
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Introduction

A Hopf algebra A over a field k is called pointed [Sw], [M1], if all its simple
left or right comodules are one-dimensional. The coradical Ay of A is the sum
of all its simple subcoalgebras. Thus A is pointed if and only if Ay is a group
algebra.

We will always assume that the field k is algebraically closed of characteristic
0 (although several results of the paper hold over arbitrary fields).

It is easy to see that A is pointed if it is generated as an algebra by group-like
and skew-primitive elements. In particular, group algebras, universal envelop-
ing algebras of Lie algebras and the g-deformations of the universal enveloping
algebras of semisimple Lie algebras are all pointed.

An essential tool in the study of pointed Hopf algebras is the coradical filtration
AgCcArc--CA [Jan=4

n>0
of A. It is dual to the filtration of an algebra by the powers of the Jacobson rad-
ical. For pointed Hopf algebras it is a Hopf algebra filtration, and the associated
graded Hopf algebra gr A has a Hopf algebra projection onto Ag = kI',I' = G(A)
the group of all group-like elements of A. By a theorem of Radford [Ra), gr 4 is
a biproduct
gr A =~ R#KT,

where R is a graded braided Hopf algebra in the category of left Yetter-Drinfeld
modules over kI [AS2].

This decomposition is an analog of the theorem of Cartier—Kostant—Milnor—
Moore on the semidirect product decomposition of a cocommutative Hopf algebra
into an infinitesimal and a group algebra part.

The vector space V = P(R) of the primitive elements of R is a Yetter—Drinfeld
submodule. We call its braiding

c: VRV VRV

the infinitesimal braiding of A. The infinitesimal braiding is the key to the
structure of pointed Hopf algebras.

The subalgebra B(V) of R generated by V is a braided Hopf subalgebra. As
an algebra and coalgebra, B(V) only depends on the infinitesimal braiding of
V. In his thesis [N] published in 1978, Nichols studied Hopf algebras of the
form B(V)#kI" under the name of bialgebras of type one. We call B(V) the
Nichols algebra of V. These Hopf algebras were found independently later by
Woronowicz [Wo| and other authors.

Important examples of Nichols algebras come from quantum groups [Drl].
If g is a semisimple Lie algebra, U2°(g), ¢ not a root of unity, and the finite-
dimensional Frobenius-Lusztig kernels uqzo(g), q a root of unity of order N, are
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POINTED HOPF ALGEBRAS 3

both of the form B(V)#kT with T = Z° resp. (Z/(N))?,6 > 1. ([L3], [Rol],
[Sbg], and [L2], [Rol], [Mu]) (assuming some technical conditions on N).

In general, the classification problem of pointed Hopf algebras has three parts:

(1) Structure of the Nichols algebras B(V).

(2) The lifting problem: Determine the structure of all pointed Hopf algebras A
with G(A) = T such that gr A = B(V)#kT.

(3) Generation in degree one: Decide which Hopf algebras A are generated by
group-like and skew-primitive elements, that is gr A is generated in degree
one.

We conjecture that all finite-dimensional pointed Hopf algebras over an alge-
braically closed field of characteristic 0 are indeed generated by group-like and
skew-primitive elements.

In this paper, we describe the steps of this program in detail and explain the
positive results obtained so far in this direction. It is not our intention to give a
complete survey on all aspects of pointed Hopf algebras.

We will mainly report on recent progress in the classification of pointed Hopf
algebras with abelian group of group-like elements.

If the group I is abelian, and V is a finite-dimensional Yetter-Drinfeld module,
then the braiding is given by a family of non-zero scalars ¢;; € k, 1 <i <6, in
the form

c(z; ® ;) = qijz; ® T;, where z1,...,z¢ is a basis of V.

Moreover there are elements gi,...,9¢9 € I', and characters x1,...,Xx¢ € T such
that g;; = x;(g:). The group acts on z; via the character xi, and z; is a g;-
homogeneous element with respect to the coaction of I'. We introduced braidings
of Cartan type [AS2] where

Qi = ¢;7,1<14,j <0, and (a;;) is a generalized Cartan matrix.

If (a;;) is a Cartan matrix of finite type, then the algebras B(V') can be under-
stood as twisting of the Frobenius-Lusztig kernels u=%(g), g a semisimple Lie
algebra.

