
INTRODUCTION TO ABERRATIONS
IN OPTICAL IMAGING SYSTEMS

The competent and intelligent optical design of today’s state-of-the-art products
requires an understanding of optical aberrations. This accessible book provides an
excellent introduction to the wave theory of aberrations and will be valuable to
graduate students in optical engineering, as well as to researchers and technicians
in academia and industry interested in optical imaging systems.

Using a logical structure, uniform mathematical notation, and high-quality fig-
ures, the author helps readers to learn the theory of optical aberrations in a modern
and efficient manner. In addition to essential topics such as the aberration function,
wave aberrations, ray caustics, and aberration coefficients, this text covers pupil
aberrations, the irradiance function, aberration fields, and polarization aberrations.
It also provides a historical perspective by explaining the discovery of aberrations,
and two chapters provide insight into classical image formation; these topics of
discussion are often missing in comparable books.

josé sasián is Professor of Optical Sciences at the College of Optical Sciences,
University of Arizona. His research areas include aberration theory, optical design,
light in gemstones, art in optics and optics in art, optical imaging, and light propa-
gation in general.
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In appreciation and love to my family
With love to Phitchanat
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In this sort of algebra one is to some extent dependent on luck (which no
doubt favors the patient) in the reduction of apparently intractable

expressions to something less resembling chaos.
(Hans A. Buchdahl, Optical Aberration Coefficients)

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


Contents

Preface page xiii
Acknowledgements xv
Harold H. Hopkins xvii
Roland V. Shack xix
Symbols xxi

1 Introduction 1
1.1 Optical systems and imaging aberrations 2
1.2 Historical highlights 4

References 9

2 Basic concepts in geometrical optics 12
2.1 Rays and wavefronts 13
2.2 Symmetry in optical imaging systems 14
2.3 The object and the image spaces 15
2.4 The aperture stop, the pupils, and the field stop 16
2.5 Significant planes and rays 16
2.6 The field and aperture vectors 17
2.7 Real, first-order, and paraxial rays 18
2.8 First-order ray invariants 20
2.9 Conventions for first-order ray tracing 21

2.10 First-order ray-trace example 22
2.11 Transverse ray errors 23
2.12 Stop shifting 24

Exercises 25
Further reading 25

3 Imaging with light rays 26
3.1 Collinear transformation 26

vii

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


viii Contents

3.2 Gaussian imaging equations 28
3.3 Newtonian imaging equations 29
3.4 Derivation of the collinear transformation equations 30
3.5 Cardinal points and planes 31
3.6 First-order rays’ congruence with the collinear

transformation 32
3.7 The camera obscura 33
3.8 Review of linear shift-invariant systems theory 33
3.9 Imaging with a camera obscura 35

3.10 Optical transfer function of the camera obscura 36
3.11 The modulation transfer function and image contrast 38
3.12 Summary 39

Exercises 40
Further reading 40

4 Imaging with light waves 41
4.1 Spherical, oblique, and plane waves 41
4.2 Light diffraction by an aperture 43
4.3 Far-field diffraction 47
4.4 Diffraction by a circular aperture 49
4.5 Action of an aplanatic lens system on a plane

wave 50
4.6 Fourier transforming properties of a lens system 53
4.7 4f optical relay system 55
4.8 Imaging with an 8f optical projection system 56
4.9 Imaging with coherent illumination 58

4.10 Imaging with incoherent illumination 59
4.11 Imaging with partially coherent illumination 60
4.12 The Weyl–Lalor relationship 62
4.13 Summary 64

Exercises 65
References 65
Further reading 66

5 The wave aberration function 67
5.1 Theory of aberrations 67
5.2 Learning aberration theory 68
5.3 Heuristic approach to aberrations according to

symmetry 69
5.4 The aberration function 69

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


Contents ix

5.5 Determination of the wavefront deformation 73
5.6 Parity of the aberrations 73
5.7 Note on the choice of coordinates 74
5.8 Summary 74

Exercises 74
References 74

6 The location and size of an image 76
6.1 Change of focus and change of magnification 76
6.2 Piston terms 78
6.3 Change of reference sphere radius 79
6.4 Images in the presence of defocus 79
6.5 Chromatic aberrations 80
6.6 Surface contributions to the chromatic aberrations 82
6.7 Cases of zero surface contribution 85
6.8 Chromatic coefficients for a system of thin lenses 86
6.9 Cases of zero thin lens contribution 86

6.10 The achromatic doublet lens 86
Exercises 87
Further reading 88

7 Wavefront aberrations 89
7.1 Wavefront deformation 89
7.2 Wave aberration fans 91
7.3 Physical images in the presence of aberrations 91
7.4 Wavefront variance 94
7.5 Aberration balancing 95
7.6 The Rayleigh–Strehl ratio 96

Exercises 98
Further reading 99

8 Ray aberrations 100
8.1 Relationship between the wavefront deformation and the

transverse ray error 100
8.2 Components of the transverse ray aberrations 103
8.3 Spot diagrams 106
8.4 Through focus spot diagrams 107
8.5 Images of extended objects 108
8.6 Discussion of transverse ray aberrations 109
8.7 Meridional and sagittal ray paths 116

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


x Contents

8.8 Summary 116
Exercises 117
Further reading 118

9 Ray caustics 119
9.1 Principal curvatures and caustic 119
9.2 Spherical aberration 120
9.3 Coma aberration 123
9.4 Astigmatism aberration 126
9.5 Curvature of the wavefront deformation 127
9.6 Astigmatic field curves 127
9.7 Coddington equations 128
9.8 Physical images along the optical axis 129

Exercises 130
Further reading 131

10 Aberration coefficients 132
10.1 Spherical aberration 132
10.2 Petzval field curvature 134
10.3 Aberration function when the stop is at the center

of curvature 136
10.4 Aberration function when the aperture stop shifts 136
10.5 Aberration function of a combination of two spherical

surfaces 138
10.6 Cases of zero aberration 139
10.7 Contributions from an aspheric surface 141
10.8 Contributions from stop shifting 143
10.9 Aberration coefficients of a Cooke triplet lens 144

Exercises 145
Further reading 146

11 Structural aberration coefficients 147
11.1 Coefficient definition 147
11.2 Vertex curvature of the field curves 149
11.3 Structural aberration coefficients of a refracting surface 149
11.4 Structural aberration coefficients of a reflecting surface 149
11.5 Structural aberration coefficients of a thin lens 149
11.6 Contrbutions to the structural aberration coefficients from a

parallel plate 152
11.7 Structural aberration coefficients of an optical system 152
11.8 Application to the achromatic doublet 153

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


Contents xi

11.9 Application to the two-mirror Mersenne telescope 157
11.10 Application to a diffractive lens 159

Exercises 160
Further reading 161

12 Pupil aberrations 162
12.1 Definitions 162
12.2 Beam deformation at the entrance pupil 164
12.3 Pupil effects 165
12.4 Object shift equations 167
12.5 Invariance of aberrations 168
12.6 Chromatic pupil aberrations 168
12.7 The Bow–Sutton conditions 170
12.8 Second-order chromatic coefficients revisited 170

Exercises 172
Further reading 172

13 Irradiance function 173
13.1 Construction of the irradiance function 173
13.2 Irradiance transport 176
13.3 The element of throughput 177
13.4 The radiance theorem 179
13.5 Image and pupil aberrations relationships 179
13.6 The sine condition 181
13.7 The Herschel condition 184

Exercises 186
Further reading 186

14 Sixth-order aberration coefficients 187
14.1 Extrinsic aberrations 188
14.2 Intrinsic aberrations 189
14.3 Contributions from an aspheric surface 195
14.4 Contributions from the sixth-order coefficients of asphericity 197
14.5 Connections between pupil and image coefficients 198
14.6 Fifth-order transverse ray aberrations 200
14.7 Change of aberration coefficients with aperture vector

location 201
14.8 The Buchdahl–Rimmer coefficients 202
14.9 Summary 203

Exercises 204
Further reading 204

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


xii Contents

15 Aberrations of non-axially symmetric systems 205
15.1 Tilted component systems 205
15.2 The Shack–Thompson aberration fields 206
15.3 Plane symmetric optical systems 218
15.4 Optical system tolerancing 222

Exercises 222
Further reading 223

16 Polarization aberrations 225
16.1 Polarization fields 225
16.2 Amplitude transmittance and optical phase coefficients 231
16.3 Amplitude and phase changes in the optical field 233
16.4 Chipman’s polarization aberrations 236
16.5 Polarization fields’ nodal characteristics 239
16.6 Elliptical polarization 241

Exercises 244
Further reading 245

17 Conclusion 246

Appendix: Wave coefficients 247
Index 258

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-1-107-00633-1 - Introduction to Aberrations in Optical Imaging Systems
José Sasián
Frontmatter
More information

http://www.cambridge.org/9781107006331
http://www.cambridge.org
http://www.cambridge.org


Preface

This book provides an introduction to the theory of optical aberrations. Those inter-
ested will find a variety of topics that provide a solid foundation, and will appreciate
the beautiful structure built in the theory of aberrations. Understanding the contents
of this book will be useful for solving problems in optical design, optical imaging,
and other related fields. The treatments in the book exploit symmetry properties
to provide insight and derive useful results; highlighting symmetry properties is a
recurring theme. The approach followed in the book is the wave aberration theory
pioneered by H. H. Hopkins. However, the contents of this book take the wave
theory of aberrations much further, and provide a comprehensive understanding of
aberrations in optical imaging systems.

Chapter 1 provides an introduction and a historical overview. Chapter 2 provides
basic concepts in geometrical optics. In order to appreciate the theory of aberrations
it is necessary to have an understanding of optical image formation. To this end
Chapter 3 provides a basic and insightful discussion on imaging with rays, and
Chapter 4 provides a fresh and useful discussion on the fundamentals of imaging
with light waves. Chapter 5 introduces and highlights the wave aberration function,
which is central to the understanding of aberrations. Chapter 6 discusses second-
order effects which determine the location and size of an image. Chapter 7 discusses
the primary aberrations. Chapter 8 discusses aberrations using the concept of light
rays. Chapter 9 provides a novel treatment of ray caustics. Chapter 10 derives
aberration coefficients, and Chapter 11 presents a basic discussion of structural
aberration coefficients. Chapter 12 provides a discussion of pupil aberrations and
a useful interpretation. Pupil aberrations have received little attention in the past.
Chapter 13 takes further the independent work of G. G. Slyusarev and M. Reiss
on irradiance changes in optical systems, and develops the irradiance function.
Chapter 14 provides a “well-rounded” sixth-order theory which further exhibits
the beauty and structure of the wave theory of aberrations. Chapter 15 discusses
two useful theories for understanding optical systems that lack an axis of rotational

xiii
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xiv Preface

symmetry. Chapter 15 discusses the aberration function, in wave form, for plane
symmetric systems. This function turns out to be also useful for constructing
polarization fields and in building the theory for multiple aperture systems. Chapter
16 discusses the topic of polarization aberrations. The treatment follows the notation
of previous chapters and continues to exhibit the overall structure of aberration
theory, this time by no longer treating the optical field as a scalar quantity, but
writing the field amplitude in vector form; this is a new treatment of the subject.

Overall, those who read and follow the material in this book will obtain a
strong perspective in aberrations and appreciate the beauty and structure of wave
aberration theory. The whole matter revolves around an understanding of how the
optical field changes and propagates in an optical system. This understanding is
essential for the intelligent design, fabrication, and test of optical systems.

José Sasián
College of Optical Sciences
University of Arizona
Tucson, Arizona, 2012
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Harold H. Hopkins

The wave theory of aberrations was pioneered by H. H. Hopkins.1 Of the numerous
contributions to optics of H. H. Hopkins an important one is the equation that
describes the process of physical imaging formation, namely,

I (u′, v′) =
∫ ∫

∞

∫
�(u1 − u2, v1 − v2)E(u1, v1)F (u′ − u1, v

′ − v1)E∗(u2, v2)

×F (u′ − u2, v
′ − v2)du1du2dv1dv2.

Figure P.1 Harold H. Hopkins. With kind permission of Mrs. Christine Hopkins.

This equation, which relates the irradiance variations of an image, was published in
Proc. R. Soc. Lond. A 217 (1952), 408–431 in a paper entitled “On the diffraction
theory of optical images.” It considers the properties of the illumination, the object

1 A biography of H. H. Hopkins can be found in C. W. McCombie and J. C. Smith, “Harold Horace Hopkins,”
in Biographical Memoirs of Fellows of the Royal Society, Vol. 44, the Royal Society, 1998, 238–252.
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xviii Harold H. Hopkins

properties, and the imaging system. H. H. Hopkins also provided the equivalent
form (here with different notation and derived in Chapter 4),

I (x, y) =
(

1

f λ

)2 ∫ ∫
∞

σ (x0, y0) |s (x, y) t (x, y) ∗ ∗psf (x, y)|2dx0dy0.

H. H. Hopkins left for us the insights and line of thought that led him to the
discovery of these fundamental equations in the paper “The concept of partial
coherence in optics,” Proc. R. Soc. Lond. A 208 (1951), 263–277.
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Roland V. Shack

R. V. Shack had many contributions to optics and to aberration theory.1 His writing
of the aberration function using the field and aperture vectors,

W ( �H, �ρ) =
∞∑

j,m,n

Wk,l.m( �H · �H )j ( �H · �ρ)m( �ρ · �ρ)n,

an apparently trivial substitution, led to the discovery of binodal astigmatism and
more generally to the concept of aberration fields and nodes.

Figure P.2 Roland V. Shack. With kind permission of Mrs. Pamela Shack. Photo
by José Sasián.

1 See, for example, J. E. Harvey and R. B. Hooker (eds.), Robert Shannon and Roland Shack: Legends in Applied
Optics, SPIE Press 2005.
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xx Roland V. Shack

Several of the advancements in aberration theory presented in this book have
been made possible by using Shack’s form of the aberration function.

R. V. Shack was a student of Hopkins at Imperial College London in
England. While R. V. Shack was professor at the College of Optical Sciences at the
University of Arizona, he had an unusual gift for motivating and inspiring students
and colleagues.

Roland V. Shack taught a variety of topics in aberration theory and he freely
shared his knowledge of the subject. Meeting him in his office was a great pleasure
as his conversation was highly motivational and inspiring. In explaining optics
he used insightful and appealing figures and models. They were also artistic,
which added an element of pleasure. A favorite model was for the ray caustic of
astigmatism: two separated and perforated plates supporting a tight string, going
back and forth many times between the plates, showed the ray paths and astigmatic
line segments.
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Symbols

Symbol Description

λ Wavelength of light
�H Field vector
�ρ Aperture vector
φ Angle between the field and aperture vectors
Ж Lagrange invariant
�, φ Optical power
n Index of refraction
r Surface radius of curvature
u Marginal ray slope
u Chief ray slope
s Object conjugate distance
s ′ Image conjugate distance
y Marginal ray height
y Chief ray height
i Marginal ray slope of incidence
i Chief ray slope of incidence
A = ni Marginal ray refraction invariant
A = ni Chief ray refraction invariant

ν = nd − 1

nF − nC

Glass V-number

W Wavefront deformation
Wk,l,m Image wave aberration coefficient
Wk,l,m Pupil wave aberration coefficient
Ik,l,m Irradiance coefficient
S Stop shifting parameter
S Object shifting parameter
σ Structural coefficient
Sσ Strucutral stop shifting parameter
FT { } Fourier transform
∗∗ Convolution operation
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