
Index

accuracy, 24
order, 24

acid-mediated tumor growth, 184
boundary conditions, 185–186

infinite domain, 186, 209
equilibrium solution 217–219
Fick’s first law, 187
initial conditions, 184

hyperbolic tangent, 203, 210–211
routines, 193–195

main program, 197–202
odeset, 198–199, 204
ode15s, 197–199, 204
options, 198–199, 204
supplemental RHS terms, 216

nonlinear term, 186, 190
expansion, 186
indeterminate form, 186

nonnegativity constraint, 192
ODE routine, 189–189
dss004, 190–191
dss044, 190, 191

parameters, 185, 202
PDE model, 184

derivation, 188–189
extensions, 219–220
interpretation of terms, 186–187
logistic rate, 187–188
output, 205–214
spherical coordinates, 184
supplemental RHS terms, 216

spatial grid, 203
activator, 322–324
advection equation, 2

analytical solution, 7–8, 11–13, 59
discontinuity, 11
flow direction, 9, 12, 22–23, 54
front resolution, 54
positive velocity, 4, 6, 8, 12
negative velocity, 5, 6, 8, 12
programming, 20–21

age-related macular degeneration, 221
algebraic eigenvalue problem, 406

AMD, see age-related macular
degeneration

analyte, see antibody binding kinetics
anisotropic, 389
antibody binding kinetics, 148

adsorption, 149, 158
boundary conditions, 148, 152, 156–157

finite difference approximation, 156–157
diffusion equation, 148

boundary conditions, 148
finite difference approximation, 157
initial condition, 149, 162
stagewise differentiation, 178, 180

equilibrium solution, 168
main program, 158–159
ode15s, 163–165, 171
ode45, 171–172
subplot, 166, 170, 174–175
surf, 166–167, 170–171

mass transfer rate, 149, 152, 173–178
ODE, 149

initial condition, 150
ODE/PDE routine, 153
dss004, 179–180
dss044, 182

output, 167–168
parameters, 150, 159, 161

sensitivity analysis, 172–178
spatial grid, 155–156, 161–162
units check, 150

axis, 13–14

backward differentiation formulas
see BDF methods

BDF methods, 35
bidiagonal matrix, 54
boundary condition

continuity, 222, 233–234
convection, 130
Dirichlet, 89, 182, 234, 396
equilibrium, 222, 233–234
Robin, 89, 135, 152, 234
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finite difference approximation, 156–157
Neumann, 89, 135, 182, 234–235, 396
nonlinear, 152–154, 156–157, 169
number required, 3, 89
outflow, 135
programming, 21–22
third type, 89, 135, 152–153, 234

finite difference approximation, 156–157
boundary value derivative, 3
boundary value variable, 3

finite interval, 3–4
infinite interval, 3
semi infinite interval, 3

Cartesian coordinates, 388
unit vectors, 391

Cauchy problem, 17
centered approximations, see dss002,
dss004, dss046, finite difference

CFL condition, 294, 301
characteristic equation, 408
characteristic polynomial, 408
character string, 46
conservation principle, 388, 398
continuity boundary condition, 222
convection, 2, 397, 402,

see also hyperbolic PDE
Courant-Friedricks-Lewy condition, see

CFL condition
cylindrical coordinates, 398

del operator 391
delta function, 17
dependent variable, 3
derivative approximations, 392
derivative evaluations, 32

order relationship, 32–33
dialyzer, see hemodialyzer
differentiation matrix, 66–67, 395

five point upwind, 74, 395–396
properties, 395

order, 395
three point, 67, 395

diffusion equation, 88, 148, 222
analytical solution, 89, 91, 95, 113, 115, 122
boundary conditions, 88, 154

continuity, 222
Dirichlet, 89
equilibrium, 222
Neumann, 113
third type, 121, 148

Cartesian coordinates, 388
constant diffusivity, 390
cylindrical coordinates, 398
derivation, 388
diffusivity tensor, 389

finite difference approximation, 156, 157
initial condition, 89, 116, 125
nonlinear form, 99, 368
numerical solution, 89–112, 119, 129

errors, 102–103, 119, 129
ODE routine, 96–98, 119–121, 127–128
solution smoothing, 239
spherical coordinates, 401
stagewise differentiation, 178
variable diffusivity, 367, 372–373, 382–385, 386

diffusivity tensor, 389
Dirac delta function, 17
Dirichlet boundary condition, 89, 234–235
discontinuity, 11, 17, 37, 52, 56, 88, 112, 239

