
Index

absolute acceleration, 282
absolute derivative, 253–4
absolute differential calculus, 222
absolute length, 51
absolute Newtonian time, 50, 278
absolute objects, 279

Christoffel symbols in flat spacetime as, 280
absolute spacetime, 41
absolute time, 51
abundance of primordial helium, 453, 455
abundances of light elements, 454f, 455t
accelerated motion

general relativity and, 276
hyperbolic motion, 90

accelerated reference frames, 17, 39, 135–6,
275–6

acceleration
absolute, 282
deceleration parameter and, 399
EGG and, 39
of expansion of universe, 399–400
of gravitation, 41
gravitational mass and, 18
at horizon of black hole, 320, 361
Lorentz transformation for, 90
of neutron, 26
pseudo-forces and, 41
relative, of particles, 253–4
Riemann curvature tensor and, 252

accidentals in detectors, 209
accretion by black hole, 376–9
accretion disk, 376–9

quasiperiodic oscillations of, 381
acoustic oscillations in early universe, 408

angular size of, 471
density parameters from, 472
peaks in, 470
periods and wavelengths of, 471
spectrum of anisotropies and, 470f
speed of sound waves and, 470

acoustic peaks, 470–1
action and Lagrangian, 107–8, 477, 480
action principle. See variational principle;

Lagrangian
action-at-distance, 2

vs. local action, 2
active gravitational mass, 18n3, 494–5
adiabatic expansion, 444, 450n2

ADM mass formula, 494. See also flux theorem
AEGIS experiment, 28
affine geometry, 221

metric geometry and, 240
age of universe

from age of elements, 402–3
from age of globular clusters, 403–4
in theoretical models, 435, 437t
from radioactive dating, 402

Airy, method, 7–8
ALLEGRO, 210t
alternating symbol, 85
alternative theories of gravitation, 28, 495
analogy of gravitation and electromagnetism, 104t
angular distribution of gravitational radiation, 194–5
angular momentum. See also spin

of black hole, 344, 363
conservation of, 493
energy-momentum tensor and, 165–8
in gravitational wave, 186
for orbital motion, 300–1, 304–5, 345–7
of rotating mass, 165–6
as source of torsion, 228n3
work, velocity and, 363

angular-diameter distance, 394
luminosity distance and, 433–4

angular-momentum tensor, 60
anisotropies in CBR, 396–7, 400, 402f, 406–8,

470–2
antibaryons, 450
antimatter, gravitation of, 28
antiprotons, 28
antisymmetric tensor, 62

electromagnetic field tensor as, 84
Riemann tensor as, 246

antisymmetry, comoving coordinates and, 413
apparent brightness, 391–2
apparent shift of stars, 140
arclets, 157
Arecibo radio telescope, 144, 201, 303
assumptions for Einstein’s field equation, 284, 290
astrogator coordinates, 224
astronomical constants, xvi
atom interferometry, 26
atomic clocks

gravitational fields and, 123
gravitational time dilation and, 133–5
tidal force and, 122–3
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atomic fountain, 26
AURIGA, 210f, 210t
axions, dark mass and, 409

barrier-penetration factor, 364
baryon number
baryons

acoustic oscillations of, 470–2
black holes and, 374
in early universe, 449–50
Jeans mass of, 458
mass density of, 411
as source of gravity, 25
spin as source of torsion, 228
Yukawa potential and, 8

basis vector, 78–82
covariant derivative of, 259

bending angle, 306–7. See also deflection angle
impact parameter and, 307f

Bianchi identities, 248
Einstein’s field equation and, 286–7, 290
invariance and, 490–1

Big Bang 390, 401, 444
and cosmic background radiation, 390, 446
and curvature, 447
Friedmann models and, 431
helium and, 451
and Hubble age, 404
in models of universe, 422–3, 435, 426t, 428
nucleosynthesis and, 404–5, 411, 451–6
and particle horizon, 431–2
as primordial explosion, 390, 447
and singularity, 466

binary pulsar systems. See also PSR 1913+16
time delay of light and, 146

binary systems. See also PSR 1913+16
with black hole, 378, 380t
gravitational radiation from, 199–205, 200t
orbital motion of, 200–3
virial theorem and, 292

binding energy. See gravitational binding energy
Birkhoff’s theorem, 298

black holes and, 332
compared with Newton’s theorem, 298
gravitational collapse and, 360
Hubble’s law and, 399
spherical symmetry and, 298

black hole
accretion disk of, 376–9
angular momentum of, 344
angular velocity of, 363, 383
baryon number and, 374
in binary systems, 378, 380t
Birkhoff’s theorem and, 332
dark mass and, 409
electric field and, 333–4
electrically charged, 346–8
entropy and, 362–3
event horizon of, 329–35

formation of, 367–75
free-fall time in, 332–3
from supernovas, 373
in galaxies, 377–8
gamma rays and, 367
gravitational collapse and, 324–87, 332, 341,

357–60, 367–75
gravitational lenses and, 376
gravitational radiation by infalling particle, 205–7
gravitational time dilation and, 332
Hawking process and, 363–7
as heat sink, 361
horizon of, 329–35
horizon in x, y, z coordinates, 329f
irreducible mass of, 354–5, 384
Kerr geometry and, 343–6
Kruskal coordinates and, 341, 335
lepton number and, 374
light cones in, 331, 342, 351–2
magnetic dipole moment of, 348
mass of, 379–80
maximal Kerr geometry and, 356–60
maximal Schwarzschild geometry and, 337–41
minihole, 366
particles emitted by, 365–6
as power source for quasars,158, 377
Reissner-Nordstrøm geometry and, 346–8
rotating, 343–7, 349–56, 352f
Schwarzschild radius and, 332
search for, 375–81
singularity in, 325–9, 332
spacelike and timelike coordinates in, 330
spectrum of radiation emitted by, 365
spin angular momentum of, 344, 346n4
temperature of, 362–7
as thermal blackbody, 363, 365
thermodynamics of, 360–7
3-D geometry of, 339–40
time-evolution of, 340–1, 340f
wordlines in, 332, 337f, 341
as X-ray source, 378–81

black star, 372
blackbody radiation. See also cosmic background

radiation
discovery of, 405
in early universe, 404
fluctuations over sky, 400
spectrum of, 406, 406f

blueshift, 357–8, 473
Boltzmann factor, 365, 453
boost, 58, 186, 433
bosons, 449
brace notation for Christoffel symbols, 232
Brans-Dicke theory, 104, 186
brown dwarf, 409
bursts of gravitational radiation, 204–8

calculus
absolute differential, 222
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exterior, of Cartan, 76–87
canonical energy-momentum tensor, 482,

492
canonical momentum, 108, 111–12, 478
Cartan, Élie, 77–8
cataclysmic binaries, 200t
Cauchy horizon in rotating black hole,

357–8
caustic surface

gravitational lens and, 152–4
vs. conjugate caustic surface, 162–3

Cavendish, Henry J., 3–4, 9
CBR. See cosmic background radiation
centrifugal pseudo-force, 22–3, 23f, 278
Cepheid stars, 393
Ceres, 1
cesium atoms, free fall of, 26
Chandra X-ray satellite, 378f, 379–80
Chandrasekhar limit, 369, 372, 393
charge density, 72

as source for electromagnetism, 96
charge conservation, 72
Christoffel symbols, 227, 227n2, 228

as absolute objects in flat spacetime, 280
brace notation for, 232
in covariant derivative, 230–1, 250t
curvature scalar and, 273, 488
in equations of electrodynamics, 282
flat spacetime and, 229
general covariance and, 277
in geodesic equation, 232–3, 250t
linear transformation and, 243
in local geodesic coordinates, 234–5
metric tensor and, 240, 242, 250t, 280
in Palatini method, 487–88
in parallel transport, 227–8
Riemann tensor and, 244, 250t
for Schwarzschild geometry, 241, 296
transformation law for, 231–2
variational principle and, 488

clock
comoving coordinates and, 412
curved spacetime and, 118–23
freely falling and time dilation, 119
geometrodynamic, 88
gravitational fields and, 119, 122
gravitational time dilation of, 130–7
hydrogen-maser, 133–4
infinite redshift and, 328–9, 349–50
infinite time dilation, 325–6, 328
Marzke-Wheeler, 88
metric tensor and, 130
spacetime and, 52–3, 134–5
spacetime interval and, 52–3
synchronization in universe, 412
time delay of light and, 148
synchronization by transport of, 134–5
worldlines and, 52–3

closed space, 416

COBE. See Cosmic Background Explorer
cold dark mass, 461
Coma cluster, 410
comma to semicolon rule, 283
commutation of covariant derivatives, 249–50
comoving coordinates

clocks and, 412
equation of motion and, 412
homogeneity and, 413
isotropy and, 413–14
spacetime interval and, 413
universe and, 411–18

conformal coordinate transformation, 357
conformal transformation, 104n
conformally flat, 423
conjugate caustic surface, 162–3
conservation law

cosmological constant and, 291
Einstein’s field equation and, 286–7
for electric charge, 87, 103
for energy and momentum, 59, 70
for energy-momentum tensor, 66–70, 103, 286–7,

489–90
equation of motion and, 109, 111–2, 300–1
general invariance and, 489–90
Killing vectors and, 267–8

constants of motion and Killing vectors, 267
constants of motion in Schwarzschild geometry,

300–1
constants

fundamental, xv
astronomical, xvi
conversion, xv

contraction of tensor, 61, 83
contravariant components of position vector,

56, 60
contravariant vector

general coordinate transformation of, 225
Lorentz transformation of, 58
parallel transport of, 231
scalar product of, 80–1

conversion constants, xv
coordinate condition and Einstein’s field equation,

288
coordinate independence and covariance, 276–9
coordinate transformation

for Christoffel symbols, 231–2
for contravariant vector, 58, 225
for covariant vector, 61, 225
in curved spacetime, 117
for determinant of metric tensor, 272
as gauge transformation, 280
general, 224–5
general invariance and, 279
of inertial reference frames, 53
infinitesimal as gauge transformation, 280–1
singularity and, 327
for tensor, 59, 225–6
for vector, 58, 225
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coordinates, 79–80
general invariance and, 275–6
general, 223
independence of laws from, 276
and inertial reference frame, 17, 29, 39, 47, 49,

53, 243, 277
local geodesic, 234, 277, 283–5, 287, 290–1
pseudosingularity and, 326
Riemannian geometry and, 223–6
for spacetime points, 80

