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Fundamentals of Numerical Weather Prediction

Numerical models have now become essential tools in environmental science, parti-
cularly in weather forecasting and climate prediction. This book provides a compre-
hensive overview of the techniques used in these fields, with emphasis on the design
of the most recent numerical models of the atmosphere. It presents a short history
of numerical weather prediction and its evolution, before providing step-by-step
descriptions of the various model equations and how to solve them numerically. It
outlines the main elements of a meteorological forecast suite, and the theory is illus-
trated throughout with practical examples of operational models and parameteriza-
tions of the main physical processes.

This book is founded on the author’s many years of experience, working as a scientist
at Météo-France and teaching university-level courses. It is a practical and accessible
textbook for graduate courses and is a handy resource for researchers and profession-
als in atmospheric physics, meteorology, and climatology, as well as the related discip-
lines of fluid dynamics, hydrology, and oceanography.

Jean Coiffier is now retired from Météo-France, where he was Ingénieur en Chef des
Ponts et Chaussées, and is a member of the Société Météorologique de France. His
involvement in meteorological science began in 1968 at the new Algerian Meteorological
Service, implementing elements of a modest meteorological forecast suite on a small
computer, before joining the Direction de la Météorologie Nationale (later Météo-
France) where he took part in the development and implementation of operational
models. In 1989, he became the head of the General Forecast Office. He worked there
until his retirement, also giving regular lectures on numerical weather prediction to
students of the Ecole Nationale de la Météorologie and training courses to profes-
sional forecasters. He also played an active role in realizing Computer Aided Learning
modules devoted to numerical modelling and forecasting methods.
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Foreword to the French Edition

It is a pleasure to present this book by Jean Coiffier. After many years of teaching at
the Ecole Nationale de la Météorologie, he wanted to give a lasting form to the work
at which he had laboured so long. The result is what is probably the first book (at any
rate it is the first in French) to present the fundamentals and the current methods of
numerical weather prediction in a comprehensive and consistent way.

Numerous books, some of them excellent, deal with dynamic meteorology, the sci-
ence of the moving atmosphere. But although numerical modelling has become a fun-
damental tool not just for weather forecasting but also for dynamic meteorology itself
as well as for oceanography and climate studies, there is no one book that presents the
methods and techniques in a systematic manner. New users of numerical models of
the atmosphere, whether students on placement or experienced scientists making car-
eer changes, find it hard to make their way into the world of numerical modelling. It
is not that documentation is lacking; most models now come with detailed guides to
help users take their first steps; and copious academic literature including some out-
standing papers is also readily available.

What is lacking is an overview of the techniques and methods; and that is what
Fundamentals of Numerical Weather Prediction provides. Without requiring from read-
ers more knowledge than the standard science graduate should have acquired, Jean
Coiffier guides them with pragmatism and pedagogy. The main points are explained in
simple but, at the same time, clear and rigorous terms. A few years ago, I proposed to
a group of students at the Ecole Polytechnique to develop a general circulation model
of the atmosphere from scratch as a shared coursework project. It was Jean Coiffier’s
lecture notes (those on which this book is based) that appeared to me the most suitable
document to take them straight to the crux of what they needed to learn.

Numerical weather prediction is now more than 50 years old. One might wonder
what its pioneers would make of what it has become. Perhaps they would be surprised
at how the definition of initial conditions and data assimilation have grown steadily
more important over the years. Jean Coiffier deals with all these aspects of numerical
modelling, introducing the essential points of assimilation methods (although so very
different from what he describes elsewhere) with the same precision and the same rig-
our as he presents the discretization algorithms.

Jean Coiffier is perhaps a little too modest. He confines the title of his book to
‘numerical weather prediction,” but the methods set out in it are the same as are used
for numerical modelling of the climate, which is now so crucial for forecasting the
changes in store for us and for preventing or at least mitigating their harmful effects.

viii
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iX Olivier Talagrand

This book is aimed at students and it will be very helpful to them. But I am sure that
a number of engineers and experienced scientists too will be using it, for they can be
sure to find in it clear answers to precise questions. I am confident that many will join
me in thanking Jean Coiffier for his Fundamentals of Numerical Weather Prediction.

