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Page numbers that are underlined denote the main definition of a term.

actuation, at boundaries, 111, see also inputs

adjoint, 13

adjoint modes, 134, 139, 145, 146

projection using, 138

adjoint operator, 143

adjoint system, 134

almost-parallel flow, 36, 39, 44, 282

asymptotic stability, 161, 199–200, 207

attractor, 5, 9, 65, 67, 83–86, 157, 179, 179–189

heteroclinic, 9, 67, 207–209, 242, 247, 343

homoclinic, 65, 247–249, 311–312

Lorenz, 6, 9, 181–189, 356

quasiperiodic, 5, 6

strange, 5, 6, 9, 66, 180, 180, 347, 350

autocorrelation

function, 18, 72, 75

tensor, 360

average, 14

conditional, 35

ensemble, 14, 15, 23–24, 38, 70

space, 14, 23–24, 256

time, 14, 23–24, 256

averaging, 18, 38–48, 70, 73–74, 100–102, 256, 282,

350–352

backscatter, 46

balanced POD, 133, 133–135

adjoint-free, 141–142

nonlinear systems, 141

output projection, 136–137

relation to standard POD, 137–139

unstable systems, 140

balanced truncation, 131–133

error bound, 133

optimality, 132–133

balancing modes, 134, 138, 145

balancing transformation, 132

bifurcation, 6, 8–10, 26, 168–179

codimension-one, 177

diagram, 168, 175, 231, 291–292

flip, 177

global, 177–179

Hopf, 127, 176, 176, 208

Hopf (map), 177

local, 169–177, 194–195, 217–219

Neimark–Sacker, 177

O(2)-equivariant pitchfork, 194–195

period-doubling, 177

pitchfork, 172, 175

saddle–node, 168, 175

sequence, 5, 6

theory, 6, 9, 168

transcritical, 175

value, 169

bi-orthogonal set, 91, 134, 137, 139

bluff body, 27

wake, 27–28

boundary condition(s), 17, 107–108, 110, 116–117,

127–128, 257, 275, 332, 357–360

inhomogeneous, 111

boundary layer, 7–9, 20, 36, 50–65, 96–98, 255–313,

321–325, 331–335

thickness, 53

braids (mixing layer), 27, 49–50

buffer layer, 56, 274

Burgers equation, 90, 99, 100, 113–115

burst–sweep cycle, 60–61, 97, 289, 297–299,

307–309, 343

center manifold, 9, 159, 159, 162, 169, 169–174,

218–221, 346

theorem, 169

center subspace, 159

channel flow, 90, 122, 127, 273, 279, 283–284, 311,

331–335

chaos, 5, 6, 180, 305, 325, 350, 353

chaotic invariant set, 180

closed set, 12
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coherent structures, 5, 7, 9, 21, 17–68, 228, 256–257,