Copernican tradition, 390
Coriolis force, 17, 278
Cosmic Background Explorer (COBE), 406–7
cosmic background radiation (CBR), 390–1, 404–8

acoustic peaks in, 470
anisotropies in, 396–7, 400, 402f, 406–8, 470–2
decrease of temperature of, 405
dipole term in, 406
discovery of, 405
in early universe, 446
expansion of, 405
motion of Earth and, 406
redshift of, 405
smoothness puzzle and, 465–6
sound waves in, 470
spectrum of, 406, 406f
spectrum of anisotropies of, 470f
temperature of, 405–6

cosmic blackbody radiation. See cosmic background
radiation

cosmic censorship conjecture, 359, 375
cosmic distances, 392–4
cosmic thermal radiation, 396–7. See also cosmic

background radiation
cosmological acceleration, 293, 398–400
cosmological constant, 291–3, 398–400

and acceleration, 398–400
conservation law and, 291
Einstein’s gravitational theory and, 288–93
mass density of, 291–3, 411
as mass density of vacuum, 291–3, 398–9
negative mass density of, 292
Schwarzschild solution and, 299

cosmological distance ladder, 393
cosmological parameters and CBR anisotropies,

402f, 472
Cosmological Principle, 391
cosmological redshift

dark mass and, 411
Doppler shift and, 395
for galaxies, 395–6
and Hubble’s law, 395–6
luminosity distance and, 433–4
of quasars, 392
propagation of light and, 430
redshift parameter z, 395, 434

cosmological term. See also cosmological constant
dominance of, 389

as energy-momentum of vacuum, 291–2
mass density of, 291, 398–9

cosmology, 389–441
Coulomb’s law

Maxwell’s equations from, 55
covariance, 276–9

as form-independence of an equation, 276
Newton’s 2nd law as an example, 277–8

covariant components
of position vector, 56, 60, 61
of Riemann curvature tensor, 245–6

covariant derivative, 226–32
of basis vector, 259
commutation and Riemann tensor, 249–50, 260
differential forms and, 258
of metric tensor, 239–40
noncommutativity of, 249
of scalar field, 231
of tensor, 231, 258–9
of vector, 231

covariant vector
general coordinate transformation and, 225
Lorentz transformation and, 61
scalar product of, 60, 80–1

Crab pulsar, 204, 372
critical density

for black hole, 325
for universe, 399

critical electric field, 384–5
critical mass

for neutron star, 370–1
for white dwarf, 369

current conservation law, 72–3, 87, 98, 100n2, 103
current density, 72

dual, 86
as four-vector, 72–3
as source for electromagnetic field, 96–7

curvature. See also Riemann curvature tensor
in early universe, 447
intrinsic and extrinsic, 221–2

curvature scalar, 248
curvature tensor. See Riemann curvature tensor
curved spacetime. See also Riemannian geometry

clocks in, 118–23
as consequence of linear approximation, 117–23,

221
coordinate transformations in, 117
differential forms in, 257–62
equivalence principle and, 122–3
geodesic equation in, 118
as ingredient for Einstein’s theory, 289
Maxwell’s equations and, 333
metric tensor of, 117, 237
radar ranging and, 120–1
tensors in, 226
time dilation as evidence for, 134–5

cycloid, 422
Cygnus X-1, 379–80, 380f
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dark energy, 389, 428
mass density of, 411t

dark mass, 6, 375
arclets and, 157
baryon perturbations and, 458
candidates for, 461t
cold, 461
density of, 472
gravitational lenses and, 157
hot, 461
in galaxies, 157, 461
mass density of, 411
neutrinos and, 461
universe and, 408–11

de Sitter cosmological model, 426
de Sitter precession, 170. See geodetic precession

angular velocity of, 312
deceleration parameter, 399–400
deceleration of speed of light, 148–9
decoupling of neutrinos, 474–5
decoupling of photons, 446
deflection of light, 138–42

deflection angle, 139–40, 160–1, 306–7, 307f
Einstein’s prediction for, 127
and equation of motion for photons, 138
and impact parameter, 140f, 307f
radio waves and, 141–2
in Schwarzschild geometry, 306
by Sun, 140–2

deformation produced by gravitational wave,
188–90

degenerate gas
of electrons, 368
of neutrons, 369

density. See also specific kinds
of charge, 72
of energy, 66
of mass, 66
of mass in universe, 411t
of momentum, 66
of radiation, 411, 445

density contrast, 459–60
density parameters, 399–400, 410, 428, 436

from CBR anisotropy data, 402f, 472
from distance data, 399–400, 402f

derivation of Einstein’s field equation, 284–91
derivation of Maxwell’s equations, 95–9
derivative along the curve, 253
detectors of gravitational waves, 208–15
determinant of metric tensor, 272
deuterium abundance, 455
deuterium production, 411
diagnostic chart for evolution of universe, 429t
Dicke’s test of gravitational vs. inertial mass, 23–4
differential calculus, absolute, 222
differential forms, 80–2. See also 1-forms

covariant derivatives and, 258
for current density, 86

in curved spacetime, 257–62
for electromagnetic field, 85, 87
geodesic equation and, 260
Maxwell’s equations and, 86
1-forms, 80
p-forms, 85
Riemannian geometry and, 257–62
special relativity and, 76–87
tensors and, 82–4
2-forms, 84–5
tangent vectors and, 80
for vector potential, 87

differential manifold, 221
differentiation

and parallel transport, 227–30
of tensor, 64, 226–31
of vector, 64, 81, 230–1, 258–9

dipole moment, 14
dipole term in cosmic background radiation, 406
directional derivatives, as vectors, 79–80
disk singularity of rotating black hole, 353
distance

in curved spacetime, 117, 122, 236–8
in flat spacetime, 50–1
by radar ranging, 53, 238

diurnal tide, 34n8
Doppler shift, 406

gravitational time dilation and, 133–4
redshift and, 136, 395
time delay of light and, 146

dual
of current density, 86
of electromagnetic field, 86

dummy index, 56, 62
dyadosphere, 384

early universe, 444–76
age and Hubble constant, 448
chronology of, 449f
cosmic background radiation in, 446
curvature of, 447
density of matter and radiation, 445
Einstein’s field equation for, 447
energy-momentum tensor and, 447
equal matter and radiation density, 446
eras and evolution of, 449–451
Friedmann-Lemaı̂tre model for, 446–7
hadron era of, 449–50
heavy elements in, 444, 455
helium in, 444, 451–6
homogeneity of, 447
Hubble age and, 448
hydrogen in, 446
inflationary model for, 462–73
initial value of density parameter, 464
Jeans mass and, 456–62, 458f
lepton era of, 450
mass density in, 448
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early universe (cont.)
matter era of, 446, 450
nucleosynthesis in, 405, 451–6
perturbations in, 456–62
perturbations with expansion, 459t
photons in, 446
quantum era of, 449
radiation era of, 446, 450
radius of curvature of, 448
singularity theorems and, 466
Standard Model for, 444
temperature of, 445–51

Earnshaw theorem, 375
Earth

cosmic background radiation and, 406
gravitational field of, 128
gravitational self-energy of, 26
gravitomagnetic field of, 167, 314
perihelion precession of, 303t
quadrupole moment of, 14
spin of, 167
spin-orbit coupling with gyroscope, 167–8, 313
spin-spin coupling with gyroscope, 169, 314
tidal forces and, 29–40, 33n8

Earth-Moon system as gyroscope, 314
eclipsing binaries, 200t
Eddington, Sir Arthur, 283
Eddington-Finkelstein coordinates, 341, 364

ingoing and outgoing, 382
effective potential

Schwarzschild geometry and, 304–5
turning points and, 305
smallest stable orbit in, 305

efficiency of thermodynamic engine, 362
EGG. See electrostatic gravity gradiometer
Einstein, Albert, 47

equivalence principle of, 41
Gedankenexperiment for redshift, 135–7
general relativity, 1, 15–16
gravitational waves and, 182
spacetime and, 47
perihelion precession and, 1
deflection of light and, 140–1

Einstein-Cartan theory, 228, 228n3
Einstein Cross, 155, 158
Einstein rings, 155–6

angular radius of, 151
arcs and, 164
gravitational lenses and, 151–2
microlensing and, 158

Einstein-Rosen bridge, 338
Einstein summation convention, xviii, 55
Einstein universe, 427
Einstein’s field equation, 284–93

approaches to, 284, 288
assumptions for, 284, 290
Bianchi identities and, 286–7, 290
conservation law and, 286–7

coordinate conditions for, 288
cosmological models and, 418–28
cosmological term in, 291–3
derivation of, 284–5, 290–1
for early universe, 447
energy-momentum tensor and, 284, 286, 290
equation of motion and, 286–9
gauge transformation and, 276–84, 287–8
and Gauss’s law, 493–4
general invariance and, 287, 289
geodesic equation and, 287
and Hubble constant, 431
linear approximation for, 101–6, 285
in local geodesic coordinates, 284–5, 287
metric tensor and, 285
Newtonian potential and, 290
Riemann tensor and, 285
Schwarzschild solution and, 296
SEP and, 290
variational principle for, 486–9

Einstein’s gravitational theory, 275–93. See also
Einstein’s field equation

Birkhoff’s theorem and, 298
coordinate independence and, 276–9
cosmological models and, 418–28
cosmological term and, 288–93
curved spacetime and, 288–9
field equation in, 284–93
gauge transformations and, 276–84
general covariance and invariance in, 276–84
light propagation and, 305–9
motion of planets and, 299–305
perihelion precession and, 1, 302–4
redshift and, 305–9
Schwarzschild geometry and, 293–9
tidal forces and, 29–41, 254–5

electric charge
conservation law for, 72, 87
Reissner-Nordstrøm geometry and, 346–7

electric field
black hole and, 333–4
critical value of, 384–5

electrodynamics. See also electromagnetism
electromagnetic field tensor, 71
energy-momentum tensor for fields, 74
gauge transformation of, 282
gravitational fields and, 282
Maxwell’s equations as tensor equations, 71–2,

282
nonminimal coupling for, 283–4, 283n5
relativistic formulation of, 71–6
SEP and, 283–4
in special relativity, 71–6

electromagnetic field
analogy with gravitational field, 104t
of charged black hole, 348
as differential form, 87
described by field tensor, 71
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described by vector potential, 75–6
dual of, 86
energy density of, 75
energy-momentum tensor of, 74–5, 484–5
field equations for, 71–2, 483
Lagrangian for, 484
linearity of, 73n13
Lorentz transformation of, 73–4
self-energy of, 27

electromagnetic field tensor
Lorentz transformation of, 73–4
in terms of E and B, 71

electromagnetic vector potential, 75–6
electromagnetism. See also electrodynamics

analogy with gravitation, 104
energy-momentum tensor for fields, 74, 484–5
as example of a linear theory, 95–101
Lagrangian for field equations, 484
Lagrangian for particle motion, 110

electron-positron pairs, 293
electrons, in early universe, 448–9
electrostatic gravity gradiometer (EGG), 39, 40f
elements, age of, 402–3
elevator Gedankenexperiment, 136–7

Newtonian velocity-addition law and, 136–7
inertial reference frame and, 136

emission of particles by black hole, 364
empty Lemaı̂tre models

de Sitter model, 426
Einstein’s field equation and, 424, 425
for negative curvature, 425
for positive curvature, 424–5
radius of curvature vs. time, 425, 425f
for zero curvature, 425–6

energy of circular orbit
in Kerr geometry, 347, 353
in Schwarzschild geometry, 347

energy density, 64, 66
as source for gravitation, 101–2
of electromagnetic field, 75
of gravitational field, 184, 185n1, 485

energy density in fields, 483, 485
energy extraction from black hole, 353–5
energy flux density, 65, 185
energy-mass relation, 69–70
energy-momentum four-vector

for complete system, 67
equation of motion and, 243, 287

for particle, 59
as tangent vector or as 1-form, 79, 81

energy-momentum. See also energy momentum
four-vector, energy-momentum tensor

calculated from energy-momentum tensor, 67–9
canonical, 108, 111–2, 478
conservation law for, 59, 66, 70, 103
energy-momentum four-vector, 59
gravitational waves and, 185–6
relativistic, 59

energy-momentum tensor, 64–70, 482–5
canonical, 482, 492
conservation law for, 66–7, 70, 286, 482
conservation law from invariance, 489–90
definition of, 66
for dust cloud, 64–6
Einstein’s field equation and, 284, 286, 290, 489
of electromagnetic field, 74–5, 484
energy density and, 185, 483, 485
energy flux of gravitational wave and, 185
for fields, 482
for fluid with pressure, 66
for gravitational field, 170, 184–5, 284, 484, 492
for gravitational wave, 184–5, 191
for Klein-Gordon field, 483
for nonlinear gravitational field, 492
Lagrangian and, 111, 482–5
Landau-Lifshitz, 493n10
pseudo-energy-momentum tensor, 493
for radiation, 447
as source for gravitation, 101
symmetry of, 483
trace of, 101–2
for vacuum, 291

energy released by accretion
Kerr black hole, 376
Schwarzschild black hole, 376–7

energy as source of gravitational mass, 25–6, 25t
entropy density of gas, 475
entropy, black hole and, 362–3
Eötvös, Lorand von, 20, 26

test of gravitational vs. inertial mass, 20–3
torsion balance of, 21f, 22f

equal matter and radiation density, 446
equality of gravitational and inertial mass, tests of,