numerical approximation, 11, 16
dot product, 391
double precision, 32
drug distribution from a polymer matrix 339

diffusion, 339
main program, 342
dss004, 362–363
dss044, 362–363, 364–365
output, 358–361, 381, 383–385
spatial grids, 343, 346–347
time scale, 343, 347, 367

mass transfer, 339–340, 346, 348–349, 357, 364,
374

matrix porosity, 342, 346
ODE routine, 350, 361, 369

1D-2D mapping, 347–348, 350, 352, 357,
379–380

stagewise differentiation, 386
PDE model

assumptions, 341–342
boundary conditions, 340–341
cylindrical coordinates, 339, 351, 352–355
explicit FD, 350
initial conditions, 339, 346–347
l’Hospital’s rule, 352
linear model, 339
nonlinear, 368
normalized variables, 341
parameters, 343, 345–346, 363
2D simultaneous, 339
total mass balance, 359
variable coefficient, 341, 367–368
variable diffusivity, 367, 372–373, 382–385,

386
dss002, 62, 65–69, 88, 96–98, 117, 119–120, 126,

127–128, 136, 136, 143, 149
PDE solution accuracy, 98, 104
numerical oscillation, 65

dss004, 96–98, 118, 119, 127, 127
PDE solution accuracy, 98, 104

dss006, 96–98, 118, 119–120, 127, 127
PDE solution accuracy, 98, 104
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dss012, 62–65, 67–68, 136, 136–137, 143–144
numerical diffusion, 61, 83

dss020, 62, 69–73, 89
numerical diffusion-oscillation, 74

dss042, 96, 102, 103, 109–111, 118, 120–121, 127,
127–128, 136–138, 143

listing, 104–105
order condition, 111
PDE solution accuracy, 104

dss044, 96, 102, 103, 111, 118, 120, 127, 127, 136,
138, 147

listing 105–107
order condition, 111
PDE solution accuracy, 104

dss046, 96, 102, 103, 111, 118, 120, 127, 127, 136,
138, 147

listing 107–109
order condition, 111
PDE solution accuracy, 104

eigenvalue, 24, 26, 33–34, 409
analysis, 414
spectrum (spread), 34–35

eigenvector, 409
elliptic PDE, 3
epidermal wound healing, 308

main program (one PDE model), 309
odeset, 310, 311
ode15s, 310, 311, 337–338
options, 310, 311
output, 315, 317–318, 321–322
spatial grid, 311
time scale, 309, 311

main program (two PDE model), 324
odeset, 325
ode15s, 325, 337–338
options, 325
output, 333–337
spatial grid, 325, 327
time scale, 325, 327

nonlinear diffusion, 308, 317
product expansion, 314

ODE routine (one PDE model), 312
dss002, 296, 298
dss004, 313
dss044, 313–314

ODE routine (two PDE model), 328
dss004, 329, 330
dss044, 329, 331

one PDE model, 308
boundary conditions, 309
Fisher-Kolmogorov equation, 316–317, 318
healing velocity, 318–322
initial condition, 309–310
linear diffusion, 314–315
logistic rate, 316–317

nonlinear diffusion, 308, 314, 317
parameters, 309, 311
spherical coordinates, 308
summary time and space integration, 336
h refinement, 337, 337–338
p refinement, 337–338

two PDE model, 322
activator, 322–324, 331–332
boundary conditions, 324, 329–331
cylindrical coordinates, 323
indeterminate form, 331
inhibitor, 323–324, 331–332
initial conditions, 324, 327
logistic rate, 323
l’Hospital’s rule, 331
nonlinear functions, 332–333
parameters, 326, 334–336

equilibrium boundary condition, 222
equilibrium solution, 168, 238

used as initial condition, 169
error estimation, 27
error tolerances, 37, 39, 51–52, 282
euler, 7, 19, 23, 49–50, 57–58
Euler method, 6–7, 18–19

accuracy, 24, 26
alternative forms, 20
error estimation, 27
explicit, 10

advantages, 23–24
disadvantages, 24

order, 24, 26–27
Runge Kutta form, 20

explicit integration, 24, 33, 406, 415,
see also eigenvalue, stiffness,
stability

exponential solutions, 406, 409–410
initial conditions, 411
verification, 411

Fick’s first law, 135, 148, 152, 187, 234, 263, 340,
388, 399, 402

Fick’s second law, see diffusion equation
fictitious point, 394
figure, 47
finite difference, 1, 4,

see also differentiation matrix,
dss002,dss004,dss006,dss012,dss042,

dss044,dss046

derivation, 393–394
Taylor series, 393–394

fictitious point, 394
first derivative approximation, 353–355,

375–377, 393–394
five point biased upwind, 62–63,

see also dss020

numerical diffusion-oscillation, 74
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Fornberg algorithm, 396
Jacobian matrix approximation, 45–46
library routines, 396
noncentered, 394
one sided, 68
order conditions, 98–99, 393
second derivative approximation, 353–357,

