
Index

1-trick (use with Cauchy–
Schwarz inequality), 520

A posteriori probability, 65, 66
A priori probability, 65, 66
a.e. (a.c., a.s.), see Almost ev-

erywhere
Absolutely continuous dis-

tribution, 403, 508, 558
Accumulated entrance fee,

585, 587, 605
Accumulation point, 712
Additivity

of expectation, 216, 222,
234, 326, 328, 333, 334,
342, 429, 431, 433, 446–
449, 451–455, 458, 460,
462, 475, 477, 502, 503,
517, 552, 569, 583, 589,
661, 662, 703, 722, 733,
742, 746, 752, 756, 757

of Laplace transforms, 531
of measure, 16, 18, 19, 22,

23, 37, 41, 42, 47, 48, 56,
72, 89, 93, 97, 202, 203,
256, 267, 289, 302, 372,
373, 378, 390, 398, 552,
657, 714

of variance, 216, 234, 477,
743, 746

Adjacent vertices in a graph,
102, 394

Admissible
function, 732, 733
permutation, 133

Affine shift, 716
Aldous, D., 651n
Algebra of events, 14–16, 33,

384
Alm, S. E., 686n
Almost everywhere, 156, 380,

407, 441, 448, 460, 462,

464, 593, 595, 596, 599,
600, 784, 785, 787

Aloha protocol, 276, 277, 761
Altitude, 518
Ancestor (of vertex), 687
Ancillary

permutation, 676
random variables, 597,

670, 673
André, D., 246
Anomalous numbers, 290
Antheil, G., 138n
Approximation

by simple functions, 439,
442–444, 463, 466

by smooth functions, 698
of measure, 392
of sum by integrals, 60, 69,

204, 458, 591, 649, 742,
746

Arc length distribution, 281
Arc sine

density, 206, 307
distribution, 307, 690
law, 205, 250, 307, 555, 690

Arithmetic
distribution, 198, 197–200,

508, 557, 710
mean, 481, 499, 500, 505
random variable, 197, 401,

449, 654, 656
sequence, 112, 113, 130,

131
Arzelà, C., 707n
Arzelà–Ascoli theorem, 707,

708, 716
Ascoli, G., 707n
Associative memory, 193
Asymptotic expansion, 363
Atoms of a discrete distribu-

tion, 401
Authalic problem, 497

Auxiliary randomisation,
132, 597, 599

Axiom of choice, 392
Axioms of probability mea-

sure, 16
Azuma’s inequality, 647

B, see Baire class
B, see Borel σ-algebra
B, see Extended σ-algebra
bn(k),bn(k;p), see Binomial

distribution
Bachelier, L., 349
Backoff time, 277
Baire

class, 411
function, 409–411, 418, 470,

471, 490
Baldi, P., 518n
Ball in n dimensions, 295,

492–494, 498–500, 503,
504, 684

Ballot
problem, 44, 66
theorem, 46, 247

Banach space, 484
Banach’s match boxes, 261,

273
Barbour, A. D., 668n, 678,

679n, 681n, 684n
Bartholdi, J. J., 642n, 645, 646
Base of number representa-

tion, 156, 158, 159, 378
Basel problem, 123n, 594
Bayes optimal decision, 66
Bayes’s rule for events, 56, 66
Bayesian prior, 62, 306
Beardwood, J., 649n
Beardwood–Halton–

Hammersley theorem,
649
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curve, 163, 164
number, 653
recurrence, 653

Bell, R., 606n
Benford, F., 290n
Bennett’s inequality, 647
Bent

binary digit, 150, 161, 162
coin, 20, 184, 196, 235, 425

Berend, D., 653n
Berkeley, G., 772
Berlekamp, E., 131
Bernoulli

model of diffusion, 68
schema, 235–274
trials, 20, 235–237, 402, 420,

425, 430, 433, 442, 508,
510, 520, 524, 525, 551,
552, 559, 568, 572, 583,
595, 611, 614, 616, 620,
646, 661, 662, 718, 720,
746, 763

Bernoulli, D., 585
Bernoulli, J., 235
Bernoulli, N., 585, 586, 677
Bernstein polynomial, 162,

574, 604, 710
in two dimensions, 605

Bernstein’s inequality, 647
Bernstein, S. N., 75, 76, 87,

162, 532, 533, 572n, 605,
709n, 711n

Berry, A. C., 724n
Berry–Esseen theorem, 725,

730, 736, 737
Bessel function of the first

kind, 515, 516
modified, 363, 510

Beta
density, 305–307
distribution, 307
function, 305

Bilateral exponential density,
510

Billingsley, P., 695n
Bin-packing problem, 394,

633–637, 649
Binary

channel, 91
digits, 141–144, 146, 148–

150, 153, 177, 178, 496,
502, 594

entropy function, 612

expansion, see Dyadic ex-
pansion

integer programming, 751
Binning number, 395, 634,

649
Binomial

coefficient, 30, 51, 153, 237,
574

distribution, 20, 54, 95, 118,
119, 150, 152, 162, 190–
193, 195, 196, 237–239,
256, 271, 393, 402, 430,
432, 510, 519, 524, 525,
562, 662, 689, 754, 763

tail bound, 155, 611, 615
theorem, 30

Birth–death chain, 54–55
Birthday paradox, 31, 452
Bit (binary information

digit), 502
Bivariate normal density,

215, 220, 228, 326, 338,
453

Fischer, B., 349
Black–Scholes formula, 349
Blind

equalisation, 346
source separation, 346

Bluetooth protocols, 138
Blum, R., 768n
Blumer, A., 604n
Bolthausen, E., 737n
Bolzano’s theorem, 344, 477
Bolzano–Weierstrass theo-

rem, 705, 706, 774, 781
proof, 776

Bonferroni’s inequalities,
115, 115, 117

Boole’s
inequality, 106, 111, 113,

115, 122, 123, 125, 130,
193, 195, 362, 382, 511,
564, 565, 586, 589, 590,
598, 603, 635, 647

sieve, 125, 131
Boppana, R., 688n
Borchardt, C. W., 106
Borel

measurable function, 396,
410, 411

set, 23, 24–26, 27–30, 370,
371, 374, 375, 384, 385,
389, 390, 392, 395–399,
406, 410–418, 420, 422,

498–500, 504
set (on the sphere), 768
σ-algebra, 24–26, 385, 389,

390, 396, 406, 412, 486
Borel’s law of normal num-

bers, 159, 394, 408, 714,
744

Borel, E., 139, 140, 146, 150,
155, 156, 159, 768n

Borel–Cantelli lemma, xxiii,
108, 262, 263, 362, 409,
588, 599, 600

Bose, R. C., 135n
Bose–Einstein distribution, 5,

31, 136
Boston Celtics, 33
Boundary of a set, 343
Bounded

function, 779
operator, 700, 701
rectangle, 29
sequence, 771

Bourbaki, N., xxi
Box, G. E. P., 426n
Box–Muller construction, 426
Branching process, 558
Bridge hand, 9, 10

balanced, 38, 39
high pairs, 137
trump distribution, 66
voids, 270

Broadcast authentication,
254

Brown, R., 348
Brownian

bridge, 366
motion, 348–363, 366, 768

Brun’s sieve, 117
Buffon’s

cross, 311
needle problem, 291, 311

Buffon, G-L. L., 292
Burt’s IQ data, 763–767
Burt, C., 763n, 765
Busy period, 543

C, see Cantor set
C, Cb, Cb (families of contin-

uous functions), 692
χ(G), see Chromatic number
c.f., see Characteristic func-

tion
California Institute of Tech-

nology, xvii
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Call arrivals, 297
Campbell’s theorem, 718
Cantelli’s strong law of large

numbers, 605
Cantelli, F. P., xvi, 595n
Cantor

diagonalisation, 377, 377,
391, 391, 420, 706

distribution, 404–406, 425,
434, 435, 444, 454, 463,
508

set, 375, 377–380, 404, 425,
434

Cantor, G., 706
Carathéodory’s extension

theorem, 371, 374, 375,
391, 395, 398, 413, 414

Carathéodory, C., 371, 372,
374, 385

card, see Cardinality of a set
Cardano, G., 3
Cardinal

arithmetic, 375, 392
number, 375

Cardinality of a set, 20, 91
Carleson, L., 173
Cartesian product, 212, 486
Catalan number, 274
Catalan, E., 274
Catcheside, D. G., 137n
Cauchy

density, 208, 308, 311
density in R3 , 313
density in the plane, 313
distribution, 309, 767
sequence, 408, 409, 593,