19–28, 21t
equation of motion. See also geodesic equation

comoving coordinates and, 412
covariant form of Newton’s equation, 277–8, 317
covariant reformulation of, 277
curved spacetime and, 289
Einstein’s field equation and, 287
in electromagnetic field, 74, 110
as Euler-Lagrange equation, 106–11, 117–8,

241–3, 289, 478
for fluid, 456
free fall and geodesic equation, 243
general coordinates and, 277
general covariance and, 277
geometric interpretation, 289
in gravitational field, 17–8, 106–11, 117–8,

242–3, 287, 289
in gravitational wave field, 187
inertial coordinates and, 277
from Lagrangian, 106–11, 117–8, 241–3, 289,

478
nonrelativistic limit and, 113
in Schwarzschild geometry, 299–300
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equation of motion (cont.)
SEP and, 283
for spin, 37, 310–2
variational principle and, 106–11, 242–3, 289,

478
equivalence of gravitational and inertial mass. See

equality of gravitational and inertial mass,
tests of

equivalence principle, 18–28
curved spacetime and, 122–3
of Einstein, 41
of Galileo, 17, 19–20, 41, 287
gravitational time dilation and, 132
of Newton, 18–19, 28, 287
special relativity and, 137
strong (SEP), 41, 283
tests of, 21t
time dilation and, 135–7
weak (WEP), 41

ergosphere, 353–4
and energy extraction, 353

Euclidean topology, 49
Euler-Lagrange equation, 108–11. See also equation

of motion; geodesic equation
in curved spacetime, 117–8, 241–3
for free particle, 106–9, 478
in electromagnetic field, 109–10
in gravitational field, 110–12, 117–8, 241–3, 289
variational principle and, 106–11, 241–3, 289, 478
as geodesic equation, 118, 241–3

event horizon, 329–35
in flat spacetime, 329–30
as global property of spacetime, 330
hydrodynamic analog for, 386
infinite-redshift surface and, 330
in Kerr geometry, 349–51
light cones and, 331, 331f, 342f, 352f
as one-way membrane, 329
in Rindler coordinates, 329–30
and singularity, 329
in Schwarzschild geometry, 329–42

evolution of galaxies, 462
exoplanets, microlensing by, 158–9
exotic particles, 390, 409, 461
EXPLORER, 210t
exterior calculus

special relativity and, 76–87
tangent vectors in, 78–80

exterior derivative of p-forms, 85–6
exterior product of 1-forms, 84
extremum action, 101. See also variational principle
extrinsic curvature, 221–2

Fermi coordinates, 235
construction of, 236f
Fermi-Walker transport and, 257
parallel transport and, 255

Fermi energy, 368–9

Fermi gas
of electrons, 368
of neutrons, 369

Fermi momentum, 368–9
Fermi transport, 235–6

Fermi-Walker transport and, 256
Fermi-Thomas method, 370–2, 386
Fermi-Walker transport, 255–7

Fermi coordinates from, 257
Fermi transport and, 256
four-velocity and, 256
gyroscopes and, 257
Lorentz transformation and, 256–7
Thomas precession and, 310

Feynman diagram, 364
field, 62

action-at-distance vs. local action by fields, 2
Lagrangian for fields, 479–82

field equation. See Einstein’s field equation;
Maxwell’s equations

fifth force, 8–9
First Rule for Reasoning in Philosophy, by Newton,

104, 187
flat spacetime

Christoffel symbols for, 229
event horizon in, 335
equation of motion in, 74, 108
Maxwell’s equations in, 71–6
metric tensor of, 55
parallel transport in, 229
Riemann tensor and, 245
in Rindler coordinates, 329–30

flatness puzzle, 463–5
fluid, equation of motion for, 457
flux theorem for gravitational field, 491–6
force density, 70
force law, inverse-square, 2
4-D manifold, 48
4-D vectors, 79
4-D volume, 67
four-momentum, 59, 61

equation of motion and, 243, 287
fourth-rank tensor, Riemann curvature tensor as, 246
four-vector potential, 75

field equation for, 76, 99
and field tensor, 75, 99
gauge transformation for, 99
in Lagrangian, 483–4
as 1-form, 87
and scalar and vector potential, 75

four-velocity, 58–61
in equation of motion, 111–2
and energy-momentum tensor, 65
and four-momentum, 59
in Lagrangian, 107–8

frame-dragging, 168
free fall

in atomic fountain, 26
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of antimatter, 28
of cesium atoms, 26
of clock, 119–20, 123
of electrons, 26
of elevator, 135–7
and Galileo, 19–20
and geodesic equation, 243
of neutrons, 26
of spacecraft, 29
and tidal forces, 29–34

free index, 56
free-fall coordinates, 235. See also Fermi

coordinates; geodesic coordinates
free-fall experiments, 26
free-fall time

in black hole, 333
in cloud of gas, 458

freely falling clocks, 119
gravitational time dilation and, 137

freely falling particle
equation of motion for radial motion, 321

freely falling reference frame, 130. See also
geodesic coordinates

Fermi coordinates and, 235
geodesic coordinates and, 243, 287
SEP and, 283
tidal forces in, 29–34

freeze-out of reaction, 451
frequency shift from gravitational time dilation, 132.

See also redshift
frequency of wave in static medium, 147
Friedmann models, 418–24

age vs. density parameters, 438
Einstein’s equation and, 420, 422, 423, 431
with negative curvature, 422–3
with positive curvature, 419–22
radius of curvature vs. time, 422–424, 422f
with zero curvature, 423–4

Friedmann-Lemaı̂tre models, 419, 426–8, 437t
age vs. density parameters, 435, 440
diagnostic chart for, 429
for early universe, 446
Einstein’s equation and, 428
horizon distance vs. density parameters, 440
observable parameters for, 434
for our universe, 437t
with positive or negative curvature, 426–7
radius of curvature vs. time, 428, 435f, 436f
with zero curvature, 428

frozen star, 372–3
fundamental constants, xv
Fundy, Bay of, 34

G. See gravitational constant
galaxies

black holes in, 377–8
clusters of, 390, 461
dark mass in, 157, 461

distribution of, 391, 391f
Einstein rings and, 151
evolution of, 462, 463f
gravitation in, 6
as gravitational lenses, 151–2, 154–7, 155f, 156f
missing mass of, 409
pancakes of, 462
perturbations and, 462
radio, 392
redshift for, 394–6
rotation curves of, 408f
Seyfert, 377
spiral, 408–9
systems of, 318t
and voids, 462

Galilean transformation, 54
Galileo Galilei, 19–20
Galileo Galilei experiment (GG), 25
Galileo’s equivalence principle, 17, 19, 287
Galileo’s test of free fall, 19–20
gamma rays

black holes and, 366–7
redshift of, 132–3

Gamow, George, 451
gauge function, 99, 184, 187
gauge symmetry, 99, 281
gauge transformation

as coordinate transformation, 280–1
Einstein’s field equation and, 280–1, 287–8
in electrodynamics, 282
for four-vector potential, 99–100
general invariance and, 280
of gravitational field, 105–6, 280–82
of gravitational wave, 184–6, 187
metric tensor and, 280
supplementary, 184, 187
as symmetry, 99, 281

gauge waves, 184–5
as phantoms, 185

Gauss’s law
in electromagnetism, 348, 493
in gravitation, 8, 493

Gauss’s theorem
conservation of energy-momentum and, 287
in 4-D, 67–8

general coordinate transformation, 224–5
general coordinates, 223, 278–9

covariance and invariance under, 276–9
general covariance

Christoffel symbols and, 277
Einstein’s gravitational theory and, 276–84
equation of motion and, 277
pseudo-forces and, 278
redundant character of, 278

general invariance, 275–6
coordinate transformations and, 279
definition of, 279
Einstein’s field equation and, 289
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general invariance (cont.)
Einstein’s gravitational theory and, 276–84
as an elective symmetry, 289
gauge transformation and, 280–1
gravitational mass and, 281
inertial mass and, 281
laws of physics and, 279
Maxwell’s equations and, 282
metric tensor and, 279
pseudo-forces and, 278
symmetry and, 279

general relativity, 275–93. See also Einstein’s
gravitational theory

as relativity of acceleration, 275–6
geometrodynamics and, 276

generalized Lagrangian coordinate, 96
geodesic. See also geodesic equation

as straightest curve, 232–3
as curve of extremum length, 232, 241–242

GEO, 213t
geodesic coordinates

cosmological term in, 291
Einstein’s field equation and, 284–5
and equation of motion, 287
and freely falling reference frame, 283
local, 277, 283, 287
SEP and, 283, 290
tidal force in, 318

geodesic deviation, tidal forces and, 252–5
geodesic equation, 118

in affine geometry, 233
constants of motion for, 300–1
for comoving coordinates, 412
differential forms and, 260
Einstein’s field equation and, 287
for extremal proper time interval, 242
free fall and equation of motion, 243
in linear approximation, 117–8, 289
in local geodesic coordinates, 235
in metric geometry, 233, 241–2
in Kerr geometry, 345
normal form of, 233
for parallel transport of momentum, 243
for parallel transport of tangential segment, 233
parametrization of, 233
in Schwarzschild geometry, 299–300
Riemannian geometry and, 232–6

geodetic precession, 170, 309–16
angular velocity of, 312
of gyroscope, 309, 313f, 315
of Hulse-Taylor binary pulsar, 315

geodesically complete manifold, 337
geometric interpretation

in linear approximation, 117–23
geometric structure of spacetime, 48–50, 221–2
geometrodynamics, 276
geometry

affine, 221, 226–8, 232–3
intrinsic vs. extrinsic, 221–2

metric, 236–243
GG. See Galileo Galilei experiment
Global Positioning System (GPS), 135
globular clusters, age of, 403–4
gluons, in early universe, 449
gradient operator

in spacetime, 63
tangent vectors and, 81

GOCE. See Gravity Field and Ocean Circulation
Explorer

GPS. See Global Positioning System
gradiometer for gravitational field, 38–9
Grand Unified Theory (GUT), 444–5, 467–9
gravitation

acceleration of, 41
as action-at-distance, 2
analogy with electromagnetism, 104t
of antiparticles, 28
Einstein’s field equation for, 284–93
electromagnetic energy and, 25t, 27
electromagnetic fields and, 27
energy-momentum tensor as source for, 101–2
and equation of motion, 110–12
as field, 2
and field equation for linear approximation, 101–6
in galaxies, 6
geometric interpretation of, 117–23
gravitational energy and, 25t, 26
inverse-square force and, 2
of kinetic energy, 25t
of K0 mesons, 28
linear approximation for, 95–122
Maxwell’s equations and, 282
potential energy and, 2
of positrons, 28
strong-interaction energy and, 25t, 27
tidal fields as measure of, 34–41
weak-interaction energy and, 25t, 27

gravitational binding energy
particle orbits and, 305, 346, 347f
released in accretion, 305, 346

gravitational collapse
black holes and, 324–87
electromagnetic waves emitted in, 373
gravitational waves emitted in, 207–8, 373
and Hawking-Penrose theorem, 374
and Kruskal diagram, 341
maximal Kerr geometry and, 357, 359
of stars, 372–5
trapped surface and, 374–5

gravitational constant (G), 2
definition of, 18
limit on rate of change, 203
measurements of, 3–4, 3t

gravitational field. See also Einstein’s field equation
as acceleration field, 11
analogy with electromagnetic field, 104t
atomic clocks and, 123
clocks and, 119, 122
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deflection of light and, 130, 138
of Earth, 128
energy in, 12–3
energy-momentum tensor of, 170, 185, 284,