376–377, 394
three point centered, 62–63, 65–66, 158,

352–357, 394,
see also dss002

numerical oscillation, 65
two point, 4, 16, 22
centered, 353, 393
numerical diffusion, 16, 61
upwind, 22, 62–63, see also dss012

weighting coefficient calculation, 111
finite jump, 11
function, 21–22

arguments, 22
modular programming, 23

Fisher-Kolmogorov equation, 316–317
logistic rate, 316–317
solution, 318
velocity, 318–322

flux limiter, 62, 75,
see also super, vanl, smart

Fourier’s first law, 135, 148, 152, 234, 263, 388,
399, 402

Fourier’s second law, see diffusion equation
fourth order Runge Kutta, 30, see also rk4

stability, 30
front resolution, 54, 139

alternative methods, 55
front velocity, 318–322

Gaussian function, 77–88
programming, 82, 84–85

geometric classification, see PDE
global, 21
Godunov barrier theorem, 75–76
grad operator, 391

h refinement, 27, 162, 337, 337–338, 366
healing velocity, see epidermal wound

healing
Heaviside function, 5–6, 17, 56, 58
hemodialyzer, 284

main program, 288–291
CFL condition, 294, 301
dss002, 289, 296, 298
dss012, 289, 296, 297–298
dss020, 289, 296, 298
output, 299–307

ODE routine, 295
boundary conditions, 287, 292, 296, 298

smart flux limiter, 289, 293
superbee flux limiter, 290, 293
van Leer flux limiter, 289, 293, 304–307

PDE model, 284
boundary conditions, 287, 292, 296, 298
derivation, 284–287
h refinement, 301
initial conditions, 287, 294
interpretation of terms, 285
numerical oscillations, 307
p refinement, 301, 307
parameters, 289, 292, 299, 301, 304, 307
units check, 285

hyperbolic PDE, 2–3, 239, see also
advection equation
front resolution, 54

hyperbolic-parabolic PDE, 130
boundary conditions, 130
initial condition, 134
numerical solution, 149
ODE routine, 136–138, 142–146

hyperbolic tangent, 203
hypoxia, 221

identity matrix, 407
implicit integration, 23, 34, 406

Jacobian matrix, 41
independent variable, 3
indeterminate form, 186, 331
inhibitor, 323–324
initial c, 3, 6

Gaussian function, 77–88
programming, 82, 84–85

number required, 3, 89
vector, 40

initial value integration
interval, 6

initial value variable, 3
finite interval, 3
infinite interval, 3
semi infinite interval, 3

Jacobian matrix 41
bidiagonal, 54
finite difference approximation, 45–46
map, 42, 53, 241, 245, 261, 262, 282

interpretation, 241, 245–246, 261
numjac, 44–46
routine, 43, 45, 197, 241, 254
sparse, 41, 197, 240, 254

nonzero elements, 47, 241–242, 262

Laplace transform, 406, 412
Laplacian, 323, 392, 401

Cartesian coordinates, 392
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linear algebraic eigenvalue problem, 406
characteristic equation, 408

logistic rate, 187, 316–317, 323
l’Hospital’s rule, 186, 331, 352, 401, 404

machine epsilon, 32
set in Maple, 32

mass conservation, 284–287, 388, 398
mass transfer, 149, 152, 284–287, 292
Matlab
euler, 7, 19, 23, 57–58
meuler, 27
rk4, 30
machine epsilon, 32
output suppression, 9
plotting, 13–14
precision, 32
utilities
axis, 13–14, 60
figure, 47
function, 21–22
numjac, 44–46, 197, 240
odeset, 36, 39–42, 47, 51
ode15s, 35, 36, 39–42, 45, 47, 48, 51, 51–52,