By deforming the quantum Serre relations for simple roots which lie in two dif-
ferent connected components of the Dynkin diagram, we define finite-dimensional
pointed Hopf algebras u(D) in terms of a ”linking datum D of finite Cartan
type“ [AS4]. They generalize the Frobenius-Lusztig kernels u(g) and are liftings
of B(V)#kI.

In some cases linking data of finite Cartan type are general enough to obtain
complete classification results.

For example, if I' = (Z/(p))®, p a prime > 17 and s > 1, we have determined
the structure of all finite-dimensional pointed Hopf algebras A with G(A) ~T.
They are all of the form u(D) [AS4].
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4 NICOLAS ANDRUSKIEWITSCH AND HANS-JURGEN SCHNEIDER

Similar data allow a classification of infinite-dimensional pointed Hopf alge-
bras A with abelian group G(A), without zero divisors, with finite Gelfand—
Kirillov dimension and semisimple action of G(A) on A, in the case when the
infinitesimal braiding is ”positive® [AS5].

But the general case is more involved. We also have to deform the root vector
relations of the u(g)’s.

The structure of pointed Hopf algebras A with non-abelian group G(A) is
largely unknown. One basic open problem is to decide which finite groups ap-
pear as groups of group-like elements of finite-dimensional pointed Hopf algebras
which are link-indecomposable in the sense of [M2]. In our formulation, this prob-
lem is the main part of the following question: given a finite group I', determine
all Yetter-Drinfeld modules V' over kI such that B(V') is finite-dimensional. On
the one hand, there are a number of severe constraints on V [Gii3]. See also the
exposition in [A, 5.3.10]. On the other hand, it is very hard to prove the finite-
ness of the dimension, and in fact this has been done only for a few examples
[MiS], [FK], [FP] which are again related to root systems. The examples over
the symmetric groups in [FK] were introduced to describe the cohomology ring
of the flag variety. At this stage, the main difficulty is to decide when certain
Nichols algebras over non-abelian groups, for example the symmetric groups S,,
are finite-dimensional.

The last chapter provides a concrete illustration of the theory explained in this
paper. We describe explicitly all finite-dimensional pointed Hopf algebras with
abelian group G(A) and infinitesimal braiding of type A4,, (up to some exceptional
cases). The main results in this chapter are new, and complete proofs are given.
The only cases which were known before are the easy case A; [AS1], and A,
[AS3].

The new relations concern the root vectors €, 1 <i<j<n+1l The
relations ef\fj =0in quO(.slnH), q a root of unity of order N, are replaced by

eN

ij = Wi j for afamily u; ; € kI, 1<i< j<n+1,

depending on a family of free parameters in k. See Theorem 6.25 for details.
Lifting of type B, was treated in [BDR].

To study the relations between a filtered object and its associated graded
object is a basic technique in modern algebra. We would like to stress that finite-
dimensional pointed Hopf algebras enjoy a remarkable rigidity; it is seldom the
case that one is able to describe precisely all the liftings of a graded object, as
in this context.

Acknowledgements. We would like to thank Jacques Alev, Matias Grafia and
Eric Miiller for suggestions and stimulating discussions.

Conventions. As said above, our ground field k is algebraically closed field of
characteristic 0. Throughout, “Hopf algebra” means “Hopf algebra with bijective
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POINTED HOPF ALGEBRAS 5

antipode”. A, 8, ¢, denote respectively the comultiplication, the antipode, the
counit of a Hopf algebra.

We denote by 7 : VW — W ®V the usual transposition, that is 7(v@w) =
w & v.

We use Sweedler’s notation for the comultiplication and coaction; but, to avoid
confusions, we use the following variant for the comultiplication of a braided Hopf
algebra R: Ag(r) =) @ r@.

1. Braided Hopf Algebras

1.1. Braided categories. Braided Hopf algebras play a central role in this
paper. Although we have tried to minimize the use of categorical language,
we briefly and informally recall the notion of a braided category which is the
appropriate setting for braided Hopf algebras.

Braided categories were introduced in [JS]. We refer to [Ka, Ch. XI, Ch. XIII]
for a detailed exposition. There is a hierarchy of categories with a tensor product
functor:

(a) A monoidal or tensor category is a collection (€, ®,a,l,1,7), where

e Cis a category and ® : C x € — C is a functor,

e [ is an object of C, and

caywu:VoWeU)—» VeW)eU,ly:V>Velrnv: VoIV,
V,W,U objects in €, are natural isomorphisms;

such that the so-called “pentagon” and “triangle” axioms are satisfied, see [Ka,
Ch. XI, (2.6) and (2.9)]. These axioms essentially express that the tensor prod-
uct of a finite number of objects is well-defined, regardless of the place where
parentheses are inserted; and that I is a unit for the tensor product.

