
The Weather and Climate:
Emergent Laws and
Multifractal Cascades
Turbulent and turbulent-like systems are ubiquitous in the atmosphere, but
there is a gap between classical models and reality. Advances in nonlinear
dynamics, especially modern multifractal cascade models, allow us to close
the gap, to investigate the weather and climate at unprecedented levels of
accuracy, comparing theories, models and experiments over huge ranges of
space-time scales.

Using new stochastic modelling and data analysis techniques, this book
provides an overview of the nonclassical, multifractal statistics. The authors
demonstrate that by generalizing the classical turbulence laws it is possible to
obtain emergent laws of atmospheric dynamics. These higher-level laws are
empirically validated from weather and macroweather scales to climate
scales, and over length scales of millimetres to the size of the planet. By
generalizing the notion of scale, atmospheric complexity is reduced to a
manageable scale-invariant hierarchy of processes, thus providing a new
perspective for modelling and understanding the atmosphere. This new
synthesis of state-of-the-art data and nonlinear dynamics is systematically
compared with other analyses and global circulation model outputs.
Applications of the theory are graphically demonstrated with many original
multifractal simulations.

This thorough presentation of the application of nonlinear dynamics to
the atmosphere is an important resource for atmospheric science researchers
new to multifractal theory. It will also be of use to graduate students in
atmospheric dynamics and physics, meteorology, oceanography and
climatology.

Shaun Lovejoy is a professor of physics at McGill University, Montréal, and
has been a pioneer in developing and applying new ideas in nonlinear
dynamics to the geosciences since the late 1970s. This includes multifractals,
generalized (anisotropic) scale invariance, universal multifractals and
space-time multifractal modelling of geofields (especially clouds,
precipitation and topography). He has published over 200 papers applying
these ideas to the earth and environmental sciences. The unifying theme of
this work is that when the notion of scaling is generalized to include
anisotropy and multifractality, many key geofields display scaling behaviour
over enormous ranges of scale – and that this nonclassical extreme variability
is a new paradigm for the geosciences. In addition to these scientific
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Preface

Few would argue that quantum and statistical
mechanics do not apply to ordinary fluid flows, yet
the latter involve such huge numbers of particles that
these fundamental theories are rarely useful for solv-
ing practical – or even theoretical – fluid problems.
Instead, one typically exploits the fact that when the
number of particles is large enough, new continuum
properties and notions such as fluid particle, fluid
temperature and fluid velocity emerge which are
governed by the higher-level equations of continuum
mechanics and thermodynamics. While the latter can
perhaps be obtained from the former, the derivations
are not mathematically rigorous and the foundations
of continuum mechanics are still actively researched.
The continuum laws that emerge are indeed qualita-
tively new.

In a similar way, one expects new higher-level laws
to emerge from the chaos of sufficiently strong hydro-
dynamic turbulence. While the latter presumably con-
tinue to obey the laws of continuum mechanics, their
direct application is impractical and one searches for
the emergence of new, even higher-level laws. Indeed
“developed turbulence as a new macroscopic state
of matter” (Manneville, 2010), appearing at high
Reynolds number (Re), has been considered as a
form of matter with properties that cannot simply
be reduced to – nor simply deduced from – the
governing Navier–Stokes equations. Consequently, it
is not surprising that over the years new types of
models and new symmetry principles have been
developed in order to directly study, model and
understand this hypothetical emergent state. Of par-
ticular relevance to this book are cascade models and
(anisotropic) scale invariance symmetries.

The study of fully developed turbulence remains
largely academic and has only had a rather peripheral
impact on atmospheric science. This is ironic, since
the atmosphere provides an unrivalled strongly non-
linear natural laboratory with the ratio of nonlinear to
linear terms – given by the Reynolds number – that is

typically � 1012. Although the atmosphere certainly
differs from incompressible hydrodynamics in several
important ways, we may nevertheless expect higher-
level laws to emerge. Furthermore, it is reasonable to
expect that they will share at least some of the features
of fully developed turbulence. This was indeed the
belief of many of the pioneers of classical turbulence:
L. F. Richardson, A. N. Kolmogorov, A. Obukhov,
S. Corrsin and R. Bolgiano.