594, 597, 599, 617, 708,
772, 776

sequence in Lp , 484
sequence in L2 , 521, 785,

787, 788
Cauchy, A. L., 773
Cauchy–Schwarz inequality,

483, 485n, 520, 521, 623,
635, 645, 675, 735, 736,
784, 785, 788

proof, 787
Cayley’s formula, 102–106,

122
Cayley, A., 106
CDMA, see Code division

multiple access
Central

limit theorem, xvi, 163,

196, 350, 624, 704, 721,
733, 743, 747, 750, 752

limit theorem for depen-
dent summands, 751

limit theorem for ex-
changeable variables,
768

limit theorem for identical
distributions, 720

limit theorem for inver-
sions, 767

limit theorem for many di-
mensions, 748, 751, 753,
755–757

limit theorem for order
statistics, 314

limit theorem for records,
767

limit theorem for runs, 767
limit theorem for sample

median, 314
limit theorem for triangu-

lar arrays, 738
moment, 472
tendency, 427
term of the binomial, 196,

496, 556
term of the multinomial,

271
term of the trinomial, 272

Centre of mass, 208, 430
Centring, 207
Certain event, 14
Cesàro mean, 592, 725
ch, see Convex hull
Chain rule for conditional

probabilities, 38, 126,
129, 688

Chandrasekhar, S., 287n
Channel

capacity, 506, 648
equalisation, 346, 514
matrix, see Mixing trans-

formation
noisy, 64, 65

Characteristic
exponent, 724, 767
function, 171, 560, 698, 700,

718, 725, 726
polynomial, 321–323
set, 487

Chebyshev’s
exponential bound, 630
inequality, 153–155, 160,

162, 177, 242, 365, 462,
502, 503, 528, 563, 564,
565, 569, 570, 572, 573,
583, 584, 586, 588–590,
596, 599, 604–606, 615

Chebyshev, P., 153–155, 563n,
579n, 712

Chen, L. H. Y., xvi, 652n, 663,
677n

Chernoff’s inequality, 610,
612, 613, 615, 658, 659

is exponentially tight, 612
Chernoff, H., 611n, 768n
Chervonenkis, A. Ya., xvi, 599n
Chevalier de Méré, 261
Chi-squared

density, 319, 333, 502, 752,
753, 759, 760

distribution, 334, 759
test, 759–763, 765, 766

Chromatic number, 394
Chromosome

breakage and repair, 32,
256

matching, 137
Chung, K. L., xix, 107, 252, 307
Circular scan statistic, 686
cl, see Closure of a set
Clique, 138, 571, 604, 666–668
Closed

disc, 602, 607
rectangle, 29, 607
set, 26, 30, 378

Closure of a set, 29, 712
Coarser σ-algebra, 464, 485
Code book, 501, 504–506,

519, 614–616, 647
Code division multiple ac-

cess, 138, 192, 193n
Cognitive radio, 69
College admissions, 40, 69
Collisions in transmissions,

138, 277
Column sum, 674
Combinatorial

lemma, 548
probability, 20

Compact set, 708, 714
Compactification of real line,

692
Complete

graph, 109, 138
inner product space, 485,

521, 785
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measure, 374, 392
normed space, 484

Completely monotone func-
tion, 532, 533, 711

Completeness axiom, 771,
775

Completion of measurable
space, 373–375, 392, 486

Complex random variable,
445

Component
of a graph, 121, 681
of Rn , 343, 607

Compound Poisson distribu-
tion, 538, 558

Computational neuro-
science, 193

Concentration
function, 618, 624, 633, 648,

649
of measure, xvii, 609, 617,

625, 647
Concept (in machine learn-

ing), 603
Conditional

density, 219, 219
distribution, 218, 220
expectation, 220, 221, 463,

464, 485, 521, 522
probability, 35–70
variance, 220

Conditionally independent
events, 72, 74, 75, 90

Confidence
in estimate, 63, 241, 242,

567, 603, 616
interval, 63, 331, 754, 759,

766
Configuration function, 650
Conjugate exponent, 482
Connected graph, 102, 121–

125, 137, 681
Continuity

from below, 373
from above, 373
of measure, 16, 19, 21–23,

38, 89, 106, 108, 293, 390,
391, 398, 408, 409, 441,
714

Continuous
distribution, 293, 402–406,

518
everywhere, differentiable

nowhere, see Nowhere

differentiable function
from the left, see Left con-

tinuous function
from the right, see Right

continuous function
function, 777, 778
sample space, 11, 23–24

Convention
for d-adic expansion, 158
for binary representations,

22, 141
for binomial coefficients,

30, 237, 246
for conditional expecta-

tion, 220
for convolutional opera-

tors, 696
for countable operations,

15
for cross-references, xxiii
for d.f.s and induced mea-

sures, 399
for densities, 207
for derivatives, 532, 710
for difference operators,

574
for distributions, 198
for Fourier transforms, 166
for intersections and

unions, 94
for Kullback–Leibler di-

vergence, 480
for ladder index distribu-

tions, 553
for logarithms, 30, 575
for normalisation, 17
for positive parts, 279
for random walks, 543
for renewal process, 534,

535
for repeated convolutions,

535
for runs, 559
for sets, 12, 13, 127
for terminology, xxiii
for vectors, 216, 320, 359

Convergence
a.e., 158, 162, 407–409, 460,

462, 646, 649, 785, 787,
788

bounded, 487, 487
improper, 705
in distribution, 691, 705,

717, 721, 742, 745, 748,

751, 752, 767, 768
in law, 691
in L2 , see Convergence in

mean-square
in mean-square, 354, 594,

785
in measure, 409
in probability, 155, 162,

409, 598, 646
of sequence, 771
of series, 147, 289, 423,

593–595, 709, 711
pointwise, 774
proper, 705, 714
uniform, 147, 401, 574, 596,

598, 600, 697, 707, 710,
717, 722, 739, 750, 775,
781

vague, 691, 695, 696, 700,
702, 705, 710, 711, 714,
717, 718, 721, 724, 725

weak, 695
with probability one, see

Convergence a.e.
Convex

combination, 478, 621–623,
626, 702

distance, see Talagrand’s
convex distance

function, 478, 520, 630, 632,
650

hull, 621, 621, 622, 623, 627
polyhedron, 504
set, 607

Convolution
is smoothing, 507, 512, 536
of arithmetic variables, 508
of Cauchy densities, 309,

311
of continuous variables,

508
of distributions (densities),

203, 204, 230, 507, 506–
511, 696, 703, 715, 721,
740

of exponential densities,
298, 314

of functions, 167, 512, 767,
781

of gamma densities, 304
of ladder epoch distribu-

tion, 551
of normal distributions,

318
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of Poisson distributions,
256, 528

of uniform densities, 279,
284

property of characteristic
functions, 560, 726

property of transforms,
152, 167, 170, 513, 515,
525, 530

Convolutional
kernel, 512, 513, 725
operator, 695–698, 702–

704, 714, 725
smoothing, 698, 725

Coordinate transformation,
409–411, 413

Copernican Principle, 61–64
Correlation

coefficient, 474
definition, 213, 473
function, 341
inequality, 520, 687

Countable
cover, 384
set, 14, 19, 27, 375, 376, 391

Coupling, 669, 670, 671, 673,
675, 679, 680, 682, 684,
686

Coupon collector’s problem,
115, 119, 259, 742–745

Covariance
definition, 213, 473
matrix, 217, 360, 748, 751,

752, 756–758
Cover

of a set, 774, 776
of circle by arcs, 283, 284,

681
Cover, T. M., xxiv, 273, 606n
Covering problem, 283
Cramér’s estimate for ruin,

542
Cramér, H., 542n
Cramér–Rao bound, 521
Craps, 6, 81, 201, 557
Crofton’s method of pertur-

bations, 296
Crofton, M. W., 295
Crystallography, 520
Curve (inside unit square),