(b) A braided (tensor) category is a collection (€, ®,a,1,l,7,c), where

e (C,®,a,1,l,r) is a monoidal category and
ecyw: VAW WV, V,W objects in C, is a natural isomorphism;

such that the so-called “hexagon” axioms are satisfied, see [Ka, Ch. XIII, (1.3)
and (1.4)]. A very important consequence of the axioms of a braided category is
the following equality for any objects V, W, U:

(CV,W®id U)(id v ®CU,W)(CU,V ®id W) = (id w ®CU,V)(CU,W ®id V)(id U ®CV,W),

(1-1)
see [Ka, Ch. XIII, (1.8)]. For simplicity we have omitted the associativity mor-
phisms.

(c) A symmetric category is a braided category where cy,wew,v = id wgv for
all objects V, W. Symmetric categories have been studied since the pioneering
work of Mac Lane.
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(d) A left dual of an object V' of a monoidal category, is a triple (V*,evy, by ),
where V* is another object and evy : V*QV — I, by : I — V®V* are morphisms
such that the compositions

V — s IeVv X84y, yoyrgy v8ew, yor Ly

and

idy+* @ by evy®id v«
_—

Vi —— V* QI ——— V*VeV* IV* —— V*

are, respectively, the identity of V and V*. A braided category is rigid if any
object V' admits a left dual [Ka, Ch. XIV, Def. 2.1].

1.2. Braided vector spaces and Yetter—Drinfeld modules. We begin
with the fundamental

DEFINITION 1.1. Let V be a vector space and c: V®V — V ® V a linear
isomorphism. Then (V) is called a braided vector space, if c is a solution of the
braid equation, that is

(c®id)(id ®@c)(c®id) = (id ®c)(c ® id )(id ®c). (1-2)

It is well-known that the braid equation is equivalent to the quantum Yang—
Bazter equation:

Ri3R13R23 = Ra3Ri3Rq2. (1-3)

Here we use the standard notation: Ri3: VRV ®V -V ®V ®V is the map
given by > r; ®id ®ri if R = 25T ® rJ. Similarly for Rz, Ras.

The equivalence between solutions of (1-2) and solutions of (1-3) is given by
the equality ¢ = 7 o R. For this reason, some authors call (1-2) the quantum
Yang-Baxter equation.

An easy and for this paper important example is given by a family of non-zero
scalars g;; € k,7,j € I, where V is a vector space with basis x;,7 € I. Then

c(r; @ ;) = gijz; @ zj,for all 4,5 € I

is a solution of the braid equation.

Examples of braided vector spaces come from braided categories. In this
article, we are mainly concerned with examples related to the notion of Yetter—
Drinfeld modules.

DEFINITION 1.2. Let H be a Hopf algebra. A (left) Yetter-Drinfeld module V
over H is simultaneously a left H-module and a left H-comodule satisfying the
compatibility condition

6(hv) = h(l)’U(_l)Sh(g) ® h(g).v(o), veV,heH. (1*4)
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We denote by #YD the category of Yetter-Drinfeld modules over H; the mor-
phisms in this category preserve both the action and the coaction of H. The
category #YD is a braided monoidal category; indeed the tensor product of two
Yetter—Drinfeld modules is again a Yetter-Drinfeld module, with the usual ten-
sor product module and comodule structure. The compatibility condition (1-4)
is not difficult to verify.

For any two Yetter—Drinfeld-modules M and N, the braiding cpr, v : MQN —
N ® M is given by

em,n(m @ n) = m_1).n ® m), me M, n € N. (1-5)

The subcategory of YD consisting of finite-dimensional Yetter-Drinfeld mod-
ules is rigid. Namely, if V € #YD is finite-dimensional, the dual V* = Hom (V, k)
is in gHD with the following action and coaction:

o (h-f)(v)=f(8(h)v) foral he H, fe V*,veV.
o If f € V*, then 0(f) = f(—1) ® f(o) is determined by the equation

fenfo() =87 (v-1)f(vo), veEV.
Then the usual evaluation and coevaluation maps are morphisms in £YD.

