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Descriptive Complexity, Canonisation,

and Definable Graph Structure Theory

Descriptive complexity theory establishes a connection between the computational

complexity of algorithmic problems (the computational resources required to solve the

problems) and their descriptive complexity (the language resources required to

describe the problems).

This ground-breaking book approaches descriptive complexity from the angle of

modern structural graph theory, specifically graph minor theory. It develops a

‘definable structure theory’ concerned with the logical definability of graph-theoretic

concepts such as tree decompositions and embeddings.

The first part starts with an introduction to the background, from logic, complexity,

and graph theory, and develops the theory up to first applications in descriptive

complexity theory and graph isomorphism testing. It may serve as the basis for a

graduate-level course. The second part is more advanced and mainly devoted to the

proof of a single, previously unpublished theorem: properties of graphs with excluded

minors are decidable in polynomial time if, and only if, they are definable in

fixed-point logic with counting.

M A R T I N G R O H E is a Professor of Theoretical Computer Science at RWTH

Aachen University, where he holds the Chair for Logic and the Theory of Discrete

Systems. His research interests are in theoretical computer science interpreted broadly,

including logic, algorithms and complexity, graph theory, and database theory.

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

L E C T U R E N OT E S I N L O G I C

A Publication of The Association for Symbolic Logic

This series serves researchers, teachers, and students in the field of symbolic

logic, broadly interpreted. The aim of the series is to bring publications to the

logic community with the least possible delay and to provide rapid

dissemination of the latest research. Scientific quality is the overriding

criterion by which submissions are evaluated.

Editorial Board

Jeremy Avigad

Department of Philosophy, Carnegie Mellon University

Zoe Chatzidakis

DMA, Ecole Normale Supérieure, Paris

Peter Cholak, Managing Editor

Department of Mathematics, University of Notre Dame, Indiana

Volker Halbach

New College, University of Oxford

H. Dugald Macpherson

School of Mathematics, University of Leeds

Slawomir Solecki

Department of Mathematics, University of Illinois at Urbana–Champaign

Thomas Wilke

Institut für Informatik, Christian-Albrechts-Universität zu Kiel

More information, including a list of the books in the series, can be found at

http://www.aslonline.org/books-lnl.html

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

L E C T U R E N OT E S I N L O G I C 4 7

Descriptive Complexity, Canonisation,
and Definable Graph Structure Theory

MARTIN GROHE
Rheinisch-Westfälische Technische

Hochschule, Aachen, Germany

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Shaftesbury Road, Cambridge CB2 8EA, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314–321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre, New Delhi – 110025, India

103 Penang Road, #05–06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of Cambridge University Press & Assessment, 

a department of the University of Cambridge.

We share the University’s mission to contribute to society through the pursuit of 

education, learning and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/9781107014527

DOI: 10.1017/9781139028868

Association for Symbolic Logic

Richard A. Shore, Publisher

Department of Mathematics, Cornell University, Ithaca, NY 14853

http://www.aslonline.org

©  Association for Symbolic Logic 2017

This publication is in copyright. Subject to statutory exception and to the provisions

of relevant collective licensing agreements, no reproduction of any part may take 

place without the written permission of Cambridge University Press & Assessment.

First published 2017

A catalogue record for this publication is available from the British Library

Library of Congress Cataloging-in-Publication data

Names: Grohe, M. (Martin) | Association for Symbolic Logic.

Title: Descriptive complexity, canonisation, and definable graph structure

theory /Martin Grohe, Rheinisch-Westfälische Technische Hochschule,

Aachen, Germany.

Description: Cambridge :Cambridge University Press, 2017. | Series: Lecture

notes in logic ; 47 | “Association for Symbolic Logic.”

Identifiers: LCCN 2016053731 | ISBN 9781107014527

Subjects: LCSH: Graph theory.