638
Cycle

in graph, 102, 394
in permutation, 745–747

Cyclical
arrangement, 547–549, 551,

552
rearrangement, 745, 746

Cylinder set, 60, 148, 149

Δ, see Difference operator,
successive differences,
triangular function

d.f., see Distribution function
Darmois, G., 344n
Davis, P. J., xix
de Finetti’s theorem, 282–

284, 679
de Finetti, B., 283n
de la Vallée Poussin, C-J., 102,

579
de Moivre’s theorem, 163,

183, 184, 189, 190, 195,
196, 633, 721

de Moivre, A., xvi, 163, 184,
719

de Moivre–Laplace theorem,
205, 314, 577, 690, 720,
755

de Montmort, P. R., xvi, 49, 98,
585, 651, 672, 677n, 685,
686

de Morgan’s laws, 13, 33, 88,
89

Decision rule, 65, 66, 504–
506, 519

minimum distance, 519
Decorrelating transforma-

tion, 327, 329
Decreasing

family of sequences, 687
sequence of numbers, 771
sequence of sets, 34

Defective
distribution, 407, 540, 541,

705
random variable, 407, 705

Degenerate
distribution, 394, 401, 480,

481, 756
normal, 330
random variable, 430

Degree of a vertex, 102, 126,
394

Degrees of freedom, 331, 333,
335

Delta function, 173
Denial of service attack, 233,

254, 761

Dense set, 705, 714, 716
Density, 24, 206, 403

of a number, 582
of digits, 156, 160, 394
of stars, 296
on Euclidean plane, 211

Dependence penalty, 664
Dependency graph, 126, 664,

668
Dictionary of translation,

149, 150, 153, 177
Dido of Tyre, 496
Difference

of sets, 12
operator, 343, 573, 709

Differentiation
operator, 167
property of transforms,

167, 171, 172, 526, 530
Difficulties with the bound-

ary, 683, 685n
Direct sequence spread spec-

trum, 138n, 192
Dirichlet density, 313
Discrepancy, 426, 559, 725,

726, 729, 731, 733, 735,
736

Discrete
distribution, 20, 197, 399–

402
sample space, 9, 19–23, 197

Disjoint
cover, 384
events, 14
sets, 12

Distribution
function, 206, 370, 371–372,

374, 375, 392, 398–406
in rôle of function or mea-

sure, 399
obtained by randomisa-

tion, 221, 232
of a measure, 375, 530
of arithmetic variable, 198
of spacings, 281

Dobinski’s formula, 653, 654
Dominated

convergence theorem, 460,
461, 462, 464, 487, 592,
595, 733, 774

random variable, 433, 437,
438, 461, 462

Domination condition, 461
DoS, see Denial of service
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Double sample, 426, 596, 608
Dudley, R. M., 562
Dyadic

approximation, 263
expansion, 21, 141, 142,

150, 156, 394, 420, 717
interval, 352

Dynkin, E. B., 87, 88, 92

Eagleson, G. K., 678n
Edge of a graph, 85, 102, 394,

650
Ehrenfest model of diffusion,

52–55, 68
Ehrenfest, P. and T., 52n
Ehrenfeucht, A., 604n
Eigenfunction of Fourier op-

erator, 172
Eigenvalue, 322, 323, 332

equation, 323, 324, 339
Eigenvector, 322, 323, 332
Einstein, A., 348, 350
Ellipsoid in n dimensions,

329
Empirical

distribution, 241, 426, 559,
595–598

estimate of π, 291
frequency, 599, 600
process theory, xvi

Empty set, 12
Energy, 518, 784, 786
Equicontinuous family of

functions, 697, 707, 716,
780

Equivalence
class, 392, 484
lemma, 441, 460
theorem, 693, 696, 697, 702,

708, 711, 714, 718, 768
Equivalent

random variables, 484, 520
sequences, 591
sets, 12

Erdös, P., 86n, 110, 111n, 119,
121n, 123, 128n, 134n,
307

erf, see Error function
Eriksson, J., 476n
Erlang, A. K., 304
Erlangian density, 304
Error

function, 316
in estimate, 241, 242, 567,

603

prediction, 518
probability, 615

Esseen, C-G., 724n, 730n
Estimator

empirical, 226
least-squares, 222, 223, 518
linear, 222, 223, 518
maximum likelihood, 614

Euler square, 134
Euler’s officer problem, 134
Euler, L., 123n, 144, 157, 523,

594
Evolution of mosquito popu-

lations, 285
Exchangeable random vari-

ables, 281, 283, 668, 671,
672, 684, 733, 768

Excluded interval, 713
Expansion of a number in a

given base, 158
Expectation, 465–471, 649

and median, 646
change of variable, 472,

473
definition, 199, 207, 427,

430, 437, 445
identity, 232, 463
is additive, 466
is homogeneous, 429, 431,

448, 462
is linear, 432, 448, 464, 472,

480
is monotone, 429, 433, 451,

460, 462, 464, 480, 561,
565, 567, 694

notation, 429, 469, 471
Exponential

density, 24, 205, 275, 293,
297, 298, 301, 303, 319,
403, 510, 721

distribution, 292–294, 297,
298, 312–314, 403, 450,
524, 543, 546, 686, 717

generating function, 653
Extended

real line, 372, 406
σ-algebra, 406

Extension of measure, 374,
385

Extreme value distribution,
233

F-measurable, see Measur-
able with respect to a σ-
algebra

F, G, H: notation for convo-
lutional operators, 696

F, see Measure, induced by a
distribution

F∗, see Outer measure
F-density, 337
F-statistic, 336, 337
Factorisation property, 464
Fading in wireless communi-

cation, 64, 319
Failure

in Bernoulli trial, 236
run, 559

Fair game, 258, 273, 434, 585,
606

Falling factorial, 51, 84, 655,
659, 666

Family of half-closed inter-
vals, 15, 371

Fan, C. T., 233n
Fang, S. C., xxiii, 750n
Fatemieh, O., 233n
Fatou’s lemma, 459, 460, 464,

484, 787
Fattening (of a set), 618, 621,

624
Fejér kernel, 725, 727
Feller, W., 5n, 271, 288–290,

307, 542n, 547n, 586n,
606n, 696, 720n, 730n,
738

Fermat, P., 261, 273
Fermi, E., 567
Fermi–Dirac distribution, 5,

32
Fiancée problem, see Mar-

riage problem
Field, see Algebra of events
Fielding, H., xv
Filtration, 522
Finer σ-algebra, 464
Finite

alphabet, 64
cover (subcover), 774, 776
measure, 372, 470, 487, 488
projective plane, 134

Finite-dimensional distribu-
tion, 340, 341

Fisher information, 520
Fisher, R. A., 241, 269, 331n,

336n
FKG inequality, 520
Flood, M. M., 69
Fluctuation theory, 33, 250,
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305, 307, 550–555
Flush (poker), 31
Fluxion, 772
Fock space, 768
Fortuin, C. M., 520n
Four-of-a-kind (poker), 31
Fourier

basis, 786
inversion, 172, 175, 176,

178, 699, 726, 727
series, 196
transform, 166, 176, 178,

181, 309, 512–514, 560,
698, 699, 725–727

transform in two dimen-
sions, 514

transform of unit disc, 515
Fourier, J. B. J., 166, 572
Fourier–Lebesgue transform,

560
Fourth moment, 588, 605,

743, 744
Fractal, 346, 347
Fractional part

of random variable, 288
of real number, 196, 715

Franklin, J., xxiii
Free energy, 650
Frequency-hopping spread

spectrum, 138
Fubini’s theorem, 489, 489,

490, 492, 507, 517, 531,
596, 598, 628, 629, 699,
703, 735

fails for outer integrals, 518
Full house (poker), 31
Function

is concentrated on, 207
space, 608

Fundamental theorem
of algebra, 321, 323
of arithmetic, 582
of expectation, 471, 472

gν(x;α), see Gamma density
Gn,p , see Random graph
Gabor, D., 288
Gale, D., 69n
Galton’s height data, 223–

227, 766, 768
Galton, F., 220, 223, 225n
Gambler’s ruin, 68
Gamma

density, 298, 298, 300, 301,
303–305, 313, 319, 334,
721

distribution, 298, 302, 525,
721

function, 195, 303, 493–495
Gaps

between spacings, 679–681
in the Poisson process,

536–538
Gauss, C. F., 315, 456n
Gaussian

channel, 501, 505, 506, 616,
647

characteristic function,
171, 726

density, see Normal den-
sity

impulsive family, 175
inversion formula, 172, 175
isoperimetry, 498–500, 505
kernel, 698
noise, 501, 502, 647
process, 341, 357, 366