While the pioneers’ eponymous laws were in
many ways highly successful, when applied to the
atmosphere they faced two basic obstacles: the atmos-
phere’s extreme intermittency and its strong stratifi-
cation, which increases systematically at larger and
larger scales. As usual in physics, when one faces such
a situation there are two choices. Either one abandons
the old law and moves on to something different, or
else one generalizes the law so that it is able to fully fit
the facts. On several occasions during its develop-
ment, the law of conservation of energy was faced
with such a choice: either treat it as no more than a
(sometimes) poor approximation, or else extend the
notion of energy beyond mechanical energy to heat
energy, to chemical energy, to electrical energy and
eventually to mass energy. In this book we follow the
latter choice with respect to the classical laws of tur-
bulence: we argue that these obstacles of stratification
and intermittency can be overcome with appropriate
generalizations. For weather, the key generalizations
are from isotropic to anisotropic notions of scale
and from smooth, quasi-Gaussian variability to
strong, cascade-generated multifractal intermittency.
Together, this leads to a model of atmospheric
dynamics as a system of coupled anisotropic cascade
processes.

An initial application of this model takes us up to
the limits of the weather domain: in space to the size
of the planet, in time to the lifetime of planetary-sized
structures (tw � 10 days), after which there is a
drastic change in the behaviour of all the atmospheric
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fields. It turns out that whereas at shorter time scales
fluctuations tend to grow with scale – the weather is
perceived as unstable – at longer time scales the
average fluctuations tend to decrease, giving on the
contrary the impression of stability. It is tempting to
identify this new regime with the climate, but we
argue that this would be a mistake, that the climate
is not just the long-term behaviour of the weather.
The reason is that it turns out that the same aniso-
tropic cascade that explains the weather variability
can be extended to much lower frequencies. When
this is done, there is indeed a “dimensional transition”
at tw but the model continues to accurately reproduce
the lower-frequency variability beyond the transition.
It turns out that this is also true of unforced global
climate models (GCMs), so that the label “low-fre-
quency weather,” or “macroweather,” is appropriate.
To paraphrase a popular dictum, “macroweather is
what you expect, the weather is what you get.” From a
stochastic perspective, the climate is unexpected in
much the same way as the weather, with analogous
consequences for its prediction.

In order to find something really new that corres-
ponds to our usual notion of “climate,”we have to wait
quite a long time – about tc � 10–30 years – until we
find that the mean fluctuations again start to increase
with scale – a behaviour which apparently continues
to tlc � 30–50 kyr. Yet even this true climate regime –
where genuinely new processes and/or forcings are
dominant – shares features (including scaling) with
the weather/macroweather regime. We show how a
single overall weather/macroweather/climate process
emerges, and we derive its statistics and estimate its
exponents and other parameters.

In these pages, we therefore show how to consid-
erably generalize the classical turbulence laws and to
obtain emergent laws of atmospheric dynamics.
Empirically, we show that they apply from millisec-
onds to decades to tens of millennia, from millimetres
to the size of the planet. In more detail, we argue (a)
that the atmosphere is a strongly nonlinear system
with a large number of degrees of freedom, (b) that it
nevertheless respects an (anisotropic) scale-invariance
symmetry, (c) that this leads to new emergent prop-
erties, new dynamical laws. These new laws are statis-
tical, and physically they imply that the variability
builds up scale by scale in a cascade-like manner. This
variability sports many nonclassical statistical charac-
teristics including long-range statistical dependencies
and nonclassical extreme values (“heavy”-tailed,

algebraic probability distributions). Finally, they can
be exploited to understand and to forecast atmos-
pheric fields.

The basic ingredients needed to effect this gener-
alization are multifractals, cascades and generalized
scale invariance. The development of these notions
was largely motivated by atmospheric applications
and arose in the 1980s, a period when nonlinear
dynamics was generating excitement in many areas
of science. Although a book comprehensively treating
multifractals is still lacking (see however Schertzer
and Lovejoy, 2011), they are not the focus here. For
our purposes, they are rather the tools needed to
generalize the classical turbulent laws to the atmos-
phere. In the last five years or so, the scope of these
applications has dramatically increased, thanks to the
existence and accessibility of massive global-scale
databases of all kinds. Whereas only ten years ago we
were still speculating on the ranges and types of scaling
of atmospheric fields, today we can already be confi-
dent about a great deal. This confidence is due partly
to the qualitative – and in many cases quantitative –
agreement between quite different databases over wide
ranges of scale, but also to the surmounting of several
obstacles in the interpretation of the data (in particular
of aircraft data). We therefore place much emphasis
on the empirical underpinnings of the new laws.
Although over the meteorological scales we exten-
sively analyze the traditional sources of satellite, lidar,
drop-sonde and aircraft data, we also investigate at
length reanalysis fields that are hybrid products some-
where between the data and the models, as well as the
outputs of the models themselves.