Let V, W be two finite-dimensional Yetter—Drinfeld modules over H. We
shall consider the isomorphism ® : W* @ V* — (V ® W)* given by

(0 @ ¥)(v @ w) = Y(v)p(w), peW peVveViweW. (1-6)

REMARK 1.3. We see that a Yetter—Drinfeld module is a braided vector space.
Conversely, a braided vector space (V,c) can be realized as a Yetter-Drinfeld
module over some Hopf algebra H if and only if c is rigid [Tk1]. If this is the
case, it can be realized in many different ways.

We recall that a Hopf bimodule over a Hopf algebra H is simultaneously a
bimodule and a bicomodule satisfying all possible compatibility conditions. The
category HME of all Hopf bimodules over H is a braided category. The category
HYD is equivalent, as a braided category, to the category of Hopf bimodules.
This was essentially first observed in [Wo] and then independently in [AnDe,
Appendix], [Sbg], [Ro1].

If H is a finite-dimensional Hopf algebra, then the category 2YD is equivalent
to the category of modules over the double of H [Mjl]. The braiding in #YD
corresponds to the braiding given by the “canonical” R-matrix of the double.
In particular, if H is a semisimple Hopf algebra then #YD is a semisimple cate-
gory. Indeed, it is known that the double of a semisimple Hopf algebra is again
semisimple.

The case of Yetter—Drinfeld modules over group algebras is especially impor-
tant for the applications to pointed Hopf algebras. If H = kI', where I is a
group, then an H-comodule V is just a I'-graded vector space: V = @ g€T Vg,
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where V; = {v € V | 6(v) = g ® v}. We will write RYD for the category of
Yetter-Drinfeld modules over kI', and say that V € LYD is a Yetter-Drinfeld
module over I (when the field is fixed).

REMARK 1.4. Let I" be a group, V a left kI'-module, and a left kI"-comodule
with grading V = @ ger Vg We define a linear isomorphism ¢: V@V - VeV
by

c(r®y)=gyQuz, forallz eV, geT, yeV. (1-7)
Then

(a) V € FYD if and only if gV}, C Vghg-1 for all g,h € T

(b) If V € LYD, then (V,c) is a braided vector space.

(c) Conversely, if V is a faithful I'-module (that is, if for all g € T, gv = v for all
v €V, implies g = 1), and if (V,¢) is a braided vector space, then V € LYD.

PROOF. (a) is clear from the definition.

By applying both sides of the braid equation to elements of the form z @ y ®
z,x € Vg,y € Vb,z € V, it is easy to see that (V,c) is a braided vector space if
and only if

c(gy®gz) =ghzQgy, forallg,hel’, yeV,, z€ V. (1-8)

Let us write gy = ), 4, where 2, € V; for all @ € I'. Then ¢(gy ® gz) =
Y ecr @92 ® x,. Hence (1-8) means that agz = ghz, for all z € V and a € T such
that the homogeneous component z, is not zero. This proves (b) and (¢). O

REMARK 1.5. If I is abelian, a Yetter-Drinfeld module over H = KT is nothing
but a I'-graded I'-module.

Assume that I' is abelian and furthermore that the action of I is diagonalizable
(this is always the case if I' is finite). That is, V = @D, VX, where VX = {v €
V| gv = x(g)v for all g € T'}. Then

v= @ v (1-9)
ger,xel

where VX = VXN V,. Conversely, any vector space with a decomposition (1-9)
is a Yetter-Drinfeld module over I'. The braiding is given by

c(r®y)=x(9y®z, forallz eV, geT, ye VX, XEf‘.

It is useful to characterize abstractly those braided vector spaces which come
from Yetter-Drinfeld modules over groups or abelian groups. The first part of
the following definition is due to M. Takeuchi.

DEFINITION 1.6. Let (V,¢) be a finite-dimensional braided vector space.
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e (V,c) is of group type if there exist a basis x1,...,z¢ of V and elements

gi(z;) € V for all ¢, j such that
o(zi ®z;) = gi(x;) @i,  1<4,j<0; (1-10)

necessarily g; € GL(V).
e (V,c) is of finite group type (resp. of abelian group type) if it is of group type
and the subgroup of GL(V) generated by g1, ..., ge is finite (resp. abelian).
e (V,c) is of diagonal type if V has a basis z1, ..., g such that

c(zi ® z5) = qijzj @ Ty, 1<i,5<6, (1-11)

for some g;; in k. The matrix (g;;) is called the matriz of the braiding.

o If (V,c) is of diagonal type, then we say that it is indecomposable if for all
i # j, there exists a sequence i = iy, 43, ..., iy = j of elements of {1,...,0}
such that ¢;, s,,,6i,,,,:, # 1,1 < s <t—1. Otherwise, we say that the matrix
is decomposable. We can also refer then to the components of the matrix.

