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2-cell, 195
2-connected component, 177

index, 177
proper, 177

2CC Decomposition Lemma, 176
3-Hinge Lemma, 233
3-connected component, 182

index, 182
proper, 182

3CC Decomposition Lemma, 182
3CC Lifting Lemma, 183

abstract logic, 49
adhesion, see tree decomposition, see decompo-

sition, see pre-decomposition
AEp,q,r -star completion, 476
AEp,q,r -star decomposition, 476
simple, 476

aligned, 204
almost all, 51
Almost Planar Completion for Quasi-4-Con-

nected Graphs, 380
Almost Planar Completion Theorem, 362
almost-embeddable, 394
Almost-Embeddable Completion Th., 477
almost-planar, 305
ancestor, 20
angle, 204
aligned, 204

APp-star completion, 362
APp-star decomposition, 361
simple, 362
wide, 372

arity, 21
arrangement, 303, 394, see segregation
p-, 304, 394
injective, 303, 394
local p-, 304, 394

trivial, 304

articulation vertex, see shortest path system, see
belt

assignment, 22, 30

atomic formula, 23

atomic formula, 22, 27

attachment point, 397, 399

automorphism, 16

automorphism-invariant, 101

bag, 97

belt, 427

articulation vertex, 427

cut through, 429

endvertex, 427

exit vertex, 428

length, 427

major articulation vertex, 427

minor articulation vertex, 427

outside, 429

patches, 427

proper articulation vertex, 427

reducing, 428

Belt Lemma, 430

�-�-�-Lemma, 102

bijective pebble game, 78

bisimilar

decompositions, 117

nodes, 117

bisimulation, 117

block, see shortest path system

boundary, 16, see topological space

boundary subgraph, 195

Bounded-Width Completion Lemma, 281

branch set, 18

branch vertex, 16

bridge, 18, 316
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C, 76
canonical, 42, see shortest path system
canonisation
L, 56
abstract mapping, 55
algorithm, 55
definable, 56
mapping, 55
polynomial time, 55

Canonisation Lifting Lemma, 508
Canonisation Theorem, 166
Canonisation Theorem for Relational Struc-

tures, 503
canonise, 55
capture, 44

PTIME, 49
on a class, 44

cardinality pebble game, 77
central, 308, see star decomposition, see segre-

gation
definably, 348
geometrically, 347
within cycles, 309
within disks, 309

central cycle, 364
centrality, 309
centre

definable, 348
geometric, 345, 348

centre (of a star), 361
CFI gadget, 85
CFI-Theorem, 79
child, 20
chordless, 17, 201
C∞" , 76
Ck , 76
Ck
∞" , 76

clique, 16
closed loop, 397
closed disk, 190
coincide, 202
strongly, 202

colour refinement, 80
distinguish, 81

Combination Lemma, 438
Ck
∞" , 76

compass, 364
compatible, 408
completion, 277
completion node, 278
ground leaf, 278

completion lemma, 129
completion node, 278
complexity class, 41
component, 95, 97
2-connected, 176, 177
3-connected, 176, 182
quasi-4-connected, 256

Component Lifting Lemma, 166
cone, 95, 97
connected, 17
k-, 17

connected component, 17
contract
edge, 18
subgraph, 18

contractible, 191
contraction, 18
contraction transduction, 37
counting operator, 28
counting quantifier, 76
crack, 152, 491
crackable, 491
crosscap, 190
crossedge, 239
crossing separators, 179
cuff, 191
cuff separating curve, 399
curve
simple, 190
simple closed, 190

cut vertex, 177
cutting through a belt, 429
cycle, 17
chordless, 17, 201
length, 17
noncontractible, 200
nonseparating, 201

cyclic order, 190
cylinder, 191

d-mapping, 511
d-scheme, see decomposition scheme
decision problem, 41
decomposition, 97
adhesion, 98
automorphism-invariant, 101
disjoint union, 132
ordered treelike, 155
over, 98
tight, 110
tree, 94, 119
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treelike, 98
Decomposition Lemma

CC, 125, 176
decomposition mapping, 511

IFP-definable, 512
bounded adhesion, 512
invariant, 512
over a class, 511
polynomial time computable, 512
treelike, 511

decomposition scheme, 123
defined decomposition, 124
dimension, 123
parametrised, 130

Definability Lifting Lemma, 129
definable centre, 348
definable order, 52
definable skeleton, 348
Definable Structure Theorem, 493
Definable Structure Theorem for Almost Planar