484–5
field equations, 104, 284–6, 484
geometric interpretation of, 117–23
gravitomagnetic, 115–6
homogeneous, 41n10
inertial reference frame and, 39
Lagrangian for field, 484
Lorentz group and, 186, 281
of mass distribution, 128
metric tensor and, 117, 284
neutrino speed in, 149
potential energy in, 12
vs. pseudo-force field, 41
of rotating mass, 163–70
Riemannian geometry for, 275
of Sun, 26–7, 14–6, 128
as 2nd rank tensor vs. 3rd rank tensor, 102
of spherical mass, 127–30, 295, 298
as tensor field, 102–6
tidal forces and, 29–41, 255

gravitational field equation. See Einstein’s field
equation

gravitational force, 2, 17
linear superposition of, 11
tidal force and, 29–41, 282

gravitational lens, 149–59
brightness of image, 162
caustic surface and, 152–4
dark mass and, 157
diffraction effects, 162
Einstein rings and, 151–2
galaxies and, 152–7
image ellipse for, 162
images produced by, 150
impact parameter and, 151
multiple images and, 149–50
number of images, 152
optics of, 150, 159–70
quasars as sources for, 153–4, 157
redshift and, 154
search for black holes and, 376
with spheroidal symmetry, 160
stars and, 151
supernovas as sources for, 157
as telescopes, 157
wavefronts and, 152

gravitational mass, 17–9
acceleration and, 18
active and passive, 18n3, 494–5
definition of, 17–8
equality with inertial mass, 19–28, 21t, 491,

494
flux theorem and, 491–6
forms of energy and, 25–6, 25t
general invariance and, 281

inertial mass and, 2, 17–9, 298
negative, 28
weight and, 20

gravitational mass density, 291–2
gravitational multipoles, 13–16
gravitational potential, 11–14

Laplace equation and, 32
of mass distribution, 11–12
mean-value theorem for, 12
multipole expansion for, 13–14
of mesons, 28
of system of particles, 11
uniqueness theorem for, 12

gravitational potential energy, 2
as field energy, 13
of mass distribution, 12–13

gravitational radiation. See also gravitational waves
angular distribution, 194–5, 197
astrophysical sources of, 208t
from binary systems, 200t, 204–5
from coalescence of binary system, 204–5
emission of bursts of, 204–8
energy flux density of, 193–4
from galactic nuclei, 208
from gravitational collapse of supernova,

207–8
from infalling particle, 205–7
radiated power, 195
from rotating quadrupole, 199–204
sources of, 196, 200–4, 207–8, 208t
special relativity and, 182
from supernovas, 207
from vibrating quadrupole, 196–8, 208

gravitational quadrupole radiation. See gravitational
radiation

gravitational radius. See Schwarzschild radius
gravitational redshift, 132–4, 308–9. See also

gravitational time dilation
and Doppler shift, 135–6
infinite, 325–32, 349–51, 359f
elevator Gedankenexperiment and, 136–7
Killing vector and, 308–9
Mössbauer effect and, 132–3
tests of, 134
time dilation and, 132, 308–9

gravitational self-energy, 13, 26
of Earth, 26
as field energy, 13
of Moon, 26
and Nordvedt effect, 27–8
in particles, 491, 495
as source of gravity, 25t, 26

gravitational sources in terms of energy, 25
gravitational theory of Newton, 1–45, 112–16
gravitational time dilation, 130–7

atomic clocks and, 133–5
by black hole, 332
Doppler shift and, 133–4
Einstein’s elevator Gedankenexperiment, 135–7
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gravitational time dilation (cont.)
equivalence principle and, 132
freely falling clocks and, 137
frequency shift and 132
GPS and, 135
hydrogen-maser clocks and, 133–4
infinite, 325–32, 349–51, 359f
Mössbauer effect and, 132–3
in PSR 1913+16, 201
special relativity and, 136
tests of, 134t

gravitational waves, 182–219
angular distribution of emission, 194–5, 197
astrophysical sources of, 208t
from binary systems, 200t, 204–5
bursts of, 204–8
circular polarization of, 186
deformation produced by, 188–90
detectors of, 208–15
emission of, 191–6
energy and momentum of, 185–6
energy flux of, 185, 193
energy-momentum tensor of, 184–5
gauge transformation for, 184–6, 187
Hilbert gauge condition for, 182–4
interferometric detectors of, 211–15, 213t
from linear quadrupoles, 196–89
metric tensor of, 188
interaction with particles, 187–91
plane waves, 182–7
polarization tensor for, 183, 186
pulsar timing and, 214–5, 219
resonant detectors of, 208–10, 210t
from rotating quadrupoles, 199–204
sources of, 208t
special relativity and, 182
stars and, 204
tidal force from, 189–90
typical sources and amplitudes of, 208t
vibrating quadrupole as source of, 196–98
wave equation for, 182
wave equation with sources, 191–3

gravitino, 409
gravitomagnetic field, 115–6

analogy with Maxwell’s equations, 115–6
of Earth 314, 167
Lense-Thirring effect and, 167, 169
precession of gyroscope and, 314

graviton, 105
in early universe, 450
mass of, 6
spin of, 186, 281
Yukawa potential and, 5–6

Gravity Field and Ocean Circulation Explorer
(GOCE), 39–40, 40f

gravity gradiometer, 38–40
Gravity Probe B, 38, 164, 170, 315

geodetic precession and, 316
Lense-Thirring precession and, 316

gravity of gravitational energy, 26–7
group representations, 186, 281
GUT. See Grand Unified Theory
gyroscope

equation of motion for spin of, 37, 310
Fermi-Walker transport and, 257
geodetic precession of, 170, 309, 313f, 315
Lense-Thirring precession of, 170, 315
parallel transport and, 309–10
Riemann tensor and, 310
spin-spin coupling to Earth, 314
transport along geodesic and nongeodesic,

310

hadron era of early universe, 449–50
Hamilton’s principle. See variational principle
Hamiltonian, 478–9, 481

as constant of motion, 478, 482
as energy, 478–9, 481–2
for fields, 481
for particles, 478

Hamilton’s variational principle. See variational
principle

Harrison-Wheeler critical mass, 370–1
Hawking-Penrose theorem, 374–5

quantum fields and, 375
Hawking’s area theorem, 354–5
heavy-element formation in early universe, 451–2,

455
Heisenberg, Werner, 221
Heisenberg uncertainty principle, 212
helicity of wave, 186
helium

abundance of, 453, 455
Big Bang and, 451
in early universe, 444, 451–6
synthesis of, 451–5

Hertzsprung-Russell diagram, 403–4
higgsinos, 409
High-z Supernova Search Team, 400–1
Hilbert gauge condition, 105–6, 288
homogeneity of universe. See also isotropy of

universe
comoving coordinates and, 413
of early universe, 447
of galaxy distribution, 391
of large-scale structure of universe, 390

homogeneous gravitational field, 41n10
homogeneous, isotropic models of universe, 417t,

426t. See also Robertson-Walker geometries
horizon. See event horizon; Cauchy horizon; particle

horizon
horizon distance, 432

rate of increase of, 433
smoothness puzzle and, 465

hot dark mass, 461
Hubble age, 402

and actual age, 402–4
in early universe, 448
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in models of universe, 435, 437t, 438
and reaction rate, 453

Hubble constant, 395
from distance data, 396
from CBR anisotropy data, 397, 472
and acoustic oscillations, 472
gravitational lensing and, 158
in models of universe, 435, 437t, 438
propagation of light and, 430
and radius of curvature, 431
and reaction rate, 451, 453
and redshift, 395–6
from data on time delay, 158
uncertainties in, 400

Hubble Space Telescope, 154–5, 378f
Hubble’s law, 396–401

propagation of light and, 430–1
Hulse-Taylor binary pulsar. See PSR 1913+16
Hyades cluster, 393
hydrodynamic analog for horizon, 386
hydrogen

in early universe, 446
recombination of, 446

hydrogen-maser clocks, 133–4
hydrostatic models of neutron stars, 371
hyperbolic motion, 90
hypersphere, 414
hypersurface, 67–8

ideal test particle 491, 495
ignorable coordinate in Lagrangian, 268
impact parameter

bending angle and, 307f
deflection of light vs, 140
gravitational lenses and, 151

indices
free and dummy, 56
lowering and raising, 60

inertia tensor, 37–8
inertial coordinates, 278. See also inertial reference

frame
inertial mass, 17–19

definition of, 17
equality with gravitational mass, 19–28, 21t, 491,

494
flux theorem and, 491–6
general invariance and, 281
gravitational mass and, 2, 17–28, 298, 491, 494
mass-energy relation, 69–70
Newton and, 20

inertial reference frame, 17, 29, 47, 49
construction of inertial reference frame, 49
coordinate transformations of, 53
elevator accelerating relative to, 136
equation of motion and, 277
and freely falling reference frame, 29, 243
gravitational field and, 39
Maxwell’s equations in, 47
and noninertial reference frame, 17

relativity principle and, 47
infall velocity, 396
infalling particle

gravitational radiation by, 205–7
infinite redshift

clocks and, 328
event horizon and, 330
in Kerr geometry, 349–51, 359f
in Schwarzschild geometry, 325–32
singularity and, 325–9

infinite-redshift surface
in Kerr geometry, 349–50
in Schwarzschild geometry, 329–30

infinitesimal coordinate transformation, 263, 280–1
infinitesimal Lorentz transformation, 265
infinitesimal rotation, 265
inflationary model, for early universe, 462–73

acoustic oscillations and, 470–1
cosmological constant and, 468
flatness puzzle and, 463–5
gravitational potential and, 470
GUT and, 467–9
monopole puzzle and, 467
open questions for, 473
phase transition and, 468–9
radius of curvature vs. T, 468, 469f
smoothness puzzle and, 465–7
initial value of density parameter, 464

ingoing and outgoing Eddington-Finkelstein
coordinates, 382

interactions
Lorentz invariance and, 282
general invariance and, 282

interferometric detectors of gravitational radiation,
211–15, 213t

LIGO, 213–4
pendulum mirror suspension for, 213–4
sensitivity of, 212–3, 213t

intrinsic curvature, 221–2
invariance. See also general invariance

for general coordinate transformations, 275–6,
279–80

for Lorentz transformations, 54, 71
for gravitational gauge transformations, 105–6,