Classification: LCC QA166 .G7545 2017 | DDC 511/.5–dc23

LC record available at https://lccn.loc.gov/2016053731

ISBN   978-1-107-01452-7   Hardback

Cambridge University Press & Assessment has no responsibility for the persistence

or accuracy of URLs for external or third-party internet websites referred to in this 

publication and does not guarantee that any content on such websites is, or will 

remain, accurate or appropriate. 

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

CONTENTS

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Chapter 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1. Graph minor theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2. Treelike decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3. Descriptive complexity theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4. The graph isomorphism problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5. The structure of this book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6. Bibliographical remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Part 1. The basic theory

Chapter 2. Background from graph theory and logic . . . . . . . . . . . . 14

2.1. General notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2. Graphs and structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3. Logics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4. Transductions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

Chapter 3. Descriptive complexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1. Logics capturing complexity classes . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2. Definable orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3. Definable canonisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.4. Finite variable logics and pebble games . . . . . . . . . . . . . . . . . . . . . 71

3.5. Isomorphism testing and the Weisfeiler–Leman algorithm . . . 79

Chapter 4. Treelike decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.1. Tree decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.2. Treelike decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3. Normalising treelike decompositions . . . . . . . . . . . . . . . . . . . . . . . 104

4.4. Tight decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.5. Isomorphisms, homomorphisms, and bisimulations . . . . . . . . . 116

4.6. Tree decompositions and treelike decompositions . . . . . . . . . . . 118

v

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

vi Contents

Chapter 5. Definable decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.1. Decomposition schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.2. Normalising definable decompositions . . . . . . . . . . . . . . . . . . . . . 126

5.3. Definable tight decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.4. Lifting definability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.5. Parametrised decomposition schemes . . . . . . . . . . . . . . . . . . . . . . 130

5.6. The transitivity lemma. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

Chapter 6. Graphs of bounded tree width . . . . . . . . . . . . . . . . . . . . . . . . 148

6.1. Defining bounded-width decompositions . . . . . . . . . . . . . . . . . . . 148

6.2. Defining bounded-width decompositions top-down . . . . . . . . . 151

Chapter 7. Ordered treelike decompositions . . . . . . . . . . . . . . . . . . . . . . 155

7.1. Definitions and basic results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.2. Parametrised o-decomposition schemes . . . . . . . . . . . . . . . . . . . . 160

7.3. Extension lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.4. Canonisation via definable ordered treelike decompositions. . 166

Chapter 8. 3-connected components . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.1. Decomposition into 2-connected components . . . . . . . . . . . . . . . 176

8.2. 2-separators of 2-connected graphs . . . . . . . . . . . . . . . . . . . . . . . . . 179

8.3. Decomposition into 3-connected components . . . . . . . . . . . . . . . 182

Chapter 9. Graphs embeddable in a surface . . . . . . . . . . . . . . . . . . . . . . . 189

9.1. Surfaces and embeddings of graphs . . . . . . . . . . . . . . . . . . . . . . . . 189

9.2. Angles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

9.3. Planar graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

9.4. Graphs on arbitrary surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

Part 2. Definable decompositions of graphs with excluded minors

Chapter 10. Quasi-4-connected components . . . . . . . . . . . . . . . . . . . . . . . 232

10.1. Hinges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232

10.2. Decomposition into quasi-4-connected components . . . . . . . . . 254

10.3. The Q4C Lifting Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

Chapter 11. K5-minor-free graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

11.1. Decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

11.2. Definability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275

Chapter 12. Completions of pre-decompositions . . . . . . . . . . . . . . . . . . . 277

12.1. Pre-decompositions and completions . . . . . . . . . . . . . . . . . . . . . . . 277

12.2. Ordered completions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280

12.3. Bounded-width completions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

12.4. Derivations of pre-decompositions . . . . . . . . . . . . . . . . . . . . . . . . . 285

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents vii

12.5. The finite extension lemma for ordered completions . . . . . . . . . 286

12.6. The Q4C Completion Lemma. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289

Chapter 13. Almost planar graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 301