337–338
ode45, 36, 39–40, 45
options, 36, 40–42, 47, 49
plot, 13–14
size, 47–49
sparse, 47
spones, 44, 47
sprintf, 45, 47
spy, 45, 47
subplot, 166, 170, 174–175
surf, 166–167, 170–171
title, 13–14, 47
xlabel, 13–14
ylabel, 13–14
zeros, 10

vector definition, 9
transpose, 49

method of lines see MOL
meuler, 27, 48–49
mixed ODE/PDE model, 148, 284–287, see also

antibody binding model, hemodialyzer
programming, 155

mixed PDE, see hyperbolic-parabolic PDE
modified Euler method, 24

accuracy, 24, 30
meuler, 27, 48–49
order 24, 27, 29
predictor-corrector, 25
Runge Kutta format, 25
stability, 30

modular programming, 23
MOL, 1–3

programming, 5–6,
see also advection equation, diffusion
equation, hyperbolic-parabolic PDE

ODE/PDE model, 148,
see also antibody binding model programming,

155

Neumann boundary condition, 89, 103, 113, 191,
210, 234–235

Newton’s method, 34, 41
nonlinear equations, 34, 41, 169, 184
nonnegativity constraint, 192
normalized variables, 341
numerical diffusion, 16, 61
numerical eigenvalue analysis, 414
numerical integration

Euler method, 6, 406,
see also modified Euler method,
Runge kutta method

numerical oscillation, 65, 74–75, 119, 140, 146
numerical smoothing, 157
numerical solution

comparison with analytical solution, 14–17
numjac, 44–46, 197, 240

ODE, 3
approximation to PDE, 3–4
eigenvalue, 24, 26, 33, 406

spectrum (spread), 34–35
stiffness, 24, 33–34, 406

exponential solutions, 406, 409–410
initial conditions, 411
verification, 411

integration, 3, 23
accuracy, 24, 39–40
error estimation, 27
error tolerances, 37, 39
order, 27
stability, 24, 406, see also stiffness
time scale, 33, 406

Jacobian matrix, 41, see also Jacobian
matrix

Laplace transform solution, 406, 412
ODE/PDE model, 148, 155,
see also antibody binding model

programming
routine, 21–23, 48, 62

calls, 23, 36, 53
odeset, 36, 39–42, 47, 51
ode15s, 35, 36, 39–42, 45, 47, 48, 51, 51–52,

337–338
arguments, 40
options, 36, 51, 51–52

sparse matrix, 36, 41–42
ode45, 36, 39–40, 45

arguments, 40
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one sided approximation, 68
one step method, 33, see also Runge Kutta

method
operator, 391

del, 391
grad, 391

options, 36, 40–42, 47, 49
order conditions, see finite difference
ordinary differential equation, see ODE
two-point boundary value, 169

p refinement, 27, 53, 99, 283, 337–338
parabolic PDE, 3, 88, 239, see also

diffusion equation
parameter estimation 390
parameter sensitivity analysis, 172–178
partial derivative, 390, 392
partial differential equation see PDE
PDE, 2

analytical solution, 2, 7
conservation principles, 388, 398
constant coefficient, 3
convection-diffusion-reaction PDE, 388, 397,

402
Cartesian coordinates, 388, 397

cylindrical coordinates, 398
degree, 3
dependent variable, 2–3, 389
geometric classification, 3, 130
higher order, 112
hyperbolic, see hyperbolic PDE
hyperbolic-parabolic, see

hyperbolic-parabolic PDE
independent variable, 2–3, 389
linear, 3
nonlinear, 3
nonnegativity constraint, 192
numerical solution, 2, 4
order, 3
partial derivative, 390
1D-2D mapping, 347–348, 350, 352, 357, 363,

379
reaction-diffusion, 130
simultaneous, 184, 322, 339
spherical coordinates, 401
strongly convective, 131
strongly hyperbolic, 131
2D, see drug delivery from a

polymer matrix
units check, 150, 389, 398
variable coefficient, 367–368
well-posed problem, 3

plot, 13–14
Peclet number, 131, 134
predictor-corrector, 25

quadruple precision, 32

reaction-diffusion PDE, 130–131
boundary conditions, 130

retinal O2 transport, 221
age-related macular degeneration, 221
choriocapillaris, 223–224, 249–251, 264,

269–270, 274
fluid layer, 223–224, 249, 249, 264–266,

269–270, 274
hypoxia, 221
initial condition routine, 236, 258, 278
inner retina, 222–223, 249, 249, 262–263, 265,