Olivier Talagrand — 25 September 2007
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Foreword to the English Edition

I am delighted to have been given the opportunity to write a foreword to this excellent
textbook by Jean Coiffier on the mathematical and physical basis for NWP (Numerical
Weather Prediction). It is an English translation of one originally published in French
by Météo-France entitled ‘Les bases de la prévision numeérique du temps’. To reflect the
increasing use and importance of nonhydrostatic models in NWP, both for research
and for operational forecasting, a valuable new appendix has been added in the
English version. This gives an overview of two currently used nonhydrostatic models,
one developed in Europe and the other in the United States: whilst both models are
based on the same underlying continuous equation set, by way of contrast the first has
an implicit time discretization, whereas the second has an (almost) explicit one with a
smaller time step.

I fully endorse Olivier Talagrand’s assessment, reproduced herein after translation,
of the virtues of the original French version of this book. Assuming only a basic
knowledge of physics and mathematics, the student is provided with an elegantly writ-
ten synthesis of the essentials of NWP. Particularly noteworthy is the logical progres-
sion from simple equation sets, and their properties and discretization, to increasingly
complex ones.

Whilst this book has been primarily written with the student in mind, it is also a
valuable reference book for the experienced practitioner wishing to refresh his mem-
ory on specific aspects of the subject and to locate associated journal papers from the
extensive references. To date, only French-speaking readers have been able to benefit
from Jean’s well-balanced, clear, and rigorous exposition of the subject. With this in
mind, he is to be congratulated for finding further time during his retirement years to
collaborate with Cambridge University Press on an English translation of his book,
thereby making it available to a much wider audience.

It remains only for me to highly recommend this book to anyone, student or experi-
enced practitioner, who is interested in the scientific foundation of weather prediction
and climate simulation.

Andrew Staniforth — 15 October 2010
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Preface

Fundamentals of Numerical Weather Prediction is intended to introduce students to
current techniques for developing numerical weather prediction models. It is based
on lecture notes for the course I taught on numerical weather prediction at the Ecole
Nationale de la Météorologie in the 1990s.

Numerical weather prediction consists of automatically performing meteorological
forecasts and involves implementing a series of clearly identified processes: data collec-
tion and control, determination of the initial state of the atmosphere (analysis), com-
putation of the final state at a given range (forecast), computation of the characteristic
weather parameters at the local scale, tailoring and dissemination of results. This book
does not purport to describe exhaustively all the techniques used to implement all of
these processes in practice but focuses instead on the forecasting process proper. This
consists in determining, with the help of numerical computation techniques, the solu-
tions of a system of equations describing the behaviour of the atmosphere. The choice
of an appropriate system of equations and of the series of numerical calculations to
be performed to determine approximate solutions for this system defines what is com-
monly called a numerical prediction model. This basic tool is used both for weather
forecasting and for climate simulation.

This book is for students looking to take their first steps in the techniques of numer-
ical prediction and does not require any particular mathematical knowledge beyond
what is expected of science graduates. However, it does assume knowledge of the fun-
damentals of dynamic meteorology with regard to developing and justifying the sys-
tems of equations and of the main methods of numerical analysis for solving partial
differential equations.

Chapter 1 provides an overview of the history of numerical weather prediction from
its beginnings in the 1950s until the late 1990s, highlighting the major advances and
the evolution of computing tools.

Chapter 2 introduces the systems of equations most widely used for simulating
atmospheric motion, and especially the ‘primitive equations’ and the way they are
formulated in various coordinate systems.

Chapters 3 and 4 explain the principal techniques for representing meteorological
fields for numerical weather prediction: the finite difference method and the spectral
method.

Chapter 5 examines the effects of the various finite difference schemes in space
and time; the linear shallow water model is used for comparing exact solutions with
numerical ones.