Gedanken experiment, 4, 9, 11,
21

General position, 607
Generating function

definition, 524, 610, 710
of artithmetic distribu-

tions, 557
of ladder index, 553, 554
of renewals, 535
of return to origin, 555

Geodesic metric, 683n, 768
Geometric

distribution, 20, 257, 258–
260, 262, 272, 275, 313,
427, 451, 510, 524, 525,
558, 721, 742, 743

mean, 481
Gilbert channel, 92
Gilbert, E. N., 92n, 682n
Gilovich, T., 33n
Ginibre, J., 520n
Girth of a graph, 394
Glivenko, V. I., xvi, 595n
Glivenko–Cantelli theorem,

596, 599, 600, 602, 603,
608

Gnedenko, B. V., 559n
Goldstein, R. M., 338n, 341
Goncharov’s theorem, 747
Goncharov, V., 747n

Gosset, W. S. (Student), 335n
Gott, J. R., 63n
Gould, S. H., 3n
Grading on a curve, 316
Graeco-Latin square, 134
Graph, 102, 132, 394

colouring, 394
Gray, J. B., 762n
Greatest lower bound, see In-

fimum
Greenspan, A., 350
Gromov, M., xvii, 617
Gromov–Milman formula-

tion, 616–619, 624, 633
Growth function, 600, 601,

607, 608
Gunter, C., 233n, 254n, 761n
Gupta, P., 684n

H0 , see Heaviside function
H0 , see Heaviside operator
Haar system of wavelets,

352, 353–355, 359, 786
Hadamard, J., 102, 579
Half-closed rectangle, 29
Half-space, 602, 607

affine, 608
Hall, P., 682n
Halmos, P., 89, 92
Halton, J. H., 649n
Hammersley, J. M., 649n
Hamming

distance, 614, 619, 622–624,
633, 634, 637, 644, 645,
648, 649

error vector, 620, 621, 627n,
634

Hard-limited random wave-
form, 338, 341

Hardy’s law, 81
Hardy, G. H., 80n, 346, 485n,

581, 582n, 712, 715n
Hardy–Ramanujan normal

order theorem, 583
Harker–Kasper inequality,

520
Harmonic series, 519, 556,

594
Hat check problem, 47, 452
Haussler, D., 604n
Hearnshaw, L., 767n
Heat equation, 572
Heaviside

distribution, 401, 534, 697,
700, 703, 721, 725
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function, 400, 401, 410, 528,
561, 609, 778

operator (H0), 697
Heaviside, O., 779
Heavy-tailed density, 308
Hebb, D. O., 194n
Hebbian learning, 194, 195
Heine–Borel theorem, 383,

774
proof, 776

Helly’s selection principle,
533, 705, 708–711, 713,
714, 717, 718

Helly, E., 705n
Helsinki University of Tech-

nology, xvii
Herault, J., 345n
Hermite, C., 347
Hilbert

curve, 638–643
space, 485

Hilbert, D., 347, 638n
Hildebrand, D. K., 762n
Hoare, C. A. R., 459n
Hoeffding’s inequality, 598,

612, 616, 620, 621, 625,
635, 647

for the binomial, 562, 647
Hoeffding, W., 612n
Hölder’s inequality, 483, 484,

628, 631, 725, 735, 736,
743, 787

Holst, L., 668n, 679n, 681n,
684n

Hopfield, J. J., 193n
Horne, E., xxiv
Horse race, 606
Hot hand in basketball, 32, 33
Hotelling’s theorem, 365
Huygens’s principle, 309
Huygens, H. C., 310
Hypergeometric

distribution, 52, 268–271,
273, 599, 604

tail bound, 604, 608
Hyperplane, 504, 607, 608
Hypothesis (in machine

learning), 603

I, see Family of half-closed
intervals

i.o., see Infinitely often
I0(·), Ik(·), see Bessel func-

tion of the first kind,
modified

Identity map, 375, 396, 745
Imbedded product measure,

420
Importance

density, 604
sampling, 604

Impossible event, 14
Impulsive family of func-

tions, 173, 175
Incident edge, 102
Inclusion–exclusion, 93–101,

105, 113, 115–117, 120,
124, 136, 283, 413, 452,
673, 675

Increasing
family of sequences, 687
sequence of numbers, 771
sequence of sets, 34

Increment, 314, 360, 362
Independence, 71–92, 415–

422
number of graph, 394, 650
set of vertices (events), 126,

664, 666, 668, 688
sieve, 125, 687

Independent
binary digits, 144–148, 150,

151, 161, 178, 420, 594
events, 37, 71–73, 83, 203
families of events, 87–90
increments, 302, 350, 360–

362
random variables, 192,

202, 202, 212, 217, 415,
418, 419, 464, 490, 560,
734

sampling, 418, 602, 649,
679

selection, 684
σ-algebras, 89, 419
trials, 5, 17, 81–87, 192, 194,

196, 202, 661
Indicator

family, 660, 669, 674
function, 33, 151, 153, 155,

489, 492
random variable, 240, 402,

430, 518, 589, 657
Induction method, see Ta-

lagrand’s induction
method

Inequality of arithmetic and
geometric means, 481,
482, 483, 520, 749

Infimum, 27, 385, 386, 405,
773

Infinite product
identity, 141, 144, 147
space, 87, 422

Infinite-dimensional sphere,
768

Infinitely often, 107, 252, 263,
423, 424

Information rate, 616
Inner

envelope, 424, 426
product in L2 , 485
product of Euclidean vec-

tors, 192, 320, 340, 675
product of functions, 353,

784, 787
Inspection paradox, 299, 546
Integer part of real number,

196
Integrable

function, 166
random variable, 437, 447,

482
Integration, 465–471

by parts, 491, 540
Inter-arrival times, 298, 534,

542
Interchange in order of

derivative and integral,
168, 230, 286, 526, 698,
781

derivative and sum, 272,
710

expectation and sum, 355,
448

integrals, 151, 173, 176,
178, 221, 485–492, 699,
783

limit and integral, 147, 148,
180, 181

limit and sum, 441
sum and integral, 157, 300
sums, 553, 591

Interior
of a set, 343
point, 26

Intersection of sets, 12
Interval of continuity, 691
Intervals are uncountable,

377
Invariant

distribution, see Stationary
distribution
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subspace, 321–323, 332
Inversion theorem

for characteristic func-
tions, 700

for Fourier transforms, 175
for Laplace transforms,

527, 530, 653
Inversions in permutation,

767
Ising spin glass, 518
Isolated

point in geometric graph,
682, 684, 686

vertex in a graph, 120
Isoperimetric

problem, 497, 500
theorem, 482, 498–500, 504,

505, 624
Iterated integrals, 485–492,

506, 517

J0(·), J1(·), Jk(·), see Bessel
function of the first kind

Jacobian, 228, 229, 313, 469
Janson’s inequality, 688
Janson, S., 668n, 679n, 684n,

688n
Jaynes, E. T., 306
Jensen’s inequality, 480, 481,

519, 520, 522, 613, 628
Jones, A., xxiv
Jump

discontinuity, 400, 424
size, 400, 401

Jutten, C., 345n

K4 ,Kj ,Kk ,Kn , see Complete
graph, clique

Kac, M., 87, 139n, 307
Kahane, J-P., 363n
Kahneman, D., 33n
Kamin, L., 765
Kantorovich’s inequality, 520
Kasbekar, G., xxiii
Kasteleyn, P. W., 520n
Khan, F., 233n
Khanna, S., 233n, 254n
Khinchin, A. Ya., 563n
Kleitman’s lemma, 687
Kleitman, D. J., 687n
Knox’s leukaemia data, 678
Knox, G., 678n
Knuth, D., xxi, 459n, 568n
Kolmogorov’s

criterion, 590, 592

maximal inequality, 588,
590, 593

Kolmogorov, A. N., 4n, 9, 16,
87, 363, 422, 423, 588n,
591, 595, 605

Kolmogorov–Smirnov test,
759

Körner, T. W., 173, 184, 369,
714, 753–755, 765–767

Korolev, V. Yu., 730n
Koroljuk, V. S., 559n
Kronecker’s theorem, 712,

713, 714, 716
Kronecker, L., 712n
Kullback–Leibler diver-

gence, 480, 481, 521, 611,
646

Kumar, P. R., 684n
Kunniyur, S., 685n

L: notation for probability
law, see Distribution

L2-space, see Space of square-
integrable functions

Lp-space, 482–485
λ: notation for measure, see

Lebesgue measure
λ-class, 88, 89, 390, 487, 488
Labelled sample, 602
Labeyrie, A., 511n, 513, 516
Ladder

epoch, 544
index, 426, 546–550, 551–

554, 559, 588
Lagrange, J. L., 523
Lamarr, H., 138n
Laplace transform, 523–532,

712, 718
definition, 523, 530, 710
determines moments, 526
is completely monotone,