259, 272, 278, 348–349

compact set, 13

compactness, 102–105

complement (of sets), 13

conditional average, see average, conditional

control, 10, 342, 344, 350

controllability, 131, 135

controllability Gramian, 131, 133, 140

controllable modes, 133

correlation, 47, 318

function, 31

correlation matrix, 72

cost function, 136

Couette flow, 63, 117, 127, 341, 342

cross section, 163, 163–164

cylinder wake, 27, 28, 33, 126

data matrix, 87

dense orbit, see orbit, dense

Dirac delta, 15

direct modes, see balancing modes

direct numerical simulation (DNS), 20, 37, 122, 311,

322, 332, 354, 360–361

displacement thickness, 53–54

dissipation, 18, 19, 21, 44–45, 47, 48, 57, 354

domain (basin) of attraction, 157

dot product, 12, see also inner product

drag coefficient, 55–56

Duffing equation, 243–245

dye tracers, 33

dynamical importance, 132, 145–147

dynamical systems, 11, 155–189

eddy viscosity, 7, 125, 173, 258, 285–288, 290, 304,

361

eigensystem realization algorithm, 142

Einstein notation, 16

empirical eigenfunctions, 71, see also proper

orthogonal decomposition, modes

energy

and L
2 norm, 143

budget, 28, 275–280, 324

internal, 89

kinetic, 7, 13, 18

stagnation, 89

transfer, 7, 18, 45–46, 259, 288, 311, 324, 327, 343

turbulent, 18, 44

energy-based inner product, 139

enthalpy, stagnation, 89

entrainment, 36, 42–43, 48

entropy production, 45

equilibrium point, 157

equivariant

normal form, 9, 10, 203, 222

ODE, 9, 82, 190–194

vector field, 190–194, 203

ergodic measure, 188

ergodic theory, 188

ergodicity, 75, 180, 188, 348, 354

error bounds, 132, 133, 145, 149

Euclidean space, 11, 12

Eulerian viewpoint, 23

exact solutions, 19

first-return map, see Poincaré map

fixed (equilibrium) point, 157

hyperbolic, 161

stable, 161

unstable, 161

flip bifurcation, see bifurcation, flip

flow map (dynamical system), 158, 158, 165

flow visualization, 32–35

flow, ergodic, 188

Fourier

decomposition (representation), 69, 80

mode, 75, 80, 81, 202–203, 210–211, 216–217,

272, 323

series, 69, 215

transform, 75, 260, 262

wavenumber, 81

fractal, xi

freezing (reference frame), 212

frequency response, 145, 149

friction velocity, 18, 50, 58, 310

fundamental solution matrix, 158

Galerkin method (projection), 7, 9, 10, 107, 106–129,

137, 139, 152, 215–217, 262–269

for quadratic equations, 115–116

Gaussian (normal) distribution, 238

generalized Hankel matrix, 142

generic properties, 167–168

geometric Lorenz attractor, 181

geometric thickness, 18, 57

Ginzburg–Landau equation, 90, 99, 150, 317, 331

linearized, 147, 147

Gramian, see controllability Gramian, observability

Gramian

greatest lower bound, 12

Gronwall’s inequality, 121–122, 350–351

Hankel singular values, 132, 138, 145

Hartman–Grobman theorem, 158, 161, 165

heteroclinic

cycle, 10, 198–201, 206–209, 222–225, 240–247,

293–297, 305, 307, 311–312, 334, 342

orbit, 167, 179, 196–199, 206, 294

Hilbert space (L
2), 12–13, 69–78, 107–108

homoclinic

bifurcation, 179, 188–189

orbit, 65, 167, 177, 177–179, 199–200

homogeneity, 23, 80–81, 93–95, 124, 318, 326

Hopf bifurcation, 176, see also bifurcation, Hopf
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Hopf, E., 5