Xi
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xii Preface

Chapter 6 describes a few barotropic models using the numerical techniques studied
before with regard to spatial discretization and implementing the various time integra-
tion schemes.

Chapter 7 explains the formulation of the primitive equations used in the baroclinic
models and specifies their properties with regard to global invariants; a general formu-
lation encompassing the primitive (hydrostatic) equations and the Euler (nonhydro-
static) equations is also presented.

Chapter 8 describes in detail the vertical discretization of the equations and the
implementation of baroclinic models using explicit and semi-implicit time integra-
tion algorithms, while the fields are represented horizontally using the finite difference
technique or the spectral method.

Chapter 9 deals with the parameterization of physical processes. Instead of explain-
ing in detail all the parameterization schemes used in forecasting models (for which an
abundant literature is continuously updated in the specialized journals), I have opted
to describe a few examples emphasizing how the model dynamics and model physics
hang together. Plentiful bibliographic references to other parameterization schemes
are also given.

Chapter 10 is an overview of the processes making up an operational forecasting
suite, with special emphasis on data assimilation, which has grown ever more import-
ant in recent years. The chapter ends with a look at future prospects for NWP.

Appendix A was written especially for the English edition of the book. It describes
two types of models based on the nonhydrostatic equations that have been increas-
ingly utilized for operational mesoscale forecasting in recent years.

Last, a copious further reading list completes the text and should enable readers to
find more details about the various NWP techniques explained in the book.

It is no accident that many of the examples of NWP methods and techniques
presented refer to models developed and operated by Météo-France under various
acronyms (Améthyste, Sisyphe, Emeraude, Péridot, Arpége/IFS Aladin, and Arome),
since I spent most of my working life with the French Meteorological Service. And it
was at Météo-France that I was fortunate enough to work with Jean Lepas, Daniel
Rousseau, and Jean-Frangois Geleyn, who constantly helped me to acquire the essen-
tial knowledge that has gone into this book.

My hope is, then, that this book will enable students to acquire the basic know-
ledge and essential techniques of NWP so that they can quickly and effectively become
active members of teams engaged in atmospheric modelling.

Jean Coiffier
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Partial list of symbols

Latin letters

a Mean radius of the Earth; length.
Coefficient; length.

c Wave velocity.

Cr Rossby wave velocity.
Distance.
Depth inside the soil.

e mathematical constant.

ey 2.71828 is the numerical value of the mathematical constant e. Residue of an
expansion containing N terms.

er Turbulent kinetic energy; soil thermal emissivity.

f Coriolis parameter: 2Q sin ¢; function.

g Gravity acceleration; function.

g Newtonian acceleration.

h Standard deviation of subgrid-scale orography; weighting coefficient of
digital filter; rain/snow discrimination function.

i i

ij Horizontal location indices.

k Wave number; vertical level index; time step index.

k Unit vector in the vertical.

[ Obstacle width; length.

[/ Prandtl length.

m Map scale factor; zonal wavenumber.

m Map scale factor in the case of variable resolution spectral treatment.

n Global wavenumber.

p Pressure; vertical coordinate.

)2 Surface pressure.

q Specific humidity of the air; concentration.

Gt Saturation specific humidity.

q Surface specific humidity.

q. Specific concentration of condensed water inside the cloud.

q, Specific concentration of dry air.

q, Specific concentration of water vapour.

q Specific concentration of suspended liquid water.

q, Specific concentration of suspended solid water.

q, Specific concentration of precipitating liquid water.
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Specific concentration of precipitating ice.

Radius vector.

Radial distance.

Proportion of ice.

Proportion of snow within a layer.

General vertical coordinate; dry static energy.

Surface dry static energy.

Vertical velocity: ds/dt.

Time.

Horizontal wind components.

Quantity of gas radiation passes through.

Friction velocity.

Scaling dry static energy in the surface boundary layer.

Scaling specific humidity in the surface boundary layer.
Vertical velocity in z-system; weighting coefficient.

Vertical velocity within the cloud.