280–1
for electromagnetic gauge transformations,

99–100
inverse metric tensor, 84, 239, 260, 281
inverse-square force law, 2

Gauss’s law and, 348
geophysical measurements of, 7–9
laboratory measurements of, 9–11
at large distances, 4
orbital observations of, 7
quadrupole moment and, 14
relativistic field theory and, 4–5
at short distances, 6–7
tests of, 4–11
torsion balance and, 9–10, 9f, 10f
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irreducible mass, 354–5, 384
isometry of spacetime, 262–8

Killing vector and, 264
Killing’s equation and, 263
Lie derivative and, 264
metric tensor and, 262–3

isotropic coordinates, 298
isotropy of universe, 408

comoving coordinates and, 413–14
deviations seen in CBR, 407
and implied homogeneity, 390
large-scale structure of universe and, 390

Jeans mass, 456–62
for baryons, 458f

Jeans wavelength, 457
Jordan’s theory, 104

K0 meson and antimesons, 28
KAGRA, 213t
Kepler orbits, 14, 14f
Kepler’s third law, 199

in binary system, 199
in Schwarzschild geometry, 319
tests of inverse-square law and, 7

Kerr geometry, 343–6
accretion disk, 376–9
disk singularity in, 353
geodesic equation in, 345
infinite-redshift surfaces and horizons in, 349–51,

358–9
light cones in, 352
maximal extension of, 356–60
naked singularity in, 360
radius and energy of circular orbit in, 347f
spacetime interval of, 343
spin angular momentum of, 344, 346n4
turning points for orbital motion in, 345–6
uniqueness of, 373

Kerr-Newman geometry, 348
irreducible mass of, 355
magnetic dipole moment of, 348
uniqueness of, 373–4

Killing vector, 262–8
conservation law and, 267–8
constants of motion and, 267
isometries and, 262–8
Killing’s equation for, 263
Lie derivative and, 264
linearly independent, 267
Lorentz transformation and, 265
rotations and, 265
in Schwarzschild geometry, 308
symmetries of spacetime and, 266

Killing’s equation, 263
kinetic energy

energy density and, 64
as source of gravity, 25t

Klein, Felix, 66n9
Klein-Gordon equation, 483
Klein paradox, 355
Kretschmann, Erich, 276, 278
Kronecker delta, xvii, 56
Kruskal coordinates, 335–41

compared with Rindler coordinates, 335
and gravitational collapse, 341
and maximal extension, 337
and Schwarzschild coordinates, 335, 336f
spacetime interval in, 335
time-dependence of geometry in, 337–8, 341
white holes and, 339

Kruskal-Szekeres coordinates. See Kruskal
coordinates

LAGEOS. See Laser Geodynamics Satellite
Lagrangian equation. See also Lagrangian; geodesic

equation
comparison of particles and fields, 480t
in electromagnetic field, 74, 110
energy, momentum, angular momentum from,

112, 300
for fields, 481
for free particle, 106–9, 477–9
for geodesic, 117–8, 241–3, 289
geometric interpretation of, 117–123, 289
in linear approximation, 110–2, 117–8, 289
in metric geometry, 241–2
in Schwarzschild geometry, 299–300
in special relativity, 289

Lagrangian
angular momentum from, 300
for Einstein’s field equation, 486–8
energy and momentum from, 111–12, 300
energy-momentum tensor and, 482–5
for field in linear approximation, 484
for free particle, 106–9, 477–9
ignorable coordinates and, 268
for Maxwell’s equations, 484
motion of planets and, 300
nonrelativistic and relativistic, 289
for particle in electromagnetic field, 109–10
for particle in linear approximation, 110–2,

117–8, 289
potential energy and, 111–12, 111n8
in Schwarzschild geometry, 300
variational principle and, 107–11

Landau-Lifshitz energy-momentum tensor, 493n10
Laplace equation, 32
Laplace, Pierre S., 324
Laplacian operator, in spacetime, 63
large distances, inverse-square law at, 4–7
large-scale structure of universe, 390–3, 461–2, 463f
Laser Geodynamics Satellite (LAGEOS), 7, 169

Lense-Thirring precession and, 314–6
Laser Interferometer Space Antenna (LISA), 213t, 214
laser ranging, 27, 316
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Lense-Thirring effect, 163–70. See also
Lense-Thirring precession

Lense-Thirring precession, 167–70, 314–6
gravitomagnetic field and, 169
of gyroscope, 170, 315
LAGEOS and, 316
of orbital plane of satellite, 168–9

lepton era, of early universe, 448, 450
lepton number, 374
LeVerrier, Urbain J. J., 1
Lie derivative, 264
Liénard-Wiechert potentials, 170
light. See also propagation of light; deflection of

light; time delay of light; redshift
circular orbit for, 324
deflection of, 138–42
invariance of speed of, 52
no-escape radius for, 324
redshift of, 132–7
slowing down in gravitational field, 147–9
time delay, 142–6

light cone, 51
ergosphere and, 353
horizon and, 331
in Kerr black hole, 352f
in Schwarzschild black hole, 331f, 342f
in universe, 431–2

light-element abundances, 454f, 455t
LIGO, 191, 211, 213–14, 213t
linear approximation for gravitation, 95–122

applications of, 127–80
as basis for Einstein’s nonlinear theory, 284–5
and conservation law for energy-momentum,

103
curved spacetime and, 117–23
deflection of light in, 138–42
equation of motion for, 106–12
energy-momentum tensor for, 184, 484–5
field equations for, 102–4, 284–5, 484
for field of rotating mass, 163–70
for field of spherical mass, 127–30
gauge transformation in, 104–6
geodesic equation in, 118
geometric interpretation of, 117–23
gravitational lens optics and, 159–70
gravitational lenses and, 149–59
Lagrangian for equation of motion, 111, 117
Lagrangian for field equation, 484
Lense-Thirring effect in, 163–70
Newton’s gravitational theory and, 112–16
nonlinear correction for, 172
nonrelativistic limit of, 112–16
perihelion precession in, 129
time delay of light in, 142–9
time dilation and redshift in, 130–7
variational principle in, 106–7, 118

linear field equations for gravitation, 101–6. See
also linear approximation

linear superposition of gravitational forces, 11
linear transformation, 53–4, 492

for Christoffel symbols, 243
linearity of electromagnetic fields, 73n13
Liouville theorem, 162n6
LISA. See Laser Interferometer Space Antenna
local action vs. action-at-distance, 2
local geodesic coordinates, 234

and cosmological constant, 291
Einstein’s field equation in, 284–5, 287
energy-momentum conservation in, 287
equation of motion in, 287–8
and SEP, 283, 290
singularity and, 326–7

Local Group, 390
cosmic distances in, 393
Virgo cluster and, 396

local inertial coordinates, 234. See also local
geodesic coordinates

Local Supercluster, 390
Lorentz group, 54

representations of, 186, 281
Lorentz invariance

interactions and, 282
of laws of physics, 71, 275
principle of relativity and, 47, 71, 282
of spacetime interval, 52–2
of speed of light, 51–2

Lorentz tensor, 59n6
Lorentz transformation, 54

of E and B, 74
for electrodynamics, 71
of electromagnetic field, 73–4
Fermi-Walker transport and, 256–7
general, 58
Killing vector and, 265
matrix for, 57
of plane wave, 186
of position vector, 56–7
of spacetime coordinates, 56–7
of scalar, 58
of tensor, 59–60
of tensor field, 62–3
of vector, 57–8, 79

Lorenz gauge condition, 100
lowering tensor index, 60
luminosity density of galaxies, 408, 410
luminosity distance, 394

angular-diameter distance and, 434
propagation of light and, 433
redshift and, 433–4
redshift parameter and, 434

luminosity
of mass in universe, 408, 410
of stars, 375
of stars vs. temperature, 403
of supernovas, 393–4

luminous mass, density of, 411
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MACHOS. See massive compact halo objects
Mach’s principle, 17
macrolensing, 152
magnetic dipole moment, 348
magnetic monopole, 467
main sequence, 403–4
manifold

geodesically complete, 337
maximal, 337
spacetime as, 48, 80, 221

Mars
perihelion precession of, 303t
time delay of light and, 145

mass. See also inertial mass; gravitational mass
critical, for neutron star, 370–2
critical, for white dwarf, 369
equality of gravitational and inertial mass, 18–28,

21t, 491, 494
flux theorem and equality of gravitational and

inertial mass, 491–6
forms of energy and gravitational mass, 25–6,

25t
of graviton, 6
inertial and gravitational, 2, 18
irreducible, 354–5, 384
mass-energy relation, 69–70
of photon, 6

mass density
of early universe, 448
proper, 66, 420, 420n13
of universe, 408–11, 411t

mass dipole moment, 14
mass quadrupole tensor, 14
massive compact halo objects (MACHOS), 158
mass-to-light ratio of galaxies, 408, 410
matter density in early universe, 445–6
matter era of early universe, 446, 450
maximal Kerr geometry, 356–60
maximal manifold, 337
maximal Schwarzschild geometry, 335–42
maximally symmetric spacetime, 267
Maxwell’s equations, 47, 71

from Coulomb’s law, 55
covariant derivatives and, 282
curved spacetime and, 282, 333
derivation of, 95–9
as differential forms, 86
for four-vector potential, 96–9
general invariance and, 282
Lorentz transformation of field tensor, 73–4
relativity principle for, 71
tensor formulation, 71–2
white holes and, 339

mean-value theorem for gravitational potential, 12
mechanics, laws of, 47
membrane paradigm, 333
Mercury, 1

perihelion precession for, 15–16, 302, 303t
relativistic correction for motion of, 301

time delay of light and, 144–5
metric geometry, 221, 233

affine geometry and, 240
geodesic motion in, 241–2

metric tensor, 245. See also spacetime interval
Christoffel symbols and, 240, 242
clocks and, 130
comoving coordinates and, 413
conformal transformation, 104n
covariant derivative of, 239
of curved spacetime, 117, 237, 260
determinant of, 272
as dynamical field, 279
Einstein’s field equation and, 285
gauge transformation of, 280
general invariance and, 279
for gravitational wave, 188
inverse of, 239
isometry and, 262–3
for Kerr geometry, 343
for Kerr-Newman geometry
measurement by radar ranging, 238
Minkowski, 55
for models of universe, 418–28
for Reissner-Nordstrøm geometry, 348
Riemann tensor and, 245
in Riemannian geometry, 236–43
for Robertson-Walker geometries, 418
for rotating mass, 166
as 2nd-rank tensor, 237
for Schwarzschild geometry, 295
singularity and, 325–6
in special relativity, 55–6
for spherical mass distribution, 127–8, 130
as tensor product, 83–4, 260

Michelson interferometer, 211
microlensing, 152

Einstein rings and, 158
by exoplanets, 158–9
by quasars, 158
by stars, 158

MICROSCOPE experiment, 25
Milky Way, 390
miniholes, 366
minimal-coupling principle, 283