711
of common distributions,

524
Laplace’s

formula, 196
law of succession, 59–62,

69, 72, 75, 275, 307
method of integration, 187,

494
theorem, 196

Laplace, P. S., 5, 24, 61, 184,
196, 275, 523

Laplace–Stieltjes transform,
see Laplace transform

Laplacian uncertainty, 276
Large deviation theorem,

191, 192, 195, 196, 562,
612, 750

Latin
square, 134
transversal, 131–135

Latitude, 214, 229, 285
Lattice

distribution, 200–204
point, 200
random variable, 198, 200

Law
of cosines, 340
of small numbers, 253

Le problème des
ménages, 137, 677, 686
rencontres, 47, 98, 119, 137,

668, 672, 686
Lea, D. E., 137n
Leaf of a tree, 103
Least upper bound, see

Supremum
Lebesgue

integral, 465–471, 518
measurable set, 375, 392
measure, 144, 145, 149, 150,

155, 156, 264, 276, 375–
380, 392, 403, 420, 422,
471, 491, 517, 717

Lebesgue’s decomposition
theorem, 425

Lebesgue, H., 23, 347, 429, 436,
467

Lebesgue–Stieltjes integral,
see Lebesgue integral

Ledoux, M., 624n
Left continuous function,

definition, 778
Leibniz, G. W., 24, 465, 772
Lemma of Cesàro means, 592
Length

of interval (Borel set), see
Lebesgue measure

of random chain, 517
Let’s make a deal, 42
Level set, 404, 405, 433–435
Levi’s theorem, 157, 462, 486
Levi, B., 157, 439
Lévy sandwich, 181, 182, 358,

693, 696, 709, 714
Lévy, P., 181, 250n, 307, 351,

498, 693, 720, 724n, 750
Lewis, S., xxiv
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Liapounov condition, 741,
744, 767

Liapounov, A. M., 741
Lightning strikes twice, 277
lim inf, see Limit inferior
lim sup, see Limit superior
Limit inferior

of a real sequence, 774
of a sequence of sets, 107,

408
Limit superior

of a real sequence, 774
of a sequence of sets, 107,

408
Lindeberg condition, 738,

739–741, 747, 767
Lindeberg, J. W., 184, 720n,

723, 750
Linear congruential genera-

tor, 568
Linear transform, 227, 321

diagonalisation, 324, 329,
339, 365

for sample variance, 332
of normal variables, 326,

359, 360
positive definite, 324, 329,

339
symmetric, 322, 323

Linearly ordered set, 455
Lipschitz

condition, 617, 633, 634,
636, 643, 644, 649

constant, 618, 619
function, 162, 618, 618, 640,

642, 649
Littlewood, J. E., 485n, 712
Local

limit theorem, 184, 189–
191, 195, 196

method (of Poisson ap-
proximation), 663–668,
684n

Log convex function, 272
Log sum inequality, 519, 646
Logarithms, see Convention

for
Lognormal distribution, 558
Longest

common subsequence, 650
increasing subsequence,

636–638
Longitude, 214, 229, 285
Lord Rayleigh’s random

flights, 284–288, 752
Lottery, 31
Lovász local lemma, xvi, 125,

128, 129–132
Lovász, L., 127, 128n
Lower derivative, 361
Lp-space, 482
Lucas, E., 137, 677, 686
Luczak, T., 688n

μ, see Extension of measure
Machine learning, xvi, 603
Mandelbrot, B., 346n
MAP, see Maximum a poste-

riori probability
Marginal

density (distribution), 201,
202, 203, 212, 220, 391,
415–418, 506, 507, 521

of normal density, 325
Markov property, 294
Markov’s

inequality, 561, 562
method, 177–181, 196, 287

Markov, A., 181, 750
Marriage problem, 69, 273
Martingale, 522

bounded-difference, 647
transform, 522

Matched filter receiver, 192
Matchings (le problème des

rencontres), 49, 685
multiple, 685

Maximal inequality, 588
Maximum

a posteriori probability, 59,
66

likelihood principle, 241,
269, 647

of normal variables, 646
of random walk, 248, 274,

554
Maxwell’s distribution of ve-

locities, 320, 752, 753
Maxwell–Boltzmann distri-

bution, 31
McCarthy, J., 366n
McCulloch, W. S., 193n
McCulloch–Pitts neuron, 193
McEliece, R. J., 195n
Meals-on-Wheels, 645
Mean

definition, 199, 207, 212,
427, 472

of binomial, 239
of exponential, 293
of geometric, 258
of negative binomial, 260
of normal, 316
of Poisson, 255
of uniform, 276
recurrence time of runs,

560
vector, 217

Mean-square approximation
theorem, 354, 786

proof, 788
Measurability theorem, 396,

397, 406, 407, 412
Measurable

function, 393–397
partition, 42, 56, 430, 475
set, 372–374
space, 372, 393, 395
with respect to aσ-algebra,

395
Measure

definition, 372–375
induced by a distribution,

370, 390, 397–399
on a ring, 380–384
σ-finite, see σ-finite mea-

sure
Median, 428, 509, 510, 518,

618, 636, 637, 645, 649,
650

Memoryless property, 259,
275, 293

of exponential distribu-
tion, 293, 294, 303

of geometric distribution,
259, 260

Mengoli’s inequality, 519
Mengoli, P., 123n, 519, 594
Merton, R. C., 349
Method of

coupling, 668–684
images, 246, 274
truncation, 564, 586

Metric, 520, 617, 718, 781
Meyer, Y., 359n
Meyler, P., xxiv
Milman, V. D., xvii, 609, 617
Minimal σ-algebra, 25
Minimax decision, 70
Minimum degree of a graph,

394
Minkowski’s inequality, 483,
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485
Mixed moment, 473
Mixing transformation, 342,

344, 345
Mixture distribution, 702
Möbius function, 100, 101
Mode, 428
Modulus inequality, 447, 451,

483, 664, 702, 727, 728,
732

Moment
generating function, see

Generating function,
definition

of inertia, 208
Moments

definition, 472, 517
determine distribution,

529, 718
of the normal, 165

Monoid, 703
Monotone

class of sets, 88, 92
class theorem, 92
convergence theorem, 439,

442, 445, 448, 451, 459,
460, 464, 466, 475, 487–
490, 522, 532, 655, 787

property of graphs, 124
Monotonically related indi-

cator variables, 671, 671
Monotonicity

of measure, 18, 38, 106,
127, 129, 372, 376, 398,
416

of outer measure, 386
Monte Carlo method, 566–

568
Moon, J. W., 106n
Moore, E. H., 347, 638
Moran, P. A. P., 271
Mosaic process

in a cube, 682
in a square, 683
on a circle, 681

Mother wavelet, 353
Moving truncation, 588, 591
Muller, M. E., 233n, 426n
Multilevel sequences, 647
Multinomial

distribution, 271, 754, 755
theorem, 154, 157

Multiplicative identity, 703
Multivariate normal density,

324–330, 359, 758
Multivariate uniform distri-

bution
in the unit ball, 214
in the unit disc, 214, 220
in the unit square, 214
on the sphere, 284