Therefore, although many of the ideas in this book
have been around since the 1980s, most (perhaps
90%) of the examples are from research performed
in only the last five years. It is thanks to these new
global datasets that the original 1980s models of 23/9
D anisotropic scaling dynamics, and of three scaling
regimes from weather to climate, can be convincingly
validated and a new, comprehensive view of atmos-
pheric variability established. Beyond new results on
global spatial scales, there are also new results on the
space-time variability, including the emergence of
waves (Chapter 9). The last two chapters – the
research for which was largely undertaken specifically
for this book – include the generalization of the
emergent weather laws into the macroweather
regime (Chapter 10), i.e. between the � 10-day life-
time of planetary structures out to 10–100 years
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where the true climate regime begins. These longer
climate scales are mostly beyond the instrumental
range, so in Chapter 11 we analyze various surrogates
including multiproxies, paleotemperatures and cli-
mate forcings (including solar, volcanic and orbital)
as well as GCMs (unforced and forced climate “recon-
structions”). We show how the space-time climate
variability can be understood by a further extension
of the weather/macroweather space-time scaling
framework. By quantifying the natural variability as
a function of space and time scale, this provides the
information necessary to construct statistical tests for
assessing anthropogenic influences on the climate.
This approach is complementary to the current
GCM approach but has the advantage of being largely
data rather than model-driven.

Although long in gestation, this book comes at a
critical moment for atmospheric science. While ever
bigger computers, ever higher resolution devices and
ever larger quantities of data have resulted in our
present golden age, it has come at a price: they have
gobbled up most of our resources. Sometimes, it
seems that there are only barely enough left over to
support a narrow focus on applications to numerical
weather and climate modelling. One can easily get the
impression that a basic understanding of the atmos-
phere’s variability in space and in time is a luxury
that we cannot afford. Yet today’s continuing lack of
consensus about these questions is increasingly
hampering the development of the numerical models
themselves. For example, without knowledge of the
effective dimension of atmospheric motions it will not
be possible to place the currently ad hoc “stochastic
parametrizations” in modern Ensemble Forecasting
Systems on a solid theoretical basis. As we argue here,
this new synthesis – which is remarkably simple –
provides a compelling and consistent picture of
atmospheric variability and dynamics from weather
through climate scales and suggests numerous ways
forward, including the possibility of direct stochastic
forecasting (Chapter 9).

From the above, the reader may correctly infer
that this book is squarely oriented towards practising
atmospheric scientists (especially meteorologists and
climatologists) and that it includes a (hopefully)
accessible exposition of the necessary nonlinear tools.
Occasionally, when a topic is a bit too technical but
nevertheless important either for applications or for
the theory, details are given in appendices. Similarly,
advanced or optional sections are indicated by

asterixes. In addition, at the end of each chapter,
under the rubric Summary of emergent laws in Chap-
ter . . ., we give a succinct summary of the develop-
ments in the chapter that are important for
developing the main theory. These summaries will
allow readers to skip details that are unimportant
while maintaining the basic thread of the argument.
Finally, to highlight them, the more important for-
mulae have been placed in boxes. Let the reader be
warned, however, that this is neither a textbook nor a
conventional monograph. It is rather a systematic
presentation of arguments and evidence for a new
framework for understanding atmospheric dynamics.

In order to make the material as accessible as
possible, the basic philosophy has been to first present
empirical analyses demonstrating the existence of
wide-range scaling: an overview in Chapter 1, the
horizontal wind in Chapter 2, the state variables and
radiances in the horizontal in Chapter 4, in the verti-
cal in Chapter 6, and in time in Chapters 8, 10 and 11.
The analyses proceed from the (familiar) Fourier
(power) spectra applicable to essentially any field, to
trace moments in Chapter 3 needed to analyse cas-
cades, followed by further related analysis techniques
(generalized structure functions, wavelets, the prob-
ability distribution multiple scaling technique etc.) in
Chapter 5. For readers primarily interested in the
longer time scales, Chapters 10 and 11 are to some
degree independent of the preceding, making only
light use of the formalism and relying extensively on
the use of Haar fluctuations (wavelets). However, this
underexploited technique is actually quite straightfor-
ward – even intuitive – and allows systematic com-
parisons to be made of different types of data and
over different and large scale ranges. It gives a far
clearer picture of the macroweather and climate vari-
ability than is otherwise possible, so that any effort
expended to understand this analysis technique will
be rewarded.