SEP as, 290
violation in electrodynamics, 283–4

Minkowski metric tensor, xviii, 55. See also metric
tensor

Minkowski, Hermann, 50
missing mass, 409. See also dark mass
modification of Einstein’s equations, 466
Modified Newtonian Dynamics (MOND), 6
momentum. See also energy-momentum

calculated from energy-momentum tensor,
67–9

canonical, 108, 111–2, 478
conservation of, 67
energy-momentum four-vector, 59
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in fields, 482
relativistic, 59

momentum density, 65
momentum flux density, 65
MOND. See Modified Newtonian Dynamics
monopole puzzle, 467
Moon

gravitational self-energy of, 26
tidal force and, 32–4, 33n8

Mössbauer effect, 132
motion of planets

Einstein’s gravitational theory and, 299–305
nonlinear corrections, 129, 301
perihelion precession, 302–3, 303t

multipole expansion, 13–16
muons, 449

naked singularity, 358–9
in Kerr geometry, 360
in Reissner-Nordstrøm geometry, 360

NAUTILUS, 210t
negative-curvature universe

empty Lemaı̂tre model for, 425
Friedmann model for, 422–3
Friedmann-Lemaı̂tre model for, 426–8
Robertson-Walker geometry for, 416–17, 417t

negative gravitational mass, 28
Neptune, 1
neutrino, 474–5

decoupling,
in early universe, 448–9
families of in Standard Model, 456
from Large Magellanic Cloud, 149
speed in gravitational field of, 149

neutrino families and helium abundance, 456
neutron

abundance in early universe, 453
free fall of, 26
and helium production in early universe, 451–5

neutron-proton ratio, 453
neutron star, 369–72

critical mass of, 370–2
Fermi-Thomas model of, 370–1
formation of, 373
radius of, 372
structure of, 370
as vibrating quadrupole, 198

Newcomb, Simon, 1
Newton, Isaac

on cosmology, 389
First Rule for Reasoning in Philosophy, 104,

187
gravitational theory of, 1–41
laws of mechanics of, 47
test of gravitational vs. inertial mass, 20

Newtonian spacetime, 47, 49
Galilean transformation and, 54
and invariant space and time distances, 54

Newtonian time, absolute, 50, 278

and synchronization, 49
Newtonian momentum, 59
Newtonian potential

compared with relativistic linear approximation,
113–4

with cosmological constant, 291–2
for mass distribution, 11
for Schwarzschild geometry with cosmological

constant, 299
Taylor-series expansion for, 13
for tidal force, 32–3

Newtonian spacetime, 47, 49, 51
Galilean transformation for, 54
invariant distances in, 54

Newtonian time, absolute, 278
Newtonian velocity-addition law, 136–7
Newton’s equation in covariant form, 277–8, 317
Newton’s gravitational theory, 11–6

compared with relativistic linear approximation,
112–6

Newton’s laws
first law, 53
second law, 49, 70
relativistic version of second and third laws, 70
third law, 70

Newton’s principle of equivalence, 18–28, 287
Newton’s test of gravitational vs. inertial mass, 20
Newton’s theorem, 12

compared with Birkhoff’s theorem, 298
no-escape radius, 324
Noether’s theorem, 100n3, 479
nonbaryonic matter, mass density of, 411
noncommuting derivatives in Riemannian geometry,

249–50
nonlinear terms in gravitational field, 172
nonrelativistic limit

Newton’s gravitational theory and, 112–16
Nordvedt effect, 27–8

alternative theories of gravitation and, 28
normal coordinates, 252
normal form of geodesic equation, 233
nova, vibrating quadrupole and, 198
n-tuple, 77
nuclear vibration frequency, 123
nucleosynthesis

Big Bang and, 404
in early universe, 405, 451–6

object horizon, 431. See particle horizon
observable parameters for Friedmann-Lemaı̂tre

models, 434
Occam’s razor, 104
ocean basins, oscillations of, 34
1-forms, 80–2

energy-momentum vector and, 81
vector and, 81, 258
tensor and, 82–3, 258

one-way membrane, 329, 337
Oppenheimer-Volkoff critical mass, 370–1
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orbital angular momentum of planet
in Kerr geometry, 345–7
in Schwarzschild geometry, 300, 304–5

orbital angular momentum in protons, 228n3
orbital plane, Lense-Thirring precession of, 168
oscillating quadrupole, 16, 193

as source of gravitational waves, 193
oscillation of accretion disk, 381
oscillation of ocean basins, 34
oscillations of Sun, 15–16

Palatini method, 487–8
pancakes of galaxies, 462
parallax, 393
parallel transport

of contravariant vector, 228
of covariant vector, 227
in curved spacetime, 226–32
Fermi coordinates and, 235, 255
Fermi-Walker transport and, 310
in flat spacetime, 229
gyroscopes and, 309–10
on parallelepiped, 247–8
on parallelogram, 244–5
and Riemann tensor, 244–5, 247–8
of vector, 221, 227–8, 239, 245, 259

parametrized post-Newtonian formalism (PPN), 116
particle

emitted by black hole, 365
energy-momentum tensor of, 64–66
energy-momentum vector of, 59, 79
equation of motion, 17, 243, 287
equation of motion and Einstein’s field equation,

287
exotic, 390, 409, 411
Galileo principle for, 17
geodesic equation for, 117–8, 241–3, 287
gravitational force for, 2
gravitational potential for, 2
interaction with gravitational wave, 187–91
Lagrangian for, 117–8, 241–2, 477–9
mass distributions behaving as, 12
motion in Schwarzschild geometry, 299–305
motion in Kerr geometry, 345–7
relative acceleration of, 253–4
test particle, 287, 491, 495

particles, kinds of
axino, 461
axion, 461
baryons, 449, 458
electron, 25–8, 72, 366, 368–9, 450
exotic, 390, 409, 411
gravitino, 461
graviton, 366, 449, 450
hadrons, 449
K mesons, 366
leptons, 450
magnetic monopole, 461

maximon, 461
muon, 366, 450
neutralino, 461
neutrino, 366, 461, 450
neutron, 21, 25–8, 72, 366, 369, 450–4
nucleons, 450–4
photino, 461
photon, 366, 450
pion, 366
positron, 366
proton, 25–8, 72, 366, 369, 450–4
pyrgon, 461
quark, 461
Sneutrino, 461
tau, 450
W boson, 449
WIMP, 458, 461
Z boson, 449

particle horizon, 431
recession speed and, 433
in universe, 428–34

passive gravitational mass, 18n3
pendulum mirror suspension, 213–4
Penrose diagrams, 356–60
Penrose process, 353–5
Perfect Cosmological Principle, 392
periastron precession of PSR 1913+16, 201, 304
perihelion precession

in Einstein’s general relativity theory, 1, 15–16,
299–305

for inner planets, 303t
in linear approximation, 129
for Mercury, 15–16
nonlinear corrections for, 129
for planets, 302–4, 303t
and quadrupole moment of Sun, 15
in Schwarzschild geometry, 299–305

perturbations
in early universe, 456–62
in early universe with expansion, 459t
galaxies and, 462
in general relativity, 460

p-forms, 85
exterior derivative of, 85–6

photino, 409
photon

decoupling, 446
deflection of light and, 138–42
in early universe, 446, 449
mass of, 6
redshift of light and, 308–9
time delay of light and, 142–4

photosphere, 306
Planck length, 6, 49, 293
Planck mass, 293, 448
Planck spectrum, 406. See also cosmic background

radiation
Planck time, 449
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plane electromagnetic wave
polarization vectors for, 100–1
spin of, 100n2, 186

plane gravitational wave, 182–7
with circular polarization, 186
energy flux of, 185
energy-momentum tensor of, 185
gauge transformation of, 184–6, 187
Hilbert gauge condition for, 182–4
polarization tensors for, 183, 186
spin of, 186
wave vector of, 183

planetary orbit
angular momentum of, 300
binding energy of, 305
effective potential for, 304–5
energy of, 305
equation of orbit, 302
orbital energy in Schwarzschild geometry, 300–1
orbital energy in Kerr geometry, 345–7
perihelion precession of, 302–4, 303t
as precessing ellipse, 302
in Schwarzschild geometry, 302–2

planet
exoplanet, 158–9
equation of motion of, 129, 299–305
perihelion precession of, 302–4, 303t
time delay of light signal to, 142–4

Poincaré group, 54
Poisson equation, 12
polar orbit, Lense-Thirring precession of, 168–9
polarization tensors for gravitational waves, 183–4
position vector

contravariant components of, 56, 60, 225
covariant components of, 56, 60–1, 225

positive-curvature universe
empty Lemaı̂tre model for, 424–5
Friedmann model for, 419–22
Friedmann-Lemaı̂tre model for, 426–8
Robertson-Walker geometry for, 414–16, 417t
radial length in, 415

positrons
in early universe, 448
electron-positron pairs, 293
free fall of, 28

post-Newtonian formalism, 116
potential energy

for inverse-square force, 2
Lagrangian and, 111–12, 111n8

Poynting vector, 75, 116
PPN. See parametrized post-Newtonian formalism
precession. See also de Sitter precession; geodetic

precession; Lense-Thirring precession;
perihelion precession; Thomas precession

Lense-Thirring, of satellite orbit, 167–9
Lense-Thirring, of gyroscope, 169–70, 315–6
geodetic, 170, 309–14
de Sitter, 170, 309–14

of periastron, 201, 304
of perihelion, 1, 15, 302, 304
Thomas, 312–3

primeval explosion, 447
primordial gas, 452
primordial helium, 451–6
Principe (Gulf of Guinea), 141
principle. See specific kind of principle
prior geometry, 279
propagation of light, 305–9

and deflection, 138–41, 305–8
equation for trajectory, 306
Hubble’s law and, 430–1
luminosity distance and, 433
photosphere, 306
and redshift, 130–1, 143n3, 147, 430, 433–4
and time delay, 142–9
universe and, 428–34
worldlines and, 429

proper mass density at present time, 420n13
proper particle density, 65
proper time interval. See also spacetime interval

in gravitational field, 112, 117, 119–22, 237
in special relativity, 58

proton-antiproton pairs, 293
pseudo-energy-momentum tensor, 493
pseudo-force, 17

of acceleration, 41
centrifugal, 22–3, 23f, 278, 317
Coriolis, 278, 317
general covariance and, 278
gravitational force and, 17, 22, 282
tidal force vs., 282
as transformation function, 278

pseudosingularity
as coordinate singularity, 326, 328
Riemann tensor and, 326–7
in Rindler coordinates, 328
in Schwarzschild geometry, 325–9
tidal forces and, 326

PSR J0737-3039, 146
PSR 1913+16, 201–3

decrease of period, 202–3
geodetic precession and, 315
gravitational time dilation in, 201
gravitomagnetic effects in, 203
masses of components, 202
observed parameters of, 201t
periastron precession of, 201, 304
rate of change of G, 203
special-relativistic time dilation in, 201

pulsar. See neutron star
pulsar timing and gravitational waves, 214–5, 219
pure transformations, 58

quadrupole
mass quadrupole tensor, 14
rotating, 16, 199–204
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quadrupole (cont.)
vibrating, 16, 196–8
time-dependent, 16

quadrupole moment
of Earth, 14
Taylor series expansion of potential and, 14
perihelion precession and, 15
of Sun, 13–16, 303

quadrupole, linear, 196–8
quadrupole radiation, 195
quantum era of early universe, 449
quantum field