Mutual information, 521
Mutually exclusive events,

14, 90

N(μ,σ2), see Normal distri-
bution

n-dimensional
distribution, 414
simplex, 283

n-server queue, 314
Naïve algorithm for sorting,

456
Nearest-neighbour distance,

682
Negative binomial

coefficient, 51
distribution, 20, 260, 273,

304, 313, 451, 525, 721
Negative part of random

variable, 437
Negatively related indicator

variables, 671, 671, 679,
680, 687

Negligible set, 361
Neighbouring vertices, see

Adjacent vertices in a
graph

Neural computation, 518
Neuron, 193
Newton, I., 140, 239, 772
Non-measurable

function, 464
set, 392

Norm
L2 , 485
Lp , 482, 484, 520, 682
of Euclidean vector, 321,

619, 620, 621, 623, 625,
630, 640, 682, 749, 755,
757

of function, 353, 697, 701,
718, 723, 784

of operator, 701, 701, 704,
717

square is convex, 627, 630
Normal

approximation, 731, 733,
750

density, 24, 164, 205, 315,
315–366, 404, 510

density in n dimensions,
324, 328, 502

distribution, 315, 315–366,
404, 516, 646, 690, 698,
699, 720, 723, 724, 731,
733, 740, 742, 744, 747,
748, 751, 752, 757, 758,
767, 768

law, see Central limit theo-
rem

number, 155, 156, 159, 160
order of integers, 582
tail bound, 166, 193, 317,

355, 610, 646, 647, 732
Normalisation

constant, 165, 303, 305, 324
of measure, 16, 19, 37, 54,

55, 390
Normalised measure, 531
Normed space, 484, 700–703
Nowhere differentiable func-

tion, 346–348, 361, 366,
641

Nukpezah, J., xxiii
Null

hypothesis, 759
set, 407, 593
space, 332

Number representation, see
Expansion

Ω, see Sample space
ω, see Sample point
Occupancy configuration, 31
Ockham’s razor, 754n, 760
Ockham, W., 24, 754n
One pair (poker), 31
Open

ball, 29n
cover, 383, 774, 776
rectangle, 28, 691
set, 26, 28, 30, 378, 602, 607

Operator
difference, 701
product, 703
scalar multiplication, 701
sum, 701

Optical holography, 288
Optimal

decision, 69
stopping, 69
tour, 643, 644, 646, 649
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Optimum receiver, 647
Oracle, 602
Order

notation (O, �, ∼, o), 575
of a component, 121
statistics, 313, 313, 517, 642

Ore, O., 3n
Orthant, 607
Orthogonal

functions, 143, 785
Latin squares, 134
projection, 521
random variables, 522
subspace, 756
transformation, 324, 756,

768
vectors, 321

Orthonormal
basis of eigenvectors, 323,

329, 332, 339, 756
system of functions, 160,

353, 786
Oscillation of a function, 694,

696, 780
Ott, R. L., 762n
Outer

envelope, 424, 426
integral, 464, 518
measure, 374, 385, 384–

392, 416, 464

Φ, Φμ,σ , see Normal distri-
bution

φ,φμ,σ , see Normal density
π-class, 87, 89, 390, 417, 419,

486–488
π–λ theorem, 87, 88, 89, 92,

390, 417, 419, 486, 487,
488

p(k;λ), see Poisson distribu-
tion

PAC learning, see Proba-
bly approximately cor-
rect learning

Packet-switched communi-
cations, 303

Pairwise independence, 73,
76, 77, 91

Paley, R. E. A. C., 348n, 351
Parallelogram law, 521
Pareto

density, 308
principle, 308

Pareto, V., 308

Parker, E. T., 135n
Parseval’s equation, 161, 176,

180, 352, 354, 786
proof, 788

Partial order, 520
Partition, 137, 161

function, 650
Pascal’s triangle, 30, 54, 114,

237, 260, 279, 450, 574,
602

Pascal, B., 261, 273
Path in a graph, 102, 685
Peano, G., 347, 638n
Pearson, E. S., 335n
Pearson, K., 285n, 286, 319,

759n
Penrose, M., 685n
Pepys’s problem, 232, 238,

272
Pepys, S., 238
Percolation, 650
Permanent of a matrix, 136
Permutation, 83–85, 91, 131–

136, 642, 672, 674, 745
matrix, 674–676

Perrin, J. B., 348, 350, 361
Phase transition, 124, 193,

195, 570, 666, 668
Pigeon-hole principle, 584,

649
Pinkham, R. S., 290
Pinsker’s inequality, 646
Pitts, W. H., 193n
Plancherel’s equation, 177
Platzman, L. K., 642n, 645
Plucked string function, 366
Poincaré, H., 288, 291, 347, 349
Point set topology, 26–30
Poisson

approximation, xvi, 113–
119, 651–688, 690, 731,
733

approximation to the bino-
mial, 118, 253, 662

characterisation, 654
distribution, 20, 118, 119,

196, 255, 271, 272, 297,
302, 402, 442, 510, 524,
527, 528, 570, 652, 690,
767, 768

ensembles of stars, 294
paradigm, 113, 119, 121,

138, 570, 651
process, 301, 302, 313, 536,

538, 542, 718
sieve, 687
tail probability, 658, 659

Poisson, S. D., xvi, 118, 253n
Poissonisation, 649
Poker, 9, 10, 31, 253, 272
Polar coordinates, 229, 340,

363, 364
Polish space, 599, 617
Pollaczek, F., 248, 545, 554
Pollaczek–Khinchin

formulæ, 301, 541, 542,
545, 559

mean value formula, 546
theorem, 541

Pollard, D., 599n
Pollock, J., 348
Polls, 158, 239–244
Pólya’s

theorem, 557
urn scheme, 49–52, 68, 522

Pólya, G., 485n, 557n
Polynomial approximation,

571
Portfolio, 195, 606
Positive

measure, 381
part of random variable,

437
part of real number, 278
random variable, 198, 207,

234, 437, 449, 523
Positively related indicator

variables, 671, 672, 673,
686

Positivity of measure, 16, 18,
19, 22, 23, 37, 372

Posner, E. C., 195n
Preimage of a set, 395
Prime number theorem, 102,

579
Primes are independent, 582
Probabilistic method, 110
Probability

as expectation of indicator,
467

density, see Density
distribution, see Distribu-

tion
law, see Distribution
mass function, 198
measure, 16–18
of ruin, 540–542, 545
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sieves, 93–138, 652, 668,
685

space, 17
Probably approximately cor-

rect learning, 604
Problem of the points, 261,

273
Product

measure, 82, 418, 422, 415–
422, 488, 488, 489, 498,
506, 531, 648, 704

of random variables, 231
space, 82, 83, 85, 87, 422,

486, 489, 648
Projection

into subspace of L2 , 485
lemma, 285, 288
of random point on sphere,

285–287
of set into subspace, 626,

627
slice, 626

Proper distribution, 541, 551,
553, 705, 717

Public key cryptography, 584
Pure birth process, 312
Pythagoras’s theorem, 522

Q, see Rational numbers
Q-function, 316
Quadrant, 607
Quadratic form, 608

of a normal, 324, 365
Quantile, 760, 761, 763, 766
Quantum mechanics, 768
Quarantining, 687
Quaternary expansion, 640,

641
Queuing

process, 55, 543
theory, 298, 303

Quicksort, 455–459
Quotiented space, 484, 485

R, see Extended real line
R∞ , see Infinite product

space
ρ1 , ρr , see Hamming dis-

tance
ρ0 , see Talagrand’s convex

distance
R(I), see Ring generated by

the half-closed intervals
R(I), definition, 387

R(k,k), R(j,k), see Ramsey
number

Radar maps of Venus, 337,
338, 340, 341

Rademacher functions, 143,
141–146, 149–152, 160,
177, 178, 496, 594, 605,
786

are independent, 144–148
are orthogonal, 143, 154,

157, 159
Rademacher, H. A., 140, 142,

594n
Radio scintillation, 511
Radon–Nikodým theorem,

464
Ramanujan, S., 141, 582n
Ramsey

number, 109, 131, 136, 138
theory, 109, 130

Ramsey’s theorem, 109
Ramsey, F. P., 109
Random

arc, 283, 284
direction, see Random

point on circle (sphere)
flight, 285, 284–288, 517,

752
geometric graph, 681, 681,

685
graph, 10, 85, 86, 119, 138,

394, 568–571, 650, 665
mating, 78
number generator, 761
pair, 200, 211
permutation, 66, 132, 597,