Graphs, 349
Definable Structure Theorem for Almost-

Embeddable Graphs, 470
Definable Structure Theorem for Embeddable

Graphs, 218
Definable Structure Theorem for Graphs of

Bounded Tree Width, 148
definable witness, 378
definably central, 348
define decomposition within, 133
define o-decomposition within, 161
define order, 51
deflationary fixed-point operator, 25
degree, 16
maximum, 16
minimum, 16

depth, 20
derivation, 285, 362
descendant, 20
design, 95, 97, 519
of a location, 519
torso, 519

diameter, 71
digraph
seedirected graph, 20

dimension, see decomposition scheme, see o-
decomposition scheme, see pd-scheme

seetransduction, 34
directed graph, 15, 20
acyclic, 20

disconnected, 17

disk

closed, 190

open, 190

distance, 16, see entrance hinge

distinguish, see colour refinement, see Weis-
feiler–Leman algorithm

double torus, 190

Duplicator, 73

embeddable, 195

embedded graph, 194

face, 194

homeomorphic, 195

isomorphic, 195

underlying graph, 194

embedding, 195

2-cell, 195

directed graph, 20

graph, 16

homeomorphic, 195

minimal, 200

normal, 200

polyhedral, 201

structure, 21

endvertex, see shortest path system, see belt

edge, 15

enlargement, 15

entrance hinge, 249

entrance hinge

distance, 249

equivalence relation

generated, 32

∃SO, see existential second-order logic

Euler genus, 200

Euler characteristic, 197

Euler genus, 190, 191

Euler’s formula, 197

exclude, 19

Excluded Grid Theorem, 365

existential second-order logic, 44

exit vertex, 428

expansion, 21

extension lemma, 129

face, 194

facial cycle, 203

facial subgraph, 195

Fagin’s Theorem, 44

faithful, 19

Finite Extension Lemma, 161

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Index
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

538 Index

Finite Extension Lemma for Definable Orders,
53

Finite Extension Lemma for Ordered Comple-
tions, 289

First Angle Lemma, 206
first-order logic, 22

finite-variable fragments with counting, 76
first-order logic

finite-variable fragments, 71
first-order logic with counting, 30
fixed point operator

deflationary, 25
simultaneous, 26

fixed point operator
inflationary, 23

fixed-point operator
greatest, 27
least, 27

FO, see first-order logic
FO+C, see first-order logic with counting
forest, 20
fractional isomorphism, 90
free variable, 24

g-reduction, 401
Gaifman graph, 502
generic pre-decomposition, 279
genus

Euler, 190, 191
nonorientable, 190
orientable, 190

geometric centre, 345, 348
geometric skeleton, 345, 348
geometrically central, 347
GI, see graph isomorphism problem
gluing a disk on a cuff, 191
graph, 15

complete, 16
complete bipartite, 16
connected, 17
disconnected, 17
disjoint union, 15
empty, 15
enlargement, 15
Euler genus, 200
intersection, 15
order, 15
ordered, 21
planar, 203
plane, 203
property, 16

regular, 16
union, 15

graph interpretation, 31
graph isomorphism problem, 79
Graph Minor Theorem, 19
graph transduction, 35
greatest fixed-point operator, 27
grid, 233, 363
j-central vertex, 364
central cycle, 364
central vertex, 364
centre, 365
compass, 364
elementary, 363
facial cycle, 363
hexagon, 363
interior, 363
perimeter, 363
plane, 365

ground leaf, 278

handle, 190
head, 20
height, 20
hexagon, 363
hexagonal grid, see grid
elementary, 363

hinge, 233
crossedge, 239
crossing, 239

homeomorphic, 190, see embedded graph, see
embedding

homomorphism
decomposition, 116
directed graph, 20
graph, 16
structure, 21

homotopic, 394
horizon, 341

identify, 74, see colour refinement, see Weis-
feiler–Leman algorithm

IFP, see inflationary fixed-point logic
IFP+C, see inflationary fixed-point logic with

counting
image, 18
branch set, 18
faithful, 19

Immerman–Vardi Theorem, 45
in-degree, 20
incidence graph, 504
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incident, 194
increasing tuple, 302
independent set, 16
index, see 2-connected component, see 3-con-

nected component, see quasi-4-connected
component, 535–543

indistinguishable, 104
infinitary logic, 71
finite-variable fragments, 72

infinitary logic
with counting, 76

inflationary fixed-point logic with counting, 27
inflationary fixed-point logic, 23
inflationary fixed-point operator, 23
injective arrangement, 303, 394
inseparable, 177, 180, 235
inside, 192
instance, 41
internal face, see patch
internal graph, see patch, see patch
internal region, 421
internally disjoint, 16
interpretation, 22, 31