269–270,
273–274
main program 224, 253, 271
odeset, 226, 229, 254, 273
ode15s, 226, 229–230, 241, 254, 273
ode45, 226, 229–230, 254, 273
options, 226, 229, 241–242, 254, 273
output, 242–247, 260–261, 280–281
spatial grid, 225, 228, 240, 253, 256, 272–273
subplot, 227, 231, 255–256
time scale, 239, 281–282

multisection model, see PDE model
ODE routine, 231, 248, 264
dss004, 232, 233, 249, 249, 266, 268–269
dss044, 232, 234–235, 249–250, 251, 266,

269
outer retina, 223–224, 247, 249, 249, 263–265,

269–270, 274
PDE model, 221, 235

boundary conditions, 221–224, 232, 233–234,
247, 249–252, 262–263, 265–266,
269–270

equilibrium solution, 238–239, 241
including photoreceptor density, 247–248,

260
including VEGF production, 262–264, 267
initial conditions, 222–224, 225, 229, 236–238,

241, 257–259, 278–279
organization, 222–223
parameters, 225, 228, 238–239, 253, 256, 273,

275–276
units, 223, 239

sparse integration, 240–241, 258, 279
Jacobian map, 245, 262, 282
routine, 240–241, 259

vEGF, 221, 262, 267
Riemann problem, 17–18, 75
rk4, 30, 92, 93–95, 115, 117, 124, 126, 133, 135,

290, 293, 295
Robin boundary condition, 89, 103, 152, 234

finite difference approximation, 156–157,
354–356, 364, 374, 376

roundoff error, 32
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Runge Kutta method, 20, 25, 28, 32–33, see also
euler, meuler, rk4
accuracy, 32
derivative evaluations, 32
fourth order, 30, see also rk4

implicit form, 34
computational requirement, 34

one step method, 33
stages, 33

sensitivity analysis, 172–178
size, 47–49
smart, 62, 88, 132, 136, 138, 142, 290, 293, 296,

298, see also super, vanl
smart flux limiter, 62, 132, 290, 293, 296, 298

numerical diffusion-oscillation, 76–77, 139
smoothness, 86, 239
sparse, 47
sparse matrix, 41

map, 41, 47
nonzero elements, 47, 54
routine, 44, 197, 204, 226, 240–241, 259, 273

spatial grid, 4, 9, 155–156, 228
expansion, 83–85, 203
multisection, 228

spatial integration, 4, 283
spatial resolution, 9, 17, 162
spectrum, 34
spherical coordinates, 184, 401
spones, 44, 47
sprintf, 45, 47
spy, 45, 47
stability, 24

constraint, 24, 33–34
ODE integration, 24

stagewise differentiation, 96, 99, 102, 119–120, 178,
180, 386

stiff integration, 33, 171, 406, 415
computational requirement, 34, 406, 414

stiffness ratio, 406, 414
stiffness, 24, 171, 406, 414

eigenvalue dependency, 33, 406, 414
explicit integration, 24, 172, 406
implicit integration, 24, 34, 171–172

subplot, 166, 170, 174–175
super, 62, 87, 132, 138, 142, 290, 293, 296, 298,

see also smart, vanl
superbee flux limiter, 62, 132, 136, 290, 293, 296,

298
numerical diffusion-oscillation, 76, 139

surf, 166–167, 170–171

Taylor series, 18, 393–394
truncation, 18, 393

error, 18
temporal integration, 4, 23

stability, 24
temporal resolution, 12, 163
third type boundary condition, 89, 103, 113, 128,

152–153, 234
finite difference approximation, 156–157,

354–356, 364, 374, 376
title, 13–14
transpose, 49
traveling wave solution, 209
truncation error, 18, 157

accumulation, 18
global, 18
one step, 18
order, 18

tumor growth, 184, see also acid-mediated tumor
growth

two-point boundary value ODE, 169

unit roundoff, 32
set in Maple, 32

units check, 150, 285, 389, 398
unit vectors, 391
upwind approximation, see dss012,

finite difference

vanl 62, 76, 87, 132, 136, 138, 142, 143, 289, 293,
296, 298, 304–307, see also smart, super

van Leer flux limiter, 62, 132, 289, 293, 296, 298,
304–307

numerical diffusion-oscillation, 76, 139, 146
variable order integration, 53
variable step integration, 27, 34
vascular endothelial growth factor,

see VEGF
vector dot product, 391
vector-matrix notation, 407
vector-tensor notation 391
VEGF, 221, 262

word length, 32
double precision, 32
number of bits, 32
quadruple precision, 32

wound healing, see epidermal wound healing

xlabel, 13–14

ylabel, 13–14

zeros, 10
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