
Index

acceleration
centrifugal, 167
convective, 261, 265, 266, 281
Coriolis, 167
local, 261, 266, 281

action, 122, 143, 257, 258
Einstein-Hilbert, 248, 250

adiabatic, 138, 141, 147
adjoint

equation, 221, 292, 311, 314, 322, 328, 332, 340,
344, 347

variable, 221, 292, 311, 314, 322, 344
Airy stress function, 191, 193–195
Allen-Cahn equation, 280
Ampere’s law, 229, 238, 239
autonomous systems, 139, 141, 142, 144, 147, 207,

208, 320, 330, 333

beam equation, 187, 189
Bernoulli equation, 262, 263, 266, 268
Bernoulli, Jacob, 6, 33, 47, 71
Bernoulli, Johann, 6, 33, 47, 71, 122, 303
black hole, 61, 248–251
boundary condition

Dirichlet, 29, 388
essential, 29, 91
natural, 44–47, 53, 56, 59, 65, 75, 81
Neumann, 47, 368, 388
no-slip, 273
nonessential, 47, 106

brachistochrone problem, 6, 47, 303, 306
buckling, 97, 222–224, 283

Cahn-Hilliard equation, 280
catenary, 42, 43, 72, 74
charge density, 229, 231, 233, 237
compatibility equation, 192, 194, 195
compensator, 356
configuration manifold, 132
constitutive relation, 190, 229, 270
constraint

algebraic and differential, 66, 76, 77, 80, 174,
178, 303, 310, 320

holonomic, 80, 174, 178
integral, 12, 66, 67, 74–76
nonholonomic, 80, 178

contact angle, 11
continuity equation

electromagnetics, 229
fluid mechanics, 262, 266, 273

continuum, 128, 141, 184, 260, 261, 276
control

bang-bang, 333, 335–337
closed-loop, 352–354, 374
equation, 316, 328, 347, 357
model predictive, 353, 354
open-loop, 352–354
optimal, 51, 220, 259, 297–299, 304, 310, 312,

319, 320, 324, 325, 328, 331–333, 341, 342,
344, 351, 352, 357

robust, 356
time-optimal, 333, 337, 339, 341
variable, 311, 313, 315, 316, 320, 342, 357

controllability, 330
Copernicus, Nicolaus, 4
Coulomb potential, 255
covariance, 248, 399, 400
current density, 229, 231

da Vinci, Leonardo, 4
damping matrix, 168
data assimilation, 354–357, 362, 375

3DVar, 356
4DVar, 356

de Fermat, Pierre, 6, 151
de l’Hôpital, Guillaume, 6, 47
de Maupertuis, Pierre Louis Moreau, 6, 122, 148,

151, 160
degrees of freedom, definition of, 122
density functional theory, 256, 257, 281
derivative

convective, 235
Fréchet, 30
functional, 30–32, 280, 376
Gâteaux, 30
local, 235
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derivative (cont.)
material, 235, 261
substantial, 235, 261
total, 234, 235

Dido’s problem, 3, 6, 70
differential operator

adjoint, 22, 24, 346, 347, 366, 368
Hermitian, 24
self-adjoint, 22, 24, 25, 64, 94, 95, 103, 224, 289,

290, 376
Sturm-Liouville, 25, 26, 74, 75, 94, 97

diffuse-interface model, 276, 278
direct method, 91
Dirichlet problem, 62–64, 232, 268
divergence theorem, 20, 21, 58, 59, 196,

197

Einstein’s equation, 248, 249
Einstein, Albert, 150, 239–241, 243, 247,

249
elasticity, 179, 184, 189, 195
electromagnetic waves, 225, 229, 239, 252
emission and absorption spectrum, 256
energy

free, 279, 280
internal, 119, 138
ionization, 255
kinetic, 118, 121, 122, 133, 138, 171, 203, 244,