hot film, 35

hot wire, 35

hydrodynamic stability, 6

hydrogen bubble technique, 32–33

hyperbolicity, 161, 167, 180, 250

impulse response, 133, 134, 136, 137, 141, 143, 145,

146, 149

indicator function, 15

induced norm, see norm, induced

inertial manifold, see manifold, inertial

inertial sublayer, 55

infimum (greatest lower bound), 12

infinity norm, see norm, infinity

inner product, 12, 69, 72

compressible flow, 88–89

energy-based, 139

finite-dimensional, 12

L
2, 12, 13

observability Gramian, 138

on matrices, 136

input–output systems, 130, 131

inputs, 15, 130

instabilities, 25–28, 60–61

integral scale, 18

intermittency, 38

internal combustion engines, 335–341

intersection (of sets), 13

invariant function, 191–192, 203

invariant manifolds, 158

invariant measure, 15, 100–103, 187, 187–188,

349–352, 354–356

invariant set, 5, 157, 179

chaotic, 180

invariant subspace, 82, 158, 193–194, 205–206, 292,

294, 307

inviscid flows, 20

Jacobian matrix, 157

jet, 25–27, 29, 34, 36, 99, 317–321

Kalman filter, 58

Karhunen–Loève decomposition, see proper

orthogonal decomposition

Kármán

constant, 55

vortex street, 32, 329

Kelvin–Helmholtz instability, 26, 27, 48, 49

kinetic energy, 13, see energy, kinetic

Kline, S. J., 58

Kolmogorov (Fokker–Planck) equation, 238

Kolmogorov microscale, 19, 21, 35, 38, 123

Kronecker delta, 15

Kuramoto–Sivashinsky equation, 10, 100, 214–235,

270, 311, 317

L
2, 12, see also norm, L

2; inner product, L
2

Lagrangian viewpoint, 22–23

Landau, L. D., 5

Langmuir

cell, 29, 49, 62

circulation, 30, 65

instability, 64, 65

large eddy simulation (LES), 123, 124, 300, 354,

360–361

Laser–Doppler velocimeter, 35

least upper bound, 12

Lebesgue measure, 15, 187

left singular vectors, 88

Leonard stresses, 258, 285

Liapunov equation, 132

Liapunov function, 139, 206, 293

lifting (boundary forcing), 112

limit cycle, 127, 162, 163

linearization, 9, 156–162

Lipschitz

constant, 14

function, 14

logarithmic layer, 58, 274

Lorenz equation, 181–189, 356

low-dimensional models, 5–8

low-energy structures, importance of, 143, 145–147

low-speed streak, 60, 63, 306

manifold

inertial, 10, 123, 173, 332, 346, 346–347, 357–360

invariant, 5, 6, 9, 156–162, 164

Markov parameters, 142

mean field model, 278–280

mean profile, 41

mean values, 23

mean velocity, 18

measure

ergodic, 188

invariant, 187

Lebesgue, 187

Sinai–Ruelle–Bowen, 188

method of snapshots, see snapshots (method of)

minimal flow unit, 63, 83, 280, 308, 341

mixing (dynamical system), 188

mixing (property of map), 188

mixing layer, 9, 24–26, 29, 35–50, 99, 318, 321,

326–328

model reduction, 131–133

modeling (of neglected modes, etc.), 7, 124–129,

258–259, 278–288

modulated traveling wave, 204, 222–223, 251, 296,

321

momentum thickness, 18, 19

Navier–Stokes equations, 6, 7, 9, 16–17, 19, 66,

116–121, 215, 256–259, 357–360

averaged, 9, 38, 117, 257, 361

exact solutions, 19
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linearized, 150–152

non-dimensionalization, 20, 259

numerical solution, 37

no-slip (boundary) condition, 20

non-normal systems, 143, 143–152

non-wandering set, 157, 157

nonlinearity, 3

norm, 12

Euclidean, 12

Frobenius, 136

induced, 15, 70, 89

infinity, 15

L
2, 13, 143

operator, 15, 130, 133, 136, 143

supremum, 12

normal form, 9, 175, 174–176

normal operator, 143

observability, 131, 135, 145

observability Gramian, 131, 134, 136, 138, 140

as Liapunov function, 139

observer, 58

open set, 12

operator norm, see norm, operator

orbit, dense, 180, 179–180, 186

Ornstein–Uhlenbeck process, 237–239, 241

Orr–Sommerfeld eigenfunction, 322, 323

orthogonal projection, 107

orthogonality, 14, 88, 91, 104, 115, 126, 127,

137–139, 143, 159, 212, 349, see also

bi-orthogonal set

outer product, 14

output projection, 136–137

outputs, 15, 130

full-state, 136

Parseval’s theorem, 136

pattern recognition, 95–96

period-doubling bifurcation, 177, see also bifurcation,

period doubling

periodic flows, 335, 341

phase (state) space, 5, 8, 15, 23, 65–66, 157, 157

phase portrait, 157

phase-averaged POD, 335, 341

phase-invariant POD, 335, 341

pitchfork bifurcation, see bifurcation, pitchfork

POD, see proper orthogonal decomposition

Poincaré (return) map, 163, 162–165, 176, 182

Poincaré section, 163

Poincaré–Bendixson theorem, 162

power spectrum, 75, 94–95, 226, 247–249

pressure gradient, 39, 40

pressure terms, 118, 120, 269, 275

probability density, 15

projection, 136, 146, see also Galerkin method;