definable, 32
graph, 31

invariant, see decomposition mapping
irrelevant, see separator
isomorphic, 16
isomorphism, see embedded graph

decomposition, 117
directed graph, 20
graph, 16
structure, 21

Jordan Curve Theorem, 190

K5-minor-free graph, 272
edge-maximal, 272

Klein bottle, 190
Kuratowski’s Theorem, 203

L, 1
L-equivalent, 73
Last Extension Lemma, 445
leaf, 20
least fixed-point logic, 27
least fixed-point operator, 27
Lemma on Simultaneous Induction, 26
lifting lemma, 129
L∞" , 71
link, 399

attachment point, 399

Lk , 71

Lk
∞" , 72

local p-arrangement, 304, 394

local m-arrangement, 351, 472

Local Structure Theorem, 489

location, 519

design, 519

logic

abstract, 49

first-order, 22

inflationary fixed-point, 23

Lk
∞" , 72

loop

attached, 397

attachment point, 397

closed, 397

noncontractible, 399

open, 397

m-arrangement, 351, 471

local, 351, 472

reduced, 472

MAEp,q,r -star completion, 477

MAEp,q,r -star decomposition, 477

reduced, 477

simple, 477

MAPp-star decomposition, 386

MAPp-star decomposition, 386

simple, 386

matching, 16, 239, see quasi-4-connected com-
ponent

Menger’s Theorem, 17

minimally embedded, 200

minor, 18

excluded, 19

minor ideal, 19

minor-free, 19

Möbius strip, 191

naive minor transduction, 38

naive vertex classification, 80

natural path, 16

neighbour, 15

neighbourhood

r, 346

node, 20

noncontractible, 191, see cycle

noncontractible loop, 399

nonseparating, 17, see simple closed curve

normal, see structure, see transduction, 104, 200
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Normalisation Lemma for Definable Treelike
Decompositions, 128

Normalisation Lemma for Treelike Decomposi-
tions, 109

normally embedded, 199
null-homotopic, 395

o-decomposition, 155
tight, 159
underlying plain decomposition, 155

o-decomposition scheme, 156
dimension, 156

o-decomposition mapping, 513
o-decomposition scheme

defined o-decomposition, 156
underlying decomposition scheme, 156

od-mapping, 513
od-scheme, see o-decomposition scheme
open loop, 397
open disk, 190
order, see graph, see separation
ordered completion, 280
ordered copy, 55
Ordered Decomposition Lifting Lemma, 157
ordered decomposition scheme
parametrised, 160

Ordered Extension Lemma, 162
ordered treelike decomposition, 155
ordered union, 65
orthogonal, 98
out-degree, 20
outside, see belt

parallel, 97, 278
parameter independent, 59
Parameter Elimination Lemma, 160
Parameterised Sunflower Canonisation Lemma,

170
Parametrised Definability Lifting Lemma, 131
Parametrised Normalisation Lemma, 131
parent, 20
partial isomorphism, 73
patch, 414
bridge, 422
external bridge, 422
external component, 422
internal bridge, 422
internal component, 422
internal face, 422
internal graph, 420, 422
internal region, 421

minimal simplifying, 421
path, 16

endvertex, 16
internal vertex, 16
internally disjoint, 16
isolated, 16
length, 16
natural, 16

path decomposition, 302
pc-node, 295
pd-scheme, 278

dimension, 278
parametrised, 279

pebble game
bijective, 78
cardinality, 77

pebble game, 73
perimeter, 363
pg-node, 295
planar, 203
plane, 203
plane (grid), 365
polyhedrally embedded, 201
potential completion node, 295
potential ground node, 295
pre-decomposition, 277

adhesion, 277
completion, 277
contained, 279
defined, 279
defined within, 279
derivation, 285
equivalent, 279
generic, 279
ordered completion, 280
proper, 277
restriction, 279
subdecomposition, 279
tight, 277
width-k completion, 281

projective plane, 190
proper, see 2-connected component, see 3-con-

nected component, see pre-decomposition
proper noncontractible curve, 396
property, 16, 21
protect, 405

Q-bridge, 422
Q4C Completion Lemma, 290
Q4C Decomposition Lemma, 255
Q4C Lifting Lemma, 264
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quasi-4-connected, 255
quasi-4-connected component, 256

index, 256
matching, 256
torso, 256

query, 32
decide, 43

reduced, see marrangement472, see MAEp,q,r -
star decomposition

reducing, see belt
regular, 16
representation, 41
representativity, 201, 401
restriction, 21, see pre-decomposition
ring, 302
root, 20
rooted tree, 20
RS-ring, 519
perimeter, 519

