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abstract root system, 63, 269

additive group, 4

additive polynomial, 183

adjoint representation, 49

highest weight, 129

weights of, 122

adjoint type, 71

affine algebraic variety, 3

affine reflection, 285

affine Weyl group, 285

alcove, 286

wall of, 286

algebra of regular functions, 3

algebraic set, 3

almost simple group, 153

Ann, 70, 173

Auta(G), 88

automorphism group

of a semisimple group, 88

of GF , 216

bad prime, 116, 292

of an algebraic group, 117

base of a root system, 64, 270

big cell, 93

BN-pair, 91

for GF , 209

Borel fixed point theorem, 36

Borel subgroup, 37

of classical groups, 39, 77

opposite, 93

Borel–de Siebenthal algorithm, 109

Bruhat decomposition, 92

for GF , 203

center of GF , 211

character, 22

character group, 22

of Dn, 23

Chevalley commutator formula, 86

Cl(V ), 101, 236

class S, 242
class Sk, 156

classes C1, . . . , C5, 152
classes CF

1 , . . . , CF
7 , 240

classical groups, 7

classical type, 70

closed subsystem, 104, 286

cocharacter, 22

cocharacter group, 22

of Dn, 23

commutator formula, 86

for GF , 202

complete root datum, 195

for GLn(q), 195

for GUn(q), 195

components

of a finite group, 153

of a root system, 273

of an algebraic group, 11

connected variety, 10

coordinate algebra, 3

coroots, 60, 269

of SL2 and PGL2, 68

Coxeter diagram, 66, 276

Coxeter group, 67

crystallographic condition, 63, 269

CSp2n, 7

cyclotomic polynomial, 218

d-torus, 222
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degrees of a reflection group, 206

derivation, 44

derived length, 6

derived series, 6

descending central series, 6

diagonal automorphism, 215

differential of a morphism, 46

dimension

of a variety, 31

of an affine variety, 13

Dn, 6

dominant weight, 124

double centralizer, 239, 253

dual root system, 269

Dynkin diagram, 66, 276

extended, 107

endomorphism

locally finite, 16

locally nilpotent, 16

locally semisimple, 16

Ennola duality, 196, 235

exceptional type, 70

exotic local subgroup, 252

extended Dynkin diagram, 107

F -conjugacy class, 185

F -conjugate, 185

field automorphisms

of GF , 215

finite classical groups, 236

finite group of Lie type, 184

automorphism group, 216

BN-pair, 209

Bruhat decomposition, 203

center, 211

diagonal automorphism, 215

field automorphism, 215

graph automorphism, 215

order, 208

root system, 199

Schur multiplier, 214

simplicity, 213

Sylow p-subgroups, 210

twisted, 193

finite reflection group, 205

invariant ring, 205

flag, 31

flag variety, 31

fundamental chamber, 279

fundamental dominant weight, 127

fundamental group

of a root system, 70

of a semisimple group, 71

G-space, 31
Ga,Gm, 4
general linear group, 4
general unitary group, 182
generic Sylow theorems, 224
GLn, 4
gln, 44
GLn(q), 181
GOn, 8
GO±

2n(q), 194
graded trace, 265
graph automorphisms

of a semisimple group, 90
of An, 90
of D4, 107
of Dn, 172
of E6, 100
of GF , 215

GUn(q), 182

half-spin groups, 72
height of a root, 107, 272
highest root, 107, 284
highest short root, 294
highest weight, 125

of adjoint representation, 129
highest weight module, 125
homocyclic group, 225
homogeneous G-space, 31
homogeneous module, 149

indecomposable root system, 66, 273
integral weight, 126
internal module, 143
irreducible component, 10
irreducible variety, 9
isogeny, 71

lifting, 73, 192
isogeny type, 71
isolated elements, 114, 119, 234
Isom(V ), 101
isomorphism theorem, 70
isotropic vector, 101

J2n, 7
Jordan decomposition, 17

in the Lie algebra, 48
Jordan subgroup, 251

kG-module, 32
Kn, 7

Landazuri–Seitz bounds, 248
left invariant derivation, 44
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left translation, 44