Hawking-Penrose theorem and, 375
theory, 365

quarks, in early universe, 449
quasar

as source for gravitational lens, 153–5, 157
gravitational waves and, 182
redshift of, 392
size of, 158
as source for microlensing, 158
twin of, 154–5, 157

quasilinear, 284
quasiperiodic oscillations of accretion disk, 381
quotient rule, 69n10

radar astronomy, 1
radar ranging

for space intervals, 120–1
for spacetime intervals, 52–3, 238–9

radial coordinates and lengths in universe, 415, 417
radiation density in early universe, 445
radiation emitted by black holes, 365–7
radiation era, 446, 450
radiation zone, 192
radio galaxies, 392
radio waves deflected by Sun, 141–2
radioactive dating, 402
radius of circular orbit

in Kerr geometry, 347f
in Schwarzschild geometry, 347f

rainbow and raindrops, 149
raising tensor index, 60
range

of electromagnetic force, 6
of Yukawa potential, 5–7

Rayleigh’s criterion, 142
reaction rate and Hubble constant, 451, 453
recession speed of horizon, 433
recession velocity, 395, 398
recombination of hydrogen, 446
redshift, 132–7, 137n1, 308–9. See also

gravitational time dilation; cosmological
redshift; Doppler shift

Doppler shift and, 136
gamma rays and, 132–3
Einstein’s Gedankenexperiment and, 135–7
gravitational lenses and, 154

infinite-redshift surfaces, 325–9, 349–51, 358–9
and Killing vector, 308–9
radar signals and, 133–4
in Schwarzschild geometry, 308
spectral lines and, 134
Sun and, 134

redshift parameter z, 395, 434
luminosity distance and, 434

reference frame. See also inertial reference frame;
freely falling reference frame; geodesic
coordinates

accelerated, 17, 39, 135–6, 275–6
freely falling, 130, 235, 243, 283
inertial, 29, 47, 49, 243
and tidal forces, 29–34

Reissner-Nordstrøm geometry, 346–8
electric charge and, 346–7
electric field in, 348
irreducible mass of, 355
naked singularity of, 360
spacetime interval of, 348

relative acceleration of particles, 253–4
relativistic electrodynamics, 71–6
relativistic field theory

inverse-square law and, 4–5
relativistic spacetime

Lorentz transformation for, 54
invariant distance in, 54

relativity principle, 47, 55
for Lorentz transformations, 71
for Maxwell’s equations, 71
inertial reference frame and, 47
compared with general invariance, 276

resonant detectors of gravitational waves, 201,
208–10, 210t

rest mass, 59
energy density and, 64
and mass-energy relation, 69–70

retardation effects, 2
Rhoades-Ruffini critical mass, 372, 380
Ricci tensor, 248–9

and Bianchi identities, 248
and curvature scalar, 248
for Robertson-Walker geometries, 420
for Schwarzschild geometry, 296
as tensor product, 261

Riemann curvature tensor, 243–52
absolute derivative and, 253
acceleration and, 252
Christoffel symbols and, 244
commutation of covariant derivatives and, 249–50
covariant components of, 245–6
Einstein’s field equation and, 285
and flat spacetime, 245
as fourth-rank tensor, 246
geodesic deviation and, 253–4
identities for, 246
in normal coordinates, 252
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as map of 1-forms and vectors, 260–1
metric tensor and, 245
motion of gyroscope and, 310
and parallel transport on closed loop, 244–5
and parallel transport on parallelepiped, 247–8
second derivatives of metric tensor and, 246–7
singularities of black hole, 326–7, 351
for spherically symmetric spacetime, 248
Taylor-series expansion for, 251
3-D geometry of universe and, 413
tidal force and, 31–2, 245

Riemann tensor. See Riemann curvature tensor
Riemannian geometry, 221–73

contravariant vectors and, 225
coordinates and, 223–6
covariant derivatives in, 226–32
covariant vectors and, 225
differential forms and, 257–62
Fermi-Walker transport and, 255–7
geodesic deviation and, 252–5
geodesic equation and, 232–6
isometries of, 262–8
Killing vectors of, 264–8
metric tensor and, 236–43
parallel transport in, 226–32
tensors and, 222–6
tidal forces and, 252–5

Riemannian spacetime, 221–2. See also Riemannian
geometry

Rindler coordinates, 266
event horizon in, 329–30
flat spacetime in, 328–30
singularity in, 328–9

Robertson-Walker geometries, 418–28
and Friedmann models, 418–24
and Friedmann-Lemaı̂tre models, 426–8
and Lemaı̂tre models, 424
for negative curvature, 416–17, 417t
for positive curvature, 414–16, 417t
for zero curvature, 417–24, 417t

Roche’s limit, 45
rotating black hole

area of horizon of, 354
energy of orbits for, 353
infinite-redshift surfaces and event horizons for,

349–51, 358–9
irreducible mass of, 354–5
light cones of, 352f
light signals from infinite-redshift surface, 350
naked singularity, 358–60
scattering of waves by, 355
singularity of, 351–3
superradiance by, 355
topology of, 358

rotating mass
energy-momentum tensor of, 165–6
gravitational field of, 163–70
spin of, 165

rotating quadrupole, 16, 199–204
rotation curves of galaxies, 408–9
rotation of coordinates

Killing vectors and 265
and centrifugal and Coriolis forces, 317

Ruffini, Remo, 221

Sachs-Wolfe effect, 408, 473
Satellite Test of Equivalence Principle (STEP), 25
scalar

Lorentz transformation of, 58
as tensor, 62

scalar field
covariant derivative of, 231
in spacetime, 62

scalar product
of vectors, 61
for 1-form and tangent vector, 80–1

scalar-tensor theory, 104–5
Schwarzschild black hole, 329–35. See also black

hole; Schwarzschild geometry
Schwarzschild coordinates

isotropic coordinates and, 298
singularity and, 327

Schwarzschild geometry, 293–9. See also black hole
accretion disk in, 381
angular coordinates for, 294
Birkhoff’s theorem and, 298
Christoffel symbols for, 296
comparison with linear approximation, 297–8,

338–9
constants of motion in, 300–1
cosmological constant and, 299
deflection of light in, 306
Einstein’s field equation for, 296
event horizon and, 329–35
evolution in time, 340–41
free-fall time in, 332–3
gravitational collapse and, 332
gravitational radius, 325
infinite-redshift surface in, 325–32
interior solution for, 294
in isotropic coordinates, 298
Killing vectors and, 308
Kruskal coordinates and, 335–41
Lagrangian for motion and, 300
light cones in, 331, 331f, 342f
mass and, 298
maximal, 335–42
membrane paradigm and, 333
metric tensor for, 295
planetary orbits and, 301–2
pseudosingularity at Schwarzschild radius in,

325–9
radial coordinate for, 295
radius and energy of circular orbits, 345–7, 347f
Ricci tensor and, 296
Riemann tensor in geodesic coordinates and, 327
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Schwarzschild geometry (cont.)
Schwarzschild radius for, 325
Schwarzschild throat, 338–9
significance of radial coordinate, 294–5
singularity and, 325–9
singularity at r = 0, 327, 332, 335
Solar System and, 294
spacetime interval for, 295, 298
speed of light in, 330
spherical symmetry of, 294
3-D geometry at fixed Kruskal time
time evolution of, 340–1
uniqueness of, 373

Schwarzschild solution. See Schwarzschild
geometry

absolute derivative, 254
second-rank tensor, 59–60, 231

covariant derivative of, 231
self-energy, 491. See also gravitational self-energy
semidiurnal tide, 34n8
SEP. See strong equivalence principle
Seyfert galaxies, 377
Sgr A*, 377–8
shock waves, 372
sign convention for metric tensor, xviii
signals in static gravitational field, 131
Silk mass, 475
singularity

black holes and, 332
coordinate transformations and, 327
coordinates and, 326
cosmic censorship conjecture, 359
disk singularity, 351, 353, 359f
gravitational collapse and, 375
infinite redshift and, 325
metric tensor and, 325–6
naked, 358–60
pseudosingularity and, 325–9
Riemann tensor and, 326–7
in Rindler coordinates, 328–9
rotating black hole and, 351, 353, 359f
Schwarzschild coordinates and, 327
in Schwarzschild geometry, 325–9
tidal forces and, 326
trapped surface and, 375

singularity theorems
early universe and, 466
and trapped surface, 375

Sloan Digital Sky Survey, 391
Sloan Great Wall, 391f
smoothness puzzle, 465–7

cosmic background radiation and, 465–6
horizon distance and, 465

Sobral (Brazil), 141
Solar and Heliospheric Observatory (SOHO),

15
solar seismology, 15–16
Solar System

age of, 402–3

cosmology and, 389
deuterium in, 455
Schwarzschild geometry and, 294

sound, speed of, 372, 470
sources of gravity, 25
source term in Einstein’s equation, 492
Space Shuttle, 315
spacelike and timelike coordinates in Schwarzschild

geometry, 330
spacelike, timelike and lightlike displacements,

50
spacetime, 47

absolute, 41
clocks and, 52–3, 53f, 134–5
Einstein and, 47
geometric structure of, 48
gradient operator in, 63
invariant distances in, 54
isometry of, 262–8
Laplacian operator in, 63
as manifold, 48
maximally symmetric, 267
and metric tensor, 55–6, 236–8
Newtonian, 47, 49, 51, 54
radar ranging in, 52–3, 238–9
for Riemannian geometry, 221
scalar field in, 62
of special relativity, 48–55
spherically symmetric, 294
tensors in, 55–62
time slices in, 68
topological structure of, 48

spacetime interval. See also metric tensor
in curved spacetime, 117, 119–22, 236–9
invariance of, 51–2, 237
measurement of, 52–3, 238
in special relativity, 50
in Schwarzschild geometry, 295, 298

special relativity
differential forms and, 76–87
equivalence principle and, 137
exterior calculus and, 76–87
formalism of, 47–87
gravitational time dilation and, 136
gravitational waves and, 182
relativity principle and, 47, 71, 282
spacetime of, 48–55
volume-contraction effect in, 65

speed of light
deceleration of, 148–9
in gravitational field, 143, 147–9
invariance of, 51–2
slowing down of, 147–9

speed of sound
in acoustic oscillations, 470
in neutron star, 372

spherical mass distribution
and Birkhoff’s theorem, 298
gravitational field of, 127–30
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and mean-value theorem, 12
and Newton’s theorem, 12, 19n4
potential of, 2
Schwarzschild geometry for, 293–99

spherically symmetric spacetime
Christoffel symbols for, 241, 296
metric tensor for, 241, 295, 419, 423
Ricci tensor, 249, 296
Riemann tensor, 248
spacetime interval of in, 241, 294–5, 297–8,