If V € LYD is finite-dimensional with braiding ¢, then (V,¢) is of group type by
(1-5). Conversely, assume that (V, ¢) is a finite-dimensional braided vector space
of group type. Let T be the subgroup of GL(V') generated by g1, ..., gs. Define
a coaction by §(z;) = g; ® z; for all i. Then V is a Yetter-Drinfeld module over
T with braiding ¢ by Remark 1.4 (c).

A braided vector space of diagonal type is clearly of abelian group type; it is
of finite group type if the g;;’s are roots of one.

1.3. Braided Hopf algebras. The notion of “braided Hopf algebra” is one
of the basic features of braided categories. We will deal only with braided Hopf
algebras in categories of Yetter—Drinfeld modules, mainly over a group algebra.

Let H be a Hopf algebra. First, the tensor product in £YD allows us to define
algebras and coalgebras in #YD. Namely, an algebra in the category #YD is
an associative algebra (R, m), where m : R ® R — R is the product, with unit
u : k — R, such that R is a Yetter—Drinfeld module over H and both m and u
are morphisms in g‘zj'D.

Similarly, a coalgebra in the category YD is a coassociative coalgebra (R, A),
where A : R -+ R® R is the coproduct, with counit € : R — k, such that R is a
Yetter-Drinfeld module over H and both A and ¢ are morphisms in #YD.

Let now R, S be two algebras in £YD. Then the braiding ¢ : S® R —
R ® S allows us to provide the Yetter—Drinfeld module R ® S with a “twisted”
algebra structure in #YD. Namely, the product in R ® S is mggs, defined as
(mr®@mg)(id @c®id ):

RRS®R®S —— R®S

id ®c®id l Tz

RRR®S®S 228%™, pwS.
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We shall denote this algebra by R®S. The difference with the usual tensor
product algebra is the presence of the braiding c instead of the usual transposi-
tion .

DEFINITION 1.7. A braided bialgebra in YD is a collection (R,m,u,A,e),
where

o (R,m,u) is an algebra in £YD.
e (R,A,¢) is a coalgebra in £YD.
e A: R— R®R and ¢ : R — k are morphisms of algebras.

We say that it is a braided Hopf algebra in BYD if in addition:

e The identity is convolution invertible in End (R); its inverse is the antipode
of R.

A graded braided Hopf algebra in £YD is a braided Hopf algebra R in YD
provided with a grading R = €,,5¢ R(n) of Yetter-Drinfeld modules, such that
R is a graded algebra and a graded coalgebra.

REMARK 1.8. There is a non-categorical version of braided Hopf algebras, see
[Tk1]. Any braided Hopf algebra in #YD gives rise to a braided Hopf algebra
in the sense of [Tkl] by forgetting the action and coaction, and preserving the
multiplication, comultiplication and braiding. For the converse see [Tk1, Th.
5.7]. Analogously, one can define graded braided Hopf algebras in the spirit of
[Tk1].

Let R be a finite-dimensional Hopf algebra in g}ﬂ). The dual S = R* is a braided
Hopf algebra in gHD with multiplication A}® and comultiplication ®~'m}, cf.
(1-6); this is R**°P in the notation of [AG, Section 2].

In the same way, if R = €@,,5, R(n) is a graded braided Hopf algebra in

HYD with finite-dimensional homogeneous components, then the graded dual
S =R*=@,5, R(n)* is a graded braided Hopf algebra in Z£YD.

1.4. Examples. The quantum binomial formula. We shall provide many
examples of braided Hopf algebras in Chapter 2. Here we discuss a very simple
class of braided Hopf algebras.

We first recall the well-known quantum binomial formula. Let U and V
be elements of an associative algebra over k[g], ¢ an indeterminate, such that
VU = qUV. Then

U+V)r =Y (") Utvnt ifn>1. (1-12)
1<i<n V' q
Here
n (n)q! ) ) ;
.| =-=<——"—=—, where(n),!= ()¢, and (i), = .
(), = mtnn A= I @ end@o= 3
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