608, 668, 672, 674, 676,
678, 745, 747, 767

point in interval, 280, 281,
311, 453, 679, 682

point in unit square, 649
point on circle, 281, 311,

425, 434, 679, 686
point on sphere, 284, 284–

288, 425, 752
process, 340
sample, 330, 603, 753
selection, 67
set, 31, 90, 91
variable, 197, 396, 393–426,

445
vector, 412, 414
walk, 183, 244, 244–252,

274, 285, 542, 550, 555,

550–557, 559, 562, 598,
690, 721, 751–753, 762,
763

Randomisation, 221, 232, 313
Rank (in cards), 10
Rare event (Poisson approx-

imation), xvi, 119, 570,
660

Ratio of random variables,
232

Rational
atoms, 402
form, 560

Rational numbers
are countable, 27, 377, 400
are dense, 377, 596n

Ray, 599, 600, 602, 608
Rayleigh’s density, 320
Rayleigh, J. W. S., 286
Rayleigh–Chandrasekhar

density, 287, 288
Record values, 312, 767
rect, see Rectangular function
Rectangle

in the plane, 212
n-dimensional, 26, 217

Rectangular
density, 276
function, 161, 170, 178, 181,

182
Recurrent event, 451n
Red Auerbach, disdain for

basketball statistics, 33n
Reductionist theorem, 704,

723
Refinement

of a family of sets, 28
of a partition, 430

Regression, 220
Regular expressions, 274
Relative entropy (Kullback–

Leibler divergence), 481
Reliable replication, 615
Remote event, 422, 423
Renewal

epoch, 534, 559
equation, 532–536, 540,

553, 558
function, 535
process, 532–536, 536, 543,

544, 553, 559
Rényi, A., 86n, 121n, 123
Repeated independent trials,

82
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Reservoir sampling, 233
Residual time, 298, 301, 546
Returns to the origin, 245,

247, 250, 252, 274, 555
Reversed walk, 248, 554, 589
Rezucha, I., 233n
Rice’s density, 320, 363
Richter, W., 750n
Riemann, B., 579
Riesz representation theo-

rem, 708
Riesz, F., 483
Right continuous function,

definition, 778
Ring, 381

generated by the half-
closed intervals, 15, 381,
390, 416

Robbins’s bounds for the fac-
torial, 575, 658, 673

Robbins, H. E., 311, 577n
Rodemich, E. R., 195n
Rosenblatt, M., 768n
Rotation transform, 227, 329,

332, 339, 342, 756, 757,
768

Roulette, 288
Round number, 584
Row sum, 674, 718, 737, 738,

742, 744, 746, 747
Royal flush (poker), 272
Ruciński, A., 688n
Rumours (spread of), 32
Run length, 262–264, 423, 426
Runs, 90, 92, 559, 560, 767
Runyon, D., 585
Ryser, H. J., 135n, 135

Sagan, H., 641n
Salehi, A. T., xxiii
Sample

function, see Sample path
mean, 241, 331, 334, 566,

567
median, 314
path of Brownian motion,

355, 361
path of Poisson process,

302
path of random walk, 245,

587
point, 9
size, 242, 567, 603, 608
space, 9–12

variance, 331, 333, 517
Sampling

with replacement, 79, 99
without replacement, 84

Samuelson, P. A., 349
Savage, J., 349
Scale

factor, 284
operator, 167
parameter, 207
property of transforms,

167, 171, 172, 524, 530,
726

Schell, E. D., 239n
Schläfli’s theorem, 607
Schläfli, L., 607n
Scholes, M. S., 349
Schwarz, H. A., 787n
Second moment, 472
Secretary problem, see Mar-

riage problem
Selection

matrix, 674–678
principle, see Helly’s selec-

tion principle
Self-adjoint, see Symmetric
Self-similarity, 308
Semigroup of operators, 703–

704
Semiring of sets, 34
Sensor network, 681
Sequential decision theory,

69
Service rate, 546
Set

function, 16, 19, 23, 34,
370–372, 374–376, 380,
381, 384, 385, 389, 390,
398, 399, 463, 468, 488,
508, 599, 691, 692

of measure zero, 156, 159,
407, 374–718

operations, 12–13
Shahrampour, S., xxiii
Shannon’s theorem, 506, 616
Shannon, C. E., 505n, 521n,

612
Shapley, L. S., 69n
Shattering a sample (or set),

600, 601
Shear transform, 227
Sherrington–Kirkpatrick

spin glass model, 650
Shevtsova, I. G., 730n

Shot noise, 718
Shrikande, S. S., 135n
Side information, see Condi-

tional probability
Sierpiński, W., 347
Sieve of Eratosthenes, 99–102
Sifting theorem, 174
σ-algebra

definition, 15
generated by a family of

sets, 24, 397
generated by a random

variable, 397, 419
σ-finite measure, 372, 374,

391, 486–489
Signal vector, 501–506, 519,

647, 648
Simple

function, 474, 486, 487, 489
random variable, 402, 429–

433, 437, 438, 442, 464,
475

Simpson’s
paradox, 40–42
rule, 566

Simpson, E. H., 42n
Simultaneous diagonalisa-

tion, 365
sinc, see Sinc function
Sinc function, 161, 170
Single-server queue, 303
Singular continuous distri-

bution, 406, 434, 444, 508
Skitovich, V. P., 344n
Skitovich–Darmois theorem,

344–346
Slogans, 183, 302, 341, 429,

455, 529, 536, 568, 603,
614, 616, 617, 624, 651,
656, 733

Smallest σ-algebra, see σ-
algebra generated by

Smooth function, 692, 698,
702, 724, 741

Snedecor’s density, 337
Sojourn time, 304, 558
Space

exploration, why it would
be wise, 64

of continuous functions, 11
of square-integrable func-

tions, 11, 352, 353, 395,
521, 594, 783

Space-filling
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curve, 638, 641, 642, 649
tour, 642–645

Spacings, 280–686
small, 687

Span, 130, 198
Sparre Andersen, E., 307, 546,

555
Speckle interferometry, 511
Spectrum, see Fourier trans-

form
Spencer, J., 112, 134n, 688n
Sphere-hardening, 503–505,

624
Spherical coordinates, 518
Spin

interaction, 650
quantum state, 650

Spitzer, F., 555
Spotlight theorem, 174, 175
Spreading sequence, 192
Square-root (of a positive

definite matrix), 339
St. Petersburg game, 585–587

with shares, 606
Stability under convolution

of Cauchy, 309, 767
of normal, 195, 318, 326,

723, 724
of Poisson, 196, 256, 767

Stable distributions, 365,
724n

Standard
deviation, 199, 208, 472
normal density, 164, 171,

650
representation of simple

functions, 429
Star diameter, 511
Star Wars, see Strategic De-

fense Initiative
State (of chain, system), 52–

55, 68
Stationary

distribution, 53–55, 68, 80
process, 341, 366, 473

Statistical tests for
capture–recapture, 269,

274
invasive species, 242
periodogram analysis, 365
polls, 240, 243
population categories,

759–763, 765
quality control, 269

sera and vaccines, 240
success runs (hot hand),

33, 560
Steele’s theorem, 608
Steele, J. M., xxiv, 482, 485n,

608n
Steepest descent, 520
Stein’s equation

for the normal, 732, 733,
734

for the Poisson, 656, 657,
659, 661, 669, 732

Stein’s method, xvi, 730, 731,
751

Stein, C., xvi, 651n, 668, 730,
751n

Stein–Chen method, 652,
656–657, 662, 674, 677,
681, 685n, 731

Steinhaus’s problem, 594
Steinhaus, H., 261, 593
Stieltjes integral, 468
Stirling numbers of the sec-

ond kind, 137
Stirling’s formula, 112, 153,

185, 195, 458, 496, 557,
575, 577, 768

Stochastic domination, 528
Stop-and-wait protocol, 258
Straight, straight flush

(poker), 31
Strategic Defense Initiative,

political whimsy, 645
Stratification, 313
Strong law of large numbers,

17, 158, 162, 363, 588,
595, 599, 605, 616, 635,
646

Student, see Gosset, W. S.
Student’s density, 335, 365
Sub-Gaussian bound for the