418–9, 423
spin

circular polarization and, 186
of Earth, 38
electromagnetic field and, 100n2
equation of motion for, 37, 310
gravitational wave and, 186–7
of graviton, 5, 105, 186
of photon, 105
as source of torsion, 228n3
spinor field and, 63n7
of Sun, 167
tidal torque on, 37–8, 310
tensor field and, 63n7
transport of, 257

spin crisis, 228n3
spin density, 228n3
spin-orbit coupling, 313
spin-spin coupling, 169, 314
spiral galaxies, 408–9
SQUID, 25
standard candle, 393
standard light source, 393–4, 396, 400
Standard Model of particle physics, 467, 492

neutrino families and, 456
Standard Model of universe, 444, 455
star

age of, 404
apparent shift of position of, 140
black, 373
Einstein rings and, 151
frozen, 373
gravitational collapse of, 341
as gravitational lens, 151
luminosity vs. temperature for, 403
mass-to-light ratio of, 410
microlensing by, 158

static gravitational field
tidal force in, 254

stationary action. See variational principle
steady-state theory, 392
Stefan-Boltzmann law, 445
Stefan’s law, 366
stellar evolution, 372
STEP. See Satellite Test of Equivalence Principle
Stokes’ theorem, 76, 87
strong equivalence principle (SEP), 41

Einstein’s field equation and, 290
electrodynamics and, 283–4

equation of motion and, 283
freely falling reference frame and, 283
geodesic coordinates and, 283
as minimal-coupling principle, 283, 290
spin of rigid body and, 283
violation of, 283–4

strong interactions, 25
gravitational self-energy and, 27

Stukeley, William, 1
subscripts for covariant vectors, 56
summation convention, xviii
summation convention of Einstein, 55
Sun

deflection of light by, 140–2
equatorial bulge of, 15
gravitational field of, 128
oscillations of, 15–16
quadrupole moment of, 13–16, 303
redshift of spectral lines in, 134
shape of, 15
spin of, 167
tidal force and, 33
time delay of light and, 142–6

Sunyaev-Zel’dovich effect, 407
superclusters, 390
superior conjunction, 144
superluminal speed, 341
Supernova Cosmology Project, 400–1
supernova explosion, type II, 372
supernova

black-hole formation, 373
gravitational waves and, 207
luminosity of, 393–4
as source for gravitational lens, 157
vibrating quadrupole and, 196

superradiance by black hole, 355
superscripts for contravariant vectors, 56
symmetric tensor, 62, 65
symmetry

energy released in GUT breakdown, 469
gauge transformation as, 281
general invariance as, 279
GUT as, 468–9
Lorentz transformation as, 279, 265–6
and phase transition, 468
and phase transition of water, 468–9
rotation as, 265
spontaneous breakdown of, 467
time translation as, 268
translation as, 267

synchronization by clock transport, 134–5
Synge, John L., 41
systems of galaxies, 318t

tachyonic speed, 341
TAMA, 213t
tangent vector, 78

gradient operator and, 81
taus, in early universe, 449
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Taylor-series expansion
for potential, 13
for Riemann curvature tensor, 251

tensor-analysis formulas, 250t
tensor derivative, 231
tensor field, 62–4

general transformation of, 225–6
Lorentz transformation of, 62–3
Riemannian geometry and, 222

tensor index, 231
tensor transformation equations, 225–6
tensor

for angular momentum, 59–60
Cartan calculus and, 223
contraction of, 83
covariant derivative of, 230–1, 258–9
curved spacetime and, 225–6
differentiation of, 63–4, 230–1
for electromagnetic field, 71–74
general transformation and, 225–6
for gravitational field, 103–4
Lorentz transformation of, 56–9, 62
as linear operator, 82–4
lowering index of, 60
Maxwell equations and, 71–2
metric tensor, 83–4, 237
Minkowski tensor, 55
1-form and, 258
product of vectors and 1-forms, 82
raising index of, 60
of rank one, 58
of rank two, 59–60, 61
Riemannian geometry and, 222–6
scalar as, 58, 62
in spacetime, 55–62
summary of tensor formulas for, 250t
symmetric, 62
for tidal force, 31
trace of, 61

tensor fields, 62–4
test particle, 287, 491, 495

equation of motion for, 287
tetrad, 235
thermal pressure in stars, 367–8
thermal radiation. See cosmic background radiation
thermodynamic engine, efficiency of, 362
thermodynamics, of black hole, 360–7
Thomas precession and Fermi-Walker transport, 310
three-geometries, homogeneous, isotropic, 417t
tidal ellipsoids, 35
tidal field

detection of, 36–40
detection by GOCE gravity gradiometer, 38–40
of Earth, 29–32, 33n8
gravitational torque and, 37–8
gravitational waves and, 190
as local measure of gravitation, 34–41
represented by lines of force, 35, 36f

represented by tidal ellipsoids, 35
tidal force, 29–34

atomic clocks and, 122–3
Fourier components of tide, 34n8
from gravitational wave, 189
in general relativity, 32, 254
geodesic deviation as tidal effect, 252–5
gravitational fields and, 31–41
gravitational force and, 31, 35, 282
of Moon, 32–4, 33n8
pseudo-force and, 282
represented by field lines, 255
Riemann tensor and, 245, 254–5
singularities and, 326
of Sun, 33–4
tensor for, 31
tidal acceleration as absolute, 282
torque on gyroscope, 37–8, 310

tidal range, 33–4
tidal torque, 37–8, 310
time delay of light, 142–9

binary pulsar systems and, 146
clocks and, 148
Doppler shift and, 146
Hubble constant and, 158
Mars and, 145
Mercury and, 144–5
nonlinear corrections, 146
in PSR J0737-3039, 146
Sun and, 142–6
tests of, 146t
Venus and, 144–5
wave frequency and, 147

time dilation, 130–7, 308, 325. See also
gravitational redshift

for astronaut falling into black hole, 332
Einstein’s elevator Gedankenexperiment, 135–7
as evidence for curved spacetime and, 134–5
at infinite redshift surfaces, 325–6, 349
in Kerr geometry, 349
and Killing vector, 308–9
in Rindler coordinates, 328
in Schwarzschild geometry, 308, 325, 330
tests of, 132–6, 134t

time slices, in spacetime, 68
time travel via wormhole, 341
topological structure of spacetime, 48, 449
torque

of gravitomagnetic field on satellite, 167–8
of gravitomagnetic field on gyroscope, 169
spin-orbit coupling and, 313
spin-spin coupling and, 169, 314
of tidal force on gyroscope, 37–8, 310
torsion-balance and, 24f

torsion, 228, 228n3
torsion-balance

of Cavendish, 3, 4f
of Eötvös, 20–24
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gravitational constant and, 3
inverse-square law and, 9–10, 9f, 10f

trace, of tensor, 61
transformation law

for Christoffel symbols, 231–2
for contravariant tensor components, 59, 79, 225
for covariant tensor components, 60, 226
for gauge transformations, 99, 105
for general coordinate transformation, 225–6
for Lorentz transformation, 56, 59–60
for Maxwell’s equations, 71–2

trapped surface, 374–5
turning points for orbital motion

in Kerr geometry, 345–6
in Schwarzschild geometry, 305

twin paradox, 172
and gravitational time dilation, 176

twins of quasars, 154–5, 157
2–D curved space, 229, 233, 241
2-forms, 84–5
two-sphere, 229, 233, 241, 414

uncertainty principle, 212
unification of interactions, 467

Grand Unified Theory (GUT)
symmetry and, 469

uniqueness theorems for black-hole solutions, 373–4
uniqueness theorem for gravitational potential, 12
universal free fall

gravitational self-energy and, 28
universal gravitation, law of, 1–4
universe. See also early universe

acceleration of, 293, 400
acoustic oscillations in, 408
age of, 401–4
comoving coordinates and, 411–18
comoving particle and, 412
comparison of theory and observation, 434–7
cosmic background radiation and, 396–7, 400,

404–8, 470–2
cosmic distances in, 392–4
dark mass in, 408–11
density parameters, 428
de Sitter model for, 426
empty Lemaı̂tre models for, 424–6
expansion of, 293, 394–401, 405
Friedmann models for, 418–24
Friedmann-Lemaı̂tre models for, 419, 426–8, 437t
homogeneous, isotropic models of, 426t
Hubble age of, 402
invisible and visible part, 431, 432f
isotropy of diffuse X-ray flux, 390
isotropy and homogeneity of, 390, 408
large-scale structure of, 390–2
mass density of, 408–11, 411t
negative curvature and, 416–7, 417t
our universe, 434–437
our universe as exceptional, 464

particle horizon of, 428–34
positive curvature and, 414–6, 417t
propagation of light in, 428–34
Robertson-Walker geometry for, 411–18
3-D metric tensor for, 413
3-D Riemann tensor for, 413
zero curvature and, 417–8, 417t

vacuum polarization, 28
variational principle, 477

in curved spacetime, 117–18
for Einstein’s field equation, 486–8
for equation of motion, 106–12, 477–8
Euler-Lagrange equation and, 111, 118, 242
for geodesic, 117–8, 241–42
Lagrangian and, 107–11, 117–8, 241, 477–8,

486–9
Palatini method, 487–8

vector
basis, 78
covariant derivative of, 231
as differential operator, 78
as directional derivative, 79–80
in exterior calculus, 78–80
Fermi transport of, 235–6
Fermi-Walker transport of, 256–7
geometric interpretation of, 79
linearity for tangent vectors, 78
Lorentz transformation of, 58, 78–9
1-form and, 81, 258
parallel transport of, 221, 259
parallel transport around loop, 244–5
parallel transport around parallelepiped, 247–8
parallel transport along geodesic, 233
tangent vector, 78

vector potential, electromagnetic, 75–6, 87
as differential form, 87

velocity-addition law
Newtonian, 136–7
relativistic, 89

Venus
perihelion precession of, 303t
time delay of light and, 144–5

very long baseline interferometry (VLBI), 142
vibrating quadrupole, 196–9

neutron star and, 198
nova and, 198
star and, 196
supernova and, 196

Virgo cluster, 396
VIRGO, 213t
virial theorem, 410

binary system and, 292
VLBI. See very long baseline interferometry
volume-contraction effect in special relativity, 65

W bosons, 450
water hammer, 372
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wave equation
for four-vector potential, 75
for gravitational wave, 182

wave frequency, time delay of light and, 147
wave vector, 183
wavefronts, gravitational lens and, 152
weak equivalence principle (WEP), 41
weak interaction, 25–6

gravitational self-energy and, 27
weakly interacting massive particle (WIMP), 458,

461t
Weber detector, 208–9, 210t

accidentals in, 209
sensitivity, 209

wedge product of 1-forms, 84
weight, inertial mass and, 20
WEP. See weak equivalence principle
Wheeler, John A., 276, 286, 374
white dwarf, 368–70

dark mass and, 409
white hole, 339
Whittaker, Edmund, 477
Wien’s law, 361
WIMP. See weakly interacting massive particle
Wilkinson Microwave Anisotropy Probe (WMAP),

397, 408
WMAP. See Wilkinson Microwave Anisotropy

Probe
worldline

clocks and, 52–3

of light signal entering black hole, 331–2
of particle, 49
propagation of light and, 429

wormhole, 338–41
in early universe, 449
time travel via, 341

X-ray flux, 381
large-scale isotropy of universe and, 390

X-ray sources, 377–8
X-ray telescopes, 378

Yukawa potential, 5–7
baryon number and, 8
gravitons and, 5–6
range of, 5–6

Z boson, 450
zero-curvature universe

age vs. density parameters, 428
empty Lemaı̂tre model for, 425–6
Friedmann model for, 423–4
Friedmann-Lemaı̂tre model for, 428
horizon distance vs. density parameters, 436
radius of curvature vs. time, 428, 435f, 436f
Robertson-Walker geometries for, 417–24,

417t
zero-g, 29
zero-point energy. See Fermi energy
zero-point pressure, 368
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