13.1. Relaxations of planarity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302

13.2. Central vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308

13.3. Defining the central faces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312

13.4. Centres and skeletons. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 345

13.5. Decomposing almost planar graphs and their minors. . . . . . . . 349

Chapter 14. Almost planar completions . . . . . . . . . . . . . . . . . . . . . . . . . . . 361

14.1. From almost planar to ordered completions . . . . . . . . . . . . . . . . 361

14.2. Grids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363

14.3. Supercentre and superskeleton . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 378

14.4. The completion theorem for quasi-4-connected graphs . . . . . . 380

14.5. MAPp-star completions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385

14.6. Proof of the Almost Planar Completion Theorem 14.1.3 . . . . 390

Chapter 15. Almost-embeddable graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . 393

15.1. Arrangements in a surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393

15.2. Shortest path systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 407

15.3. Simplifying and safe subgraphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411

15.4. Patches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 413

15.5. Belts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426

Chapter 16. Decompositions of almost-embeddable graphs . . . . . . . . 438

16.1. The Combination Lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 438

16.2. The Last Extension Lemma. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 445

16.3. Decomposing almost-embeddable graphs and their minors . . 470

16.4. Almost-embeddable completions . . . . . . . . . . . . . . . . . . . . . . . . . . . 476

Chapter 17. Graphs with excluded minors . . . . . . . . . . . . . . . . . . . . . . . . 487

17.1. The structure of graphs with excluded minors . . . . . . . . . . . . . . . 487

17.2. The main theorem. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493

Chapter 18. Bits and pieces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502

18.1. From graphs to relational structures . . . . . . . . . . . . . . . . . . . . . . . . 502

18.2. Lifting canonisations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 504

18.3. Invariant decompositions and canonisation . . . . . . . . . . . . . . . . . 511

18.4. Directions for further research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513

Appendix A. Robertson and Seymour’s version of the Local

Structure Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 518

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 523

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

viii Contents

Symbol index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535

www.cambridge.org/9781107014527
www.cambridge.org


Cambridge University Press & Assessment
978-1-107-01452-7 — Descriptive Complexity, Canonisation, and Definable Graph Structure Theory
Martin Grohe
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

PREFACE

This monograph evolved around the proof of a single theorem: fixed-point logic

with counting captures polynomial time on all graph classes with excluded minors.

The proof of this theorem heavily relies on structural graph theory, and the core

question that needs to be addressed is how to make graph-theoretic concepts

definable in logic. As many of those graph-theoretic concepts, for example, tree

decompositions, are not invariant under isomorphisms and as isomorphism

invariance is a prerequisite for being definable, the graph theory needs to be

adapted. This leads to the definable graph structure theory presented in this

monograph.

I started to work on this topic in 1997, a few years after I completed my

PhD. At the time, I was mainly interested in finite model theory and especially

in the main open problem of the area: the question of whether there is a logic

that captures polynomial time. The results I had proved at the time were

mostly “negative”: counterexamples to nice conjecture and inexpressibility

results, usually involving the construction of very complicated graphs and

combinatorial structures. I felt a certain desire to prove a “positive” result for

once, so I started to look at simpler structures, in the naive hope that on such

structures the complicated counterexamples could be avoided and everything

would work out nicely. To cut a long story short: it did, though only after a

few complications and learning a lot of graph theory.

Jörg Flum encouraged me to present the material in a book rather than

a series of technical papers, and I think this was a good idea. This book

has greatly improved through the discussions I had with and comments and

corrections I received from my colleagues. I am very grateful to all of them! In

particular, I would like to thank Achim Blumensath, Reinhard Diestel, Jörg

Flum, Frederik Harwath, Neil Immerman, Skip Jordan, Stephan Kreutzer,

Martin Otto, Pascal Schweitzer, Wolfgang Thomas.
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