Following the empirical motivation, the theory
is introduced gradually and as needed: first the
basic elements of turbulence theory (Chapter 2),
then elementary (discrete in scale) cascades
(moment statistics, Chapter 3), with the more gen-
eral treatment of multifractals including probabil-
ities and continuous in scale simulations reserved
for Chapter 5. In Chapter 6 we go beyond isotropy,
by introducing generalized scale invariance, but
only in the simplest self-affine form needed to
handle scaling different in two orthogonal
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directions: atmospheric stratification. Only in
Chapter 7 do we treat the more general case needed
for cloud and other morphologies whose anisotro-
pies vary both with scale and with position. Going
beyond space to space-time involves extra compli-
cations, if only because causality must be taken into
account, and this is why its introduction is delayed
until Chapter 8, where we give both an empirical
overview and the basic theory needed to understand
the space-time scaling in the weather regime. In
Chapter 9 we extend this to an explicit treatment
of causality, to turbulence-driven waves as an emer-
gent scaling process, to predictability and (stochas-
tic) forecasting. In Chapter 10 we extend the space-
time weather model into the macroweather regime,
showing that it not only predicts the observed sharp

“dimensional transition” between weather and
macroweather at about 10 days (the lifetime of
planetary structures), but that it does remarkably
well up to scales of decades and centuries. At scales
below the transition in the weather regime, fluctu-
ations generally grow with increasing scale, but at
larger scales, in the macroweather regime, on the
contrary they diminish with scale – the atmosphere
appears “stable.” However, this is not the full story.
In Chapter 11 we show – with the help of instru-
mental, multiproxy and paleodata – how the macro-
weather regime eventually gives way to a new
climate regime where fluctuations once again grow
with scale, and attempt to address the question as to
whether or not GCMs predict the climate or merely
macroweather.
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nudging

DNS direct numerical simulation

DO Dansgaard–Oeschger

DTM double trace moment

ECHAM4 ECMWF Hamburg model version 4

ECHO-G ECHAM4 and HOPE-G

ECMWF European Centre for Medium-range Weather
Forecasts

EFS ensemble forecasting systems

EKE eddy kinetic energy

ENSO El Niño–Southern Oscillation

EOF empirical orthogonal function

EOLE (French name for the Greek god of the winds)

ER2 Environmental Research 2

ERA40 ECMWF 40-year reanalysis

ETOPO5 Earth Topography 5 (minutes resolution)

FIF fractionally integrated flux

GASP Global Assimilation and Prognosis System

GCM general circulation model or global climate
model

GEM global environment model

GFS global forecasting system

GISP2 Greenland Ice Sheet Project 2

GISS Goddard Institute for Space Studies

GOES Geostationary Operational Environmental
Satellite

GPS global positioning system

GRIP Greenland Ice Core Project

GSI generalized scale invariance

GTOPO30 Global Topography 30 (seconds resolution)

HadCRUT Hadley Climate Research Unit Temperature

HadSST Hadley Centre Sea Surface Temperature

HOPE-G Hamburg Ocean Primitive Equation model
(global version)

INS inertial navigation system

IPCC International Panel on Climate Change
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IPSL Institut Pierre Simon Laplace

IR infrared

KBO Kolmogorov–Bolgiano–Obukhov

LANDSAT Land remote-sensing Satellite

LGM Last Glacial Maximum

MET multiplicative ergodic theorem

MFDFA multifractal detrended fluctuation analysis

MIES Modernized Imagery Exploitation System

MODIS Moderate resolution Imaging spectroradiometer

MOZAIC Measurement of Ozone by Airbus In-service
Aircraft

MSM Markov-switching multifractal

MSU microwave sounding unit

MTSAT Multi-function Transport Satellite

NAO North Atlantic Oscillation

NASA National Aeronautics and Space Administration

NCDC National Climatic Data Center

NCEP National Centers for Environmental Prediction

NOAA National Oceanographic and Atmospheric
Administration

NSSTC National Space Science and Technology
Center

NVAG Nonlinear Variability in Geophysics

OU Orenstein–Uhlenbeck

PDE partial differential equation

PDMS probability distribution multiple scaling

PDO Pacific Decadal Oscillation

PR precipitation radar

PV potential vorticity

QG quasi-geostrophic

RMS root mean square

SCF second characteristic function

SCT saturated cascade theory

SIG scale-invariant generator

SLF stochastic linear forcing

SLM stochastic linear modelling

SOC self-organized criticality

SOI Southern Oscillation Index

SORCE Solar Radiation and Climate Experiment

SPOT Système Pour l’Observation de la Terre

SST sea surface temperature

TAMDAR Tropospheric Airborne Meteorological Data
Reporting

TIMS Total Irradiance Monitor Satellite

TMI TRMM Microwave Imager

TRMM Tropical Rainfall Measurement Mission

TSI total solar irradiance

VIRS visible infrared scanner

WRF weather research and forecasting

Acronyms and abbreviations
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