length function, 276

level of a root, 140

Levi complement, 99

Levi decomposition, 99

Levi subgroup, 99

Lie algebra

of an algebraic group, 44

of Ga, 45

of GLn, 45

of Gm, 45

of SLn and PGLn, 48

of Un, Dn and Tn, 78

Lie algebra of derivations, 44

Lie algebra representation, 136

linear algebraic group, 4

local subgroup, 153

exotic, 252

locally finite endomorphism, 16

locally nilpotent endomorphism, 16

locally semisimple endomorphism, 16

long root, 276

longest element, 93, 277

maximal tori

in GLn(q), 221

maximal torus, 28, 38

maximal vector, 124

maximally split torus, 187

in GLn(q), 187

in GUn(q), 187

morphism

of affine varieties, 3

of G-spaces, 31

of linear algebraic groups, 5

of varieties, 31

multiplicative group, 4

multiplicity of a weight, 122

natural isogenies, 71

nilpotent group, 6

nilpotent part, 16

non-degenerate quadratic form, 101

Op(G), 41

opposite Borel subgroup, 93

orbit map, 32

order formula for GF , 206

order on X(T ), 124

order polynomial, 207

of GLn, 207

of SLn, 207

of SO+
8 , 208

orthogonal group, 8

conformal, 8

non-split, 194

of minus type, 194

of plus type, 194

projective conformal, 35

special, 11

p-closed subsystem, 104

parabolic subgroup, 97

in classical groups, 101

of a Weyl group, 95, 278

parabolic subsystem, 95, 278

PCO2n, 35

PCSp2n, 35

PGLn, 35

Poincaré polynomial, 205

point derivation, 45

positive roots, 64, 270

positive system, 270

primitive prime divisor, 247

projective general linear group, 35

projective variety, 30

quasi-isolated elements, 113

quasi-projective variety, 34

quasi-simple group, 153

quotient variety, 34

radical, 41

rank, 38

of a root system, 64, 269

of classical groups, 38, 77

rational representation, 32

reduced expression, 276

reductive algebraic group, 41

Ree groups, 193

reflection, 60, 268

reflection group, 205

invariant ring, 205

regular element, 115

restricted

module, 137

representation, 137

weight, 137

restricted representation, 136

right translation, 16

root datum, 69

root subgroups, 59

of SLn, 84

of SO2n, 85

of GF , 200

root subspace, 59
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root system

abstract, 63, 269

classification, 66

of GLn, 52

of SLn, 52

of SO2n, 85

of Sp2n, 79

of GF , 199

of a connected algebraic group, 51

of classical type, 70

of exceptional type, 70

rank of, 64, 269

simply laced, 67

two-dimensional, 65, 275

roots, 51

height of, 107

level of, 140

positive, 64, 270

shape of, 140, 280

Sn, 9

Schur multiplier

of finite groups of Lie type, 214

semisimple algebraic group, 41

classification, 70

semisimple endomorphism, 15

semisimple part, 16

semisimple rank, 41

shape of a root, 140, 280

sheaf of functions, 30

short root, 276

simple algebraic group, 61

of adjoint type, 71

of simply connected type, 71

simple reflections, 84, 272

simple roots, 84, 271

simplicity

of GF , 213

of algebraic groups, 97

simply connected type, 71

simply laced, 67

Singer cycle, 220

singular vector, 101

SOn, 11

SO±
2n(q), 194

socle of a module, 134

solvable group, 6

Sp2n, 7

special linear group, 7

special unitary group, 182

spin groups, 72

standard Frobenius, 181

standard parabolic subgroup

of a reductive group, 97

of a Weyl group, 95, 278

Steinberg endomorphism, 183

classification, 191

Fq-split, 191

on Gm and Ga, 183

twisted, 191

very twisted, 191

Steinberg presentation, 86

Steinberg tensor product theorem, 138

structure constants, 86

subsystem

closed, 104

of a root system, 278

p-closed, 104

subsystem subgroup, 104

SUn(q), 182

supersolvable group, 226

Suzuki groups, 193

Sylow d-torus, 222

Sylow subgroups

centralizer, 227

normalizer, 210, 228

structure of, 225

symmetric subset, 287

symplectic form, 7

symplectic group, 7

conformal, 7

projective conformal, 35

system of positive roots, 64, 270

tangent space, 45

tensor product theorem, 138

Tits group, 213

Tn, 6

torsion prime

of a root system, 116, 294

of an algebraic group, 117

torus, 22

totally isotropic subspace, 101

totally singular subspace, 101

triality automorphism, 101

Un, 6

unipotent endomorphism, 15

unipotent group, 17

unipotent part, 16

unipotent radical, 41

variety

affine, 3

connected, 10
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defined over Fq , 181
dimension, 13, 31
irreducible, 9
projective, 30
quasi-projective, 34

weight

dominant, 124

fundamental dominant, 127

integral, 126

restricted, 137
weight of a representation, 122

highest, 125
restricted, 137

weight space, 122
weights

of the adjoint representation, 122
Weyl group, 51

affine, 285
of a BN-pair, 91
of a root system, 64, 269

Witt index, 236

Zariski topology, 3
Zsigmondy prime divisor, 247
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