output projection

non-orthogonal, 137–138, 145–146

onto stable subspace, 140

proper orthogonal decomposition, 7, 31, 68–105, 350

balanced, see balanced POD

eigenvalues, 73, 88, 138

exponential decay of eigenvalues, 84–86

for output projection, 136–137

modes, 59–60, 71, 124–125, 138, 259–260, 274,

277–278

optimality, 70, 78–80

relation with SVD, 87–88

span of modes, 75–78

vector-valued, 72

proper subset, 13

quasiperiodic solution (flow), 5, 6, 204, 209–210, 325

Rayleigh–Bénard problem, 6, 99, 181, 197

reconstruction equation, 213

reduced system, 170

reflection invariance, 8, 9, 202, 215, 261, 311, 319,

322

Reynolds number, 18–19, 21

Reynolds stresses, 30, 40, 41, 60, 61, 64, 276–278,

298–299, 311, 320, 328, 348

ringi, 58

rollers (mixing layer), 49–50

rotation invariance, 8, 311

Ruelle, D., 5

saddle, 161

saddle–node bifurcation, 168, 175, see also

bifurcation, saddle–node

scalar product, 12, see also inner product

scaling arguments, 20, 52

Schlieren technique, 32

self-similarity, 40, 318

sensitive dependence on initial conditions, 156, 180,

186

separatrix, 157

set

closed, 12, 12, 14

compact, 13

dense, 168

open, 12, 12, 168

shadowgraph technique, 32

shear flow, 29, 31, 45, 49, 60, 99

homogeneous, 29

shear layer, 26, 321

shear stress, 18, 50, 61

shift mode, 126, 126, 127, 280, 331, 349

shift operator, 212

shot noise, 65, 93–96

Sinai–Ruelle–Bowen measures, 188

singular value decomposition, 87, 87–88, 134, 138

sink, 161

smoke wire technique, 32–33

snapshots (method of), 86, 86–87, 133, 134, 138, 326,

329
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Sobolev space, 108

source, 161

span, 14

spatially localized models, 233, 235

spectral pipeline, 46

speed of sound, 89

splitter plate, 33, 37

Squire’s coordinates, 127, 342

stability, 139–140

stable foliation, 183

stable manifold, 159–161

global, 160

local, 159, 159

theorem, 159

stable subspace, 140, 159

stagnation energy, 89

stagnation enthalpy, 89

state space, 157, see also phase (state) space

state, of a dynamical system, 15, 131, 156

stochastic estimation, 91–93, 321

strain rate, 18, 18, 44, 45, 47

strange attractor, 180, see also attractor, strange

structural stability, 5, 9, 165–168, 188–189, 196,

294–295, 353–354

linear system, 165

nonlinear system, 167

subgrid scale (Heisenberg) model, 258, 285–288

subset, 13

supremum (least upper bound), 12

norm, 12

SVD, see singular value decomposition

symbolic dynamics, 185, 185–187

symmetry, 6, 7, 9, 19, 60, 80–83, 103–104, 190–213,

260–262, 342

breaking, 10, 249–251

group, 6, 8, 103–104, 190–191

reduction, 211

system norm, see norm, operator

Takens, F., 5

Taylor–Couette flow, 6, 312

template fitting, 212

template function, 212

tensor, 16

product, 14

tensor product, 14

Tollmien–Schlichting instability, 26, 98, 322, 324

topological equivalence, 158, 165, 167

total energy, 89

transcritical bifurcation, 175, see also bifurcation,

transcritical

transfer function, 15

transient growth, 143–146, see also non-normal

systems

translation invariance, 8, 9, 202, 211, 215, 261, 311,

323

trapping region, 129, 162, 162, 180, 180–181, 206,

293

traveling modes, 10, 211, 211

traveling wave, 204–205, 210, 211, 222–225, 251,

291, 296

turbulence, 3–5

turbulent fluctuating velocity, 18

unfolding, 6, 175, 175–177

union (of sets), 13

unstable manifold, 159–161

global, 160

local, 159, 159

unstable subspace, 159

van der Pol equation, 162

vector field, 156

viscosity, 5

dynamic, 18, 50

kinematic, 17, 50

viscous stress, 18, 39, 45

viscous sublayer, 56, 58

vortex

core, 62

line, 49, 62, 63

necklace, 64

ring, 33

shedding, 27

stretching, 288, 327

vortices, 321

counter-rotating, 21

hairpin, 29, 63

lambda, 62, 64, 98, 322, 325

streamwise, 29, 63, 292, 297

vorticity, 3

wake, 29, 36, 329–331

wake (outer) region, 51

wall region, 7, 51, 59, 62, 66, 257, 272–275, 331–335

wall units, 51, 55, 60, 257

wavelets, 231, 235, 343, 362

weak solutions, 109
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