RS-vortex, 519

safe
shortest path system, 414
subgraph, 411

Second Angle Lemma, 208
second-order logic, 44
existential, 44

segment, 17
segregation, 520
T-central, 520
arrangement, 520
proper arrangement, 520
type, 520

separate, 17
separating, see simple closed curve
separation, 488
order, 488

separator, 17, 95, 97, 177
(W1,W2), 17
k-, 17
cross, 179
irrelevant, 247, 254
maximal, 95, 97
order, 17
proper, 180

Sherali–Adams hierarchy, 92
shortest path system, 407

articulation vertex, 408
block, 409
canonical, 408

endvertex, 407
proper articulation vertex, 408
sink, 407
source, 407
trivial, 407

signature, 30
simple, see transduction, see APp-star de-

composition, see MAPp-star decompo-
sition, see AEp,q,r -star decomposition, see
MAEp,q,r -star decomposition

simpler, 396
simple closed-curve
inside, 192

simple closed curve, 190
contractible, 191
noncontractible, 191
nonseparating, 191
separating, 191

simple curve, 190
endpoints, 190
internal points, 190

simplifying
curve, 400
shortest path system, 414
subgraph, 411

simulate, 117
simultaneous fixed-point operator, 26
sink, 407
skeleton
definable, 348
geometric, 345, 348

SO, see second-order logic
society, 518
source, 407
spanning tree, 20
split extension, 180, 236
Spoiler, 73
sps, see shortest path system
star, 56, 361
star decomposition, 361
T-central, 489

strict, 104
strong canonisation
IFP+C-definable, 508
polynomial time computable, 512

strong embedding
directed graph, 20
graph, 16
structure, 21

strong homomorphism
decomposition, 116

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Index
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

542 Index

directed graph, 20
graph, 16
structure, 21

structure, 21
intersection, 21
normal, 62
numerical, 21
order, 21
ordered, 21
plain, 505
property, 21
union, 21
weighted, 505

Structure Theorem, 488
subdecomposition, see pre-decomposition
subdivision, 19
subgraph, 15, 20
induced, 15

subgraph transduction, 36
subgrid, 364
central, 364

subpatch, 421
proper, 421

substructure, 21
induced, 21

subtree, 21
subtuple, 14
Sunflower Canonisation Lemma, 167
supercentre, 378
superskeleton, 378
surface, 190
boundary, 191
cuff, 191
simpler, 396

syntactical interpretation, see transduction

T-central, see star decomposition, see segrega-
tion

tail, 20
tangle, 488
Third Angle Lemma, 209
tight, see decomposition, see o-decomposition,

see pre-decomposition
tip, 361
topological minor, 19
topological subgraph, 19
topological space, 189

boundary, 189
closure, 189
interior, 189
subspace, 189

torso, 95, 97, see quasi-4-connected component,
see design

torus, 190
transduction, 33
contraction, 37
dimension, 34
domain, 33
domain variable, 34
graph, 35
naive minor, 38
normal, 63
numerical, 34
parameter, 33
parameter independent, 59
simple, 34
subgraph, 36

Transduction Lemma, 34
Transduction Lemma for Definable Decompo-

sitions, 133
Transduction Lemma for Definable O-Decom-

positions, 161
Transitivity Lemma, 134
tree, 20
directed, 20
rooted, 20
spanning, 20

treelike decomposition
normal, 104
strict, 104

tree decomposition, 94, 119
adhesion, 95
height, 150
over, 95

tree width, 95
triple torus, 190
trivial, see shortest path system
Turing machine, 41
type, see segregation

uncrackable, 491
Union Lemma for Definable Decompositions,

130
Union Lemma for Definable Ordered Decom-

positions, 159
Union Lemma for Definable Orders, 53

variable
individual, 22, 27
number, 27
relation, 23
type, 27
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vertex, 27

vertex of attachment, 18

vocabulary, 21

vortex, 302

protect, 405

walk, 17

closed, 17

endvertex, 17

length, 17

simple, 17

simple closed, 17

wall, 365

weighted structure, 505

definable canonisation, 507

expansion, 505

Gaifman graph, 505
induced substructure, 505
isomorphism, 506
restriction, 505
underlying plain structure, 505
union, 505

Weisfeiler–Leman algorithm, 84
distinguish, 85
identify, 85

wheel, 304
Whitney’s Theorem, 203
wide, 372
width, 95, 98
width-k completion, 281
WL, see Weisfeiler–Leman algorithm
WL-dimension, 515

www.cambridge.org/9781107014527
www.cambridge.org