Equivalent line bandwith relating to the gas g and to the spectral
interval Av.

Gauss weight at latitude p,.

Horizontal Cartesian coordinates.

Height.

Roughness length.

Generic variable identifying a 2-dimensional field A(4, i) or A(x, y);
coefficient.

Coecfficient of series expansion of A4 in terms of surface spherical
harmonics.

Fourier coefficient at latitude .

Terrestrial albedo for solar radiation.

Planck function; buoyancy.

Constant; phase change coefficient for water vapour.

Specific heat at constant pressure for air.

Specific heat at constant volume for air.

Specific heat at constant pressure for dry air.

Specific heat at constant pressure for water vapour.

Specific heat at constant pressure for liquid water.

Specific heat at constant pressure for ice.

Specific heat for the comprehensive set of non-precipitating phases.
Soil characteristic constant.

Soil specific heat.

Drag coefficient.

Transfer coefficients for dry static energy and specific humidity.
Net condensation rate.

Buoyant convective condensation rate.

Non-buoyant convective condensation rate.
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Discretized divergence of the horizontal wind; raindrop diameter.
Thermal diffusion coefficient.

Numerical divergence of the momentum at level k.

Surface evaporation flux.

Kinetic energy.

Potential energy.

Inverse Froude number: NH/U.

Friction force.

Downward radiation flux.

Upward radiation flux.

Modified downward flux.

Modified upward flux.

Radiation flux absorbed by the soil.

Effective obstacle height.

Latent heat flux.

Sensible heat flux.

Relative humidity.

Product of complex exponential functions with wavenumbers 7 and m.
Solar constant.

Turbulent flux; cost function.

Number of grid points.

Absorption coefficient for the element c.

Kinetic energy.

Tuning coefficient.

Exchange coefficient for momentum.

Exchange coefficient for dry static energy and specific humidity.
Horizontal diffusion coefficient.

Relaxation factor.

Wave vector.

Wavelength.

Monin-Obukhov length.

Rossby radius of deformation.

Latent heat of vaporization of water at 7;,= 0 K.

Latent heat of melting of ice at 7, =0 K.

Source of water vapour by mass unit and time unit; mass of water;
maximum zonal wavenumber.

Mass of snow.

Mass flux.

Cloud cover; cost function; Brunt-Vaisila frequency; number of levels in
the vertical; number of time steps; maximum global wavenumber; number
of raindrops.

Term introduced to express the linearized pressure force in the semi-
implicit algorithm; upper air precipitation flux.
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Rain flux.

Snow flux.

Surface rain flux.

Surface snow flux.

Total precipitation flux at the surface: P, + P,

Precipitation flux at the surface.

Associated Legendre function.

Heat source per mass unit and time unit; wave velocity reduction factor.
Heat source per unit time.

Energy loss per unit time corresponding to the water vapour deficit.
Heat source due to radiation.

Static energy tendency: Q, — O due to convection within the mesh.
Specific humidity tendency: —Q,/ L due to convection within the mesh.
Momentum tendency due to convection within the mesh.

Specific ideal-gas constant relative to the air; influence radius; wave
amplitude reduction factor.

Richardson number.

Ideal-gas constants relative to dry air, to water vapour.

Terrestrial radiation.

Atmospheric radiation.

Global radiation.

Solar radiation flux.

Solar radiation flux at the top of the atmosphere.

Thermodynamic temperature; truncation.

Surface temperature.

Temperature of the water triple point.

Reduced components of the horizontal wind; velocities.

Volume.

Horizontal wind (general case).

2-dimensional horizontal wind.

3-dimensional wind velocity.

Vegetation proportion.

Velocity of falling raindrops.

Relative deep layer water content.

Relative surface water content.

Surface spherical harmonic.

Natural logarithm of surface pressure; height; length.

Height of topography.

Gothic letters

»e ey

Total mass.

Total energy.

Total angular momentum.
Total kinetic energy.
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Total potential absolute vorticity.
Total absolute potential enstrophy.
Total internal energy.