268, 291
mechanical, 119, 122, 123, 141, 142, 144, 147,

213, 263
potential, 118–122, 133, 138, 161, 171, 181, 182,

184, 194, 195, 202, 203, 250
rest, 244
strain, 118, 119, 129, 171, 186, 193–196, 223,

372
surface, 10–12, 279

equilibrium equations, 191, 192, 195–197
Euler buckling load, 224
Euler equation, 32, 35, 59

derivation of, 31, 34, 56, 57
Euler equations for inviscid flow, 262, 263, 266,

272, 273
Euler’s elastica, 369, 373
Euler, Leonhard, 6, 33, 61, 148, 151
Euler-Lagrange equations, 128, 131–137, 140–143,

165, 168, 181, 185, 226, 234, 245
Eulerian description, 234, 261, 265, 266, 276, 277,

281
event horizon, 250, 251

Faraday’s law, 229, 230, 238, 239
feedback control law, 353, 354
Fermat’s principle, 6, 8, 10, 150, 226,

228, 229
Feynman’s path integral, 121, 257, 258
Feynman, Richard, 28, 257
Fick’s law for diffusion, 280
finite-element method, 64, 90, 91, 103–105, 109,

110, 374, 380

first integral, 38, 39
first law of thermodynamics, 119, 122, 137, 138,

140, 141, 147
Fjørtoft’s theorem, 286, 287
flexure formula, 186
flow control, 259, 297, 299

active, 297, 298, 331
flow work, 263
force

centrifugal, 167
conservative, 119, 120, 122, 133–135, 138, 141,

143, 144, 147, 161, 167
Coriolis, 167
Lorentz, 233, 234, 237
nonconservative, 119, 120, 122, 134, 135,

137, 138, 140, 141, 143, 147, 148, 163,
233, 264

fully developed flow, 274, 275
functional

augmented, 67, 219, 291, 292, 313, 314, 321, 331,
342, 376

cost, 12, 220, 298, 299, 304, 313, 316, 319–321,
325, 331, 339, 341, 342, 345–347

definition of, 8, 28
dual, 51–53, 220, 313
objective, 12, 304, 342, 364, 365, 367–370, 398

fundamental lemma of the calculus of variations,
21, 32, 119

fundamental mode (natural frequency), 99, 125,
170, 171, 213

Galerkin method, 90, 100–104, 109, 110
Galerkin, Boris, 100
Galilei, Galileo, 4, 202
gauge invariance, 231
Gauss’s law, 229, 232, 238, 239
Gauss’s law of magnetism, 229, 230, 232, 238
generalized

coordinate, 132, 133, 136, 137, 144, 168, 174,
245

force, 134, 135, 233, 245
momenta, 135, 142
potential, 234
velocity, 133, 168

geodesic, 41, 248
Goldschmidt discontinuous solution, 43
grid generation, 304, 306, 379–381, 401

algebraic, 380–382, 385
area functional, 398
area-orthogonality functional, 399
contravariant functional, 400
elliptic, 379, 381, 385, 386, 389, 398
orthogonality functional, 399
physical weight function, 391, 392, 400,

401
solution-adaptive, 380, 389, 391, 401
variational, 379, 400, 401
weighted-length functional, 390, 391,
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Hamilton’s canonical equations, 142, 143
Hamilton’s principle, 7, 117, 121, 122, 126, 127,

134, 137, 141, 143, 146–148, 161, 244, 245, 257,
259

conservative systems, 120–122, 141, 144, 161
continuous systems, 128, 238
discrete systems, 118, 123, 161
nonconservative systems, 120, 122, 141