longest increasing subse-
quence, 638

Subadditivity
of measure, 34, 355, 373
of outer measure, 386

Subspace of vector space,
321, 757

Success
in Bernoulli trial, 236
run, 32, 33, 559, 560

Successive differences, 659,
660, 663

Successor (of vertex), 622,

623, 627n, 687
Sudoku, 134
Suit (in cards), 9
Sums of indicators, 660–688
Super-additivity, 446
Support of a function, 207
Supremum, 27, 773

norm, see Norm of func-
tion

Surface area
of sector of sphere, 285
of sphere in ndimensions,

493
Surjection, 640
Swinburne, A., 359
Symmetric

Bernoulli trial, 236, 562
difference, 12
distribution, 509, 550, 559

Symmetrisation
by pairwise exchanges,

597, 608
by permutation of double

sample, 608
inequality, 510, 597

Symmetrised distribution,
509–511, 597

T, definition, 281
t-statistic, 333–335, 337
Tail

event, 153, 423
probability, 153
σ-algebra, 423

Talagrand’s
convex distance, 621, 623,

624, 630, 633, 635, 645,
649

induction method, 624–
633, 648

theorem, 624, 630, 632, 635,
637, 645

Talagrand, M., xvii, 609, 617n,
619, 647

Tan, K., 254n
Tarry, G., 135
Tassa, T., 653n
Teicher, H., 768n
Temperature, 650
Tennis

ranking, 264, 273
tie-breaks, 273

Terminal ladder index, 547,
548, 549, 551, 552

803

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
9781107024472 - The Theory of Probability
Santosh S. Venkatesh
Index
More information

http://www.cambridge.org/9781107024472
http://www.cambridge.org
http://www.cambridge.org


Index

Terminating binary expan-
sion, 141

Ternary digit, 159
Test

for independence, 521
statistic, 755

Theorem of
inclusion–exclusion, 94
total probability, 42, 44, 47,

48, 50, 53, 56, 57, 60, 65,
67, 75, 82, 133, 221, 222,
464, 511

Third moment, 724, 725
Thoday, J. M., 137n
Three series theorem, 595
Three-of-a-kind (poker), 31
Threshold function, 124, 267,

570, 666, 681, 685, 687
Tian, L., 557n
Toroidal metric, 683, 685
Torus, 683, 684
Total
σ-algebra, 16, 24–26
variation distance, 646,

656, 662, 685, 718
Totally ordered set, 455
Totient function, 100, 101
Tour (of cities), 641–643
Tournament, 91
Tower property, 464
Trace, 599, 601
Transition probability, 52, 53,

55, 65, 66, 68, 70
Transitive property of total

order, 455
Translate of a set, 392
Translation

invariance of Lebesgue
measure, 292, 294, 376,
392, 504

operator, 167
property of transform, 167

trap, see Trapezoidal function
Trapezoidal function, 170,

181, 182
Travelling salesman prob-

lem, 641–646, 649
Tree, 103, 122, 137
Treize, 677, 685
Triangle

characteristic property, 277
in random graph, 138, 568,

568–571, 665, 666, 688
inequality, 362, 401, 406,

417, 483, 484, 510, 520,
586, 592, 593, 596, 598,
603, 643, 663, 694, 697,
701, 702, 704, 707, 708,
724, 728, 732, 735, 741,
782, 785, 787

Triangular
array, 718, 737, 738, 742,

746, 750
density, 233, 278, 510
function, 170, 726
system of wavelets, 355,

356, 366
Trigonometric

polynomial, 365
series with random coeffi-

cients, 351
Trinomial distribution, 272,

556
Trivial σ-algebra, 15
Trotter, H. F., 720n
TSP, see Travelling salesman

problem
Turán, P., 582, 583n
Tversky, A., 33n
Two pair (poker), 31
Two-colouring of the edges

of a graph, 109
Two-dimensional distribu-

tion, 391, 412
Type of distribution (den-

sity), 207, 209, 276, 287,
308, 315, 725, 739

Ulam, S., 567
Unbiased

estimator, 241, 331, 333,
517, 521

sample, 244
Uncorrelated

normals, 328, 329, 476
random variables, 213,

334, 474, 475, 477, 490,
610, 726, 734

Uncountable set, 377, 380
Uniform

atomic distribution, 718
density, 24, 205, 234, 276,

403, 426, 510, 604, 721
distribution, 214, 220, 276,

276–280, 285, 286, 290–
292, 306, 313, 403, 420–
422, 433, 443, 461, 516,
524, 525, 604, 647, 679,
682, 718, 738, 739

distribution in a cube, 395,
682

distribution in unit square,
649

distribution on circle, 281,
436, 714, 715, 717

distribution on the sphere,
768

prior, 62, 64, 275, 306
Uniformly continuous func-

tion, 160, 354, 779, 780,
782

Union
bound, see Boole’s inequal-

ity
of sets, 12

Uniqueness of measure in-
duced by a distribution,
390

Unit
cube in ndimensions, 395,

614, 635
disc function, 515
sphere, 646, 768
step function, see Heavi-

side function
University of Pennsylvania,

ivy encrusted institution
in the Colonies, Ben’s
brainchild, xvii, xxiv

Unreliable transcription, 614,
616

Unusual dice, 557
Upper derivative, 361
Urn problem, 7, 10, 31, 59,

66–68, 72, 92, 95, 119,
232, 238, 424, 450, 453,
462, 463

indistinguishable balls, 31

Valiant, L., 604n
Valley (energy minimum),

518
Vallone, R., 33n
Van der Waerden number,

113, 130, 131
Vandermonde’s convolution,

269, 271, 510
Vandermonde, A., 271
Vapnik, V. N., xvi, 599n
Vapnik–Chervonenkis

class, 599, 600, 601, 603,
607, 608

dimension, 601, 602, 608,
650
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theorem, 600, 602, 603, 608
Variance

definition, 199, 208, 212,
472

of binomial, 239
of exponential, 293
of geometric, 258
of negative binomial, 260
of normal, 316
of Poisson, 255
of uniform, 276

Vector
inequality, 28, 216
space of operators, 700–

703
sum of random directions,

285, 287, 436, 752
Venkatesh, A. B., v
Venkatesh, C. S., v
Venkatesh, S. J., v
Venkatesh, S. S., 193n, 195n,

233n, 254n, 518n, 685n,
751n

Venkatesh, V. M., v
Venn diagram, 12, 75
Venus, see Radar maps of

Venus
Vergetis, E., xxiii
Vertex of a graph, 85, 102,

394, 650
Viète’s formula, 140, 141, 144,

145–148, 150, 159, 594
Viète, F., 139–141

Violins, why two are twice as
loud as one, 288

Virgil, 498
Vol, see Volume of a ball (set)
Volume

of a ball, 295, 492–494, 496,
498–500, 504, 519, 684

of a parallelepiped, 481
of a set, 160, 395, 482, 499,

500, 504, 505
von Bortkewitsch, L., 253
von Mises, R., 9n
von Neumann, J., 426n, 567

w(k;p), wr(k;p), see Wait-
ing time distribution

Waiting time, 205, 234, 262,
267, 273, 298, 303, 312,
451, 454, 510, 534, 543,
545, 721, 742

distribution, 20, 256–262,
312, 427, 545

Wall Street, predicting stock
movements, 762

Wallis, J., 141
Walsh–Kaczmarz function,

160
Warmuth, M, K., 604n
Waveform with random

phase, 473
Wavelets, 352
Weak law of large numbers,

xvii, 80, 154, 155, 158,
160, 162, 195, 292, 409,

426, 462, 564, 585, 690,
767

for stationary sequences,
605

Weakest link of chains, 294
Weierstrass’s approximation

theorem, 162, 572, 605,
710

Weierstrass, K., 346, 404, 571n,
773, 777

Weight vector, 608
Weinberg, S., 31n
Wendel, J. G., 607n
Weyl’s equidistribution theo-

rem, 196, 713, 714, 717
Weyl, H., 196, 713n
Whitworth, W. A., 46n, 247
Wiener process, 352
Wiener, N., 348n, 351
Wilf, H. S., xxiv, 653n
Wireless communication, 191
Witness (for sequence), 636,

637
Wolf, R., 292
Wright, E. M., 581n, 715n
Wu, Z., xxiii

You, J., 557n

z-statistic, 331
Zero–one law, 423, 594
Zipf distribution, 308
Zipf, G. K., 308
Zygmund, A., 351
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