Greek letters
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Angle; coefficient; length.

Rossby parameter: df/dy; fractional part of backscattered radiation;
coefficient; length.

Length; coefficient; binary variable.

Discretized divergence; optical path; length; binary indicator; amplitude of
an orographic wave; root mean square (RMS) error.

Thickness of layer k in p-system.

Thickness of layer k in sigma-system.

Mesh size along x-axis.

Mesh size along y-axis.

Entrainment rate of water vapour inside the cloud; coefficient; infinitesimal
quantity.

Truncation error.

Vorticity.

Divergence.

Reduced value of vorticity.

Reduced value of divergence.

Co-latitude; potential temperature.

Ratio R/Cp; Von Karman’s constant.

Longitude; wavelength; asymptotic mixing length; coefficient; variable.
Soil thermal conductivity factor.

Sine of latitude.

Gaussian latitude.

Cosine of the zenith angle.

Numerical coefficients.

Absolute vorticity: {+f.

Absolute potential vorticity &/®.

value of mis 3.14159..., mathematical constant.

Mass-type vertical coordinate or hydrostatic pressure when the pressure at
the top of the working domain vanishes.

Vertical velocity: dn/dt.

Air density.

Water vapour density.

Rain density.

Snow density.

Vertical coordinate sigma; Stefan-Boltzman constant; partition coefficient;
frequency; standard deviation.

Vertical velocity: do/dt.

Vertical velocity term 5 dp/ds.
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Radiation transmission factor; e-folding time.
Momentum flux.
Latitude.
Velocity potential function.
Stream function; generic function.
Vertical velocity: dp/dt; frequency (angular frequency).
* Mass flux.
Simple scattering albedo.
Gamma function; transfer coefficient of momentum in the vertical.
At Time step.
Ax Mesh size along x-axis.
Ay Mesh size along y-axis.
AS Optical depth.
Av Absorption bandwidth.
Angle.
Geopotential.
Surface geopotential.
Universal functions for the surface boundary layer.
Angle.
Angular velocity of the Earth; angular velocity.
Angular velocity vector of the Earth.
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Generalized vectors, matrices, and operators

Linearized energy conversion term matrix; analysis error covariance matrix.
Linearized hydrostatic relation matrix; background field error covariance
matrix.

Column vector of momentum.

Linearized observation operator matrix.

Error vector.

Linearized observation operator matrix for the incremental method.
Optimal interpolation weight matrix.

Linearized barotropic system matrix; vertical structure matrix of the
baroclinic linearized system for the semi-implicit algorithm.

Column vector of linearized pressure force term.

Background field error covariance matrix.

Analysis error covariance matrix.

Matrix of the eigenvectors of the operator defined by the matrix M.
Model error at time step ¢,.

Observation error covariance matrix.

Column vector describing the linearization profile RT*.

'S, Row vector of the layer depths in the vertical up to level k followed by zeroes.
T Column vector of temperature.

U,V  Column vector of reduced wind components U and V.

X Generic vector; state vector.
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Analysis state vector.
Background field state vector.
State vector of the actual atmosphere at time ¢.

Resulting state vector after application of the digital filter.

Eigenmode of the linearized model L.

State vector deviation from an approximate value.
Error vector.

Mean error vector.

Column vector of vorticity.

Column vector of divergence.

Column vector of vertical velocity.

Column vector of geopotential.

Column vector of streamfunction.

Column vector of velocity potential.

Diagonal matrix of the implicit system obtained with the baroclinic model.

Nonlinear general operator.

Linear operator.

Nonlinear operator.

Nonlinear operator acting on the state vector at time .
Tangent linear operator of .

Observation operator.

Model operator acting between times #, and 7, ;.

Various mathematical notations

Scalar or dot product.
Vector product.
Absolute value.
Norm of a vector.
Scalar product.
Gradient of a scalar function.
Divergence.

Curl.

Laplacian.

Reduced Laplacian.
Jacobian.

Gradient of a scalar function of