Hamilton, William Rowan, 122
Hamilton-Jacobi equation, 143
Hamiltonian, 141–143, 245, 246, 254, 263
Heisenberg’s uncertainty principle, 252
Hooke’s law, 190
Hooke, Robert, 74
Huygens, Christiaan, 74
hydrogen atom, 255, 256

image processing, 53, 276, 278, 304, 361–364, 367,
378

bounded variation, 366
deblurring, 363, 366, 368, 371
denoising, 363, 366–369, 371
inpainting, 363, 366, 368, 369, 371
Mumford-Shah model, 371
Mumford-Shah-Euler method, 369, 371
Perona-Malik model, 368
segmentation, 53, 277, 363, 364, 370, 371
total variation, 366, 367, 369, 371

incompressible flow, 260–263, 266–268, 271, 274
index of refraction, 9, 10, 226–229, 367
influence function, 80, 314, 337, 346
instability

absolute, 286
convective, 286

integration by parts, 20, 21, 343, 347
inverse problem, 63, 64, 130, 140, 187, 196
irrotational flow, 267, 268
isoperimetric, 70
isothermal, 138, 141, 279

Jacobian, 137, 381, 383, 387, 398
Jefferson, Thomas, 74

Kalman filter, 354, 356
Kalman-Bucy filter, 354
Karhunen-Loève decomposition, 374
Kepler, Johannes, 117
kinematics, 190

Lagrange multiplier, 17, 19, 20, 67, 75–78, 80, 175,
178, 311, 322, 323

Lagrange, Joseph Louis, 6, 33, 61
Lagrangian, 120, 121, 133, 142–144, 168, 245, 257

density, 128, 238, 250, 254, 264
Lagrangian description, 234, 261, 265, 281
Lamb, Sir Horace, 259
Laplace equation, 62, 232, 267, 268, 383–386, 398
law of reflection, 226

Legendre transformation, 142
Leibniz, Gottfried Wilhelm, 6, 47, 74, 151
length contraction, 247
level-set method, 276–279, 371
linearized Navier-Stokes equations, 282, 283, 288,

290, 292
LQ problem, 320, 321, 324, 328, 332, 342, 347

marginal stability, 287
mass

relativistic, 246
rest, 246

mass matrix, 168
mass-energy relation, 246
Mathieu’s equation, 214
Maxwell’s equations, 229–233, 238, 239, 242, 243,

252
membrane deflection, 187
method of weighted residuals, 100, 101, 104,

109
metric, 243, 248–250

Schwarzschild, 249, 250
minimal surfaces, 6, 41, 61, 62, 367
minimum variation curvature, 374
minimum variation surface, 374
minimum-energy curve, 373
moment of inertia, 186, 187

Navier-Stokes equations, 269, 271–274, 282
Navier-Stokes formulation

primitive-variables, 273, 274
vorticity-streamfunction, 273, 274

Newton’s gravitational constant, 248
Newton’s second law, 119, 121, 127, 147, 148, 167,

179, 242, 245
Newton, Isaac, 5, 6, 33, 47, 148–151, 303, 305–307,

310
Newtonian fluid, 270, 271
Noether’s theorem, 142–144, 146, 237, 250,

281
Noether, Emmy, 143
nonautonomous systems, 144, 147, 211, 212, 214,

320, 332
normal matrix, 216, 224, 289, 290
normal mode, 125, 171

observability, 330
optics, 8, 14, 225, 226, 228, 229, 239

geometric, 228, 251
physical, 229, 251

optimal perturbation, 219, 221, 291, 297
optimality condition, 311, 322, 332, 334, 335, 340,

344
optimization

financial, 304, 310
multidisciplinary design, 310
multiobjective, 310
shape, 304–306, 310
topology, 278, 310
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order parameter, 278, 280
Orr-Sommerfeld equation, 286–288

penalty function, 313, 320, 321, 342, 348, 349, 364,
367, 369

performance measure, 220, 299, 313, 316, 317, 320,
321, 324, 342, 345, 348, 349, 364

permeability, 229, 230
permittivity, 229, 230, 255
phase plane, 208, 209, 211
phase-field model, 276, 278, 280, 281
photons, 225, 252, 253, 256
Planck’s constant, 251, 253, 258
plane stress, 190, 192, 193
plane-Poiseuille flow

modal stability analysis of, 287, 288,
296

nonmodal stability analysis of, 293
optimal control of, 347–349
solution of, 274, 275

Plateau’s problem, 61
Plateau, Joseph, 61
plates and shells, 195
Poisson equation, 64, 184, 185, 200, 231, 267, 268,

273, 387
Poisson’s ratio, 190
Pontryagin’s Hamiltonian, 331–336, 339–341
Pontryagin’s principle, 304, 331–333, 340
Pontryagin, Lev, 331
potential flow, 266–268, 385
principal-component analysis, 374
principle of complementary virtual work, 197
principle of least action, 122
principle of virtual work, 181, 196, 197
probability amplitude, 257, 258
proper time, 243, 244
proper-orthogonal decomposition, 357, 362,

374–378

quantum field theory, 256
quantum mechanics, 143, 147, 240, 251, 252,

256–258
quantum number, 255

Rayleigh equation, 286
Rayleigh’s inflection point theorem, 286, 287
Rayleigh’s quotient, 97, 98
Rayleigh, Lord (John William Strutt), 91
Rayleigh-Ritz method, 26, 75, 90–96, 98, 101–104,

187
reduced variational form, 95, 97, 99, 102
reduced-order model, 378
relativity

general, 41, 146, 240, 241, 247–251
special, 239–241, 247–249

Reynolds number, 272–274, 292, 293
Reynolds-Orr energy equation, 296
Riccati equation, 320, 323, 324, 328, 355
Ritz, Walther, 91

Schrödinger equation, 252–258
Schwarzschild

radius, 250, 251
solution, 250

Schwarzschild, Karl, 249
sensitivity function, 80, 314, 337, 346
singular-value decomposition, 222, 293, 357,

377
Snell’s law, 10, 226
spacetime, 41, 243, 247–250
speed of light, 9, 225, 226, 229, 232, 240–243, 247
spline

B-spline, 371–373
control point, 372
knot, 372

Squire’s theorem, 288, 293
stability

asymptotic, 216, 222, 224, 289–291
hydrodynamic, 259, 281

stability analysis
energy, 296, 297
global, 288–290
local, 284, 286
modal, 207, 211, 216, 283–285, 288–291
transient growth, 51, 80, 216, 218–222, 259,

289–291, 293, 297, 303
stabilizability, 330
state

equation, 311, 312, 320, 321, 328, 332, 341, 342,
347, 352, 354, 357

estimation, 354–357
variable, 304, 311, 313, 320, 328, 330, 342

stiffness matrix, 168
Stokes relations, 270
streamfunction, 262, 267, 268, 273, 386
streamlines, 262, 263, 266, 268, 385
strong form, 90, 100, 104, 110
Sturm-Liouville equation, 74, 75, 97
switching function, 336, 341

tensor
energy-momentum, 248–250
metric, 248, 250
Ricci, 248, 249

theorem of minimum potential energy, 182, 184,
194, 195, 203

time dilation, 247
transformation

Galilean, 242, 243, 246, 247
Lorentz, 242, 243, 246–248

transversality condition, 54
trial function, 91–94, 96, 100–105, 109

undamped harmonic oscillator, 124, 164, 205, 312,
313, 316, 325, 334, 339, 341

velocity potential, 267, 268, 386
virtual
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displacement, 33, 118, 120, 132, 134, 181, 182,
196, 197

work, 118–120, 122, 134, 138, 161, 181, 182, 191,
196, 197

viscosity, 260, 262, 269, 270, 272
vorticity, 267, 273
vorticity-transport equation, 273

wave equation, 99, 197–201, 231, 232, 238, 252
wave function, 252, 253, 256, 258

weak form, 90, 101–104
Wigner, Eugene, 6, 225
world line, 243, 244, 248, 251
Wren, Christopher, 4

Young’s equation, 11
Young’s modulus, 186, 190, 223

Zermelo’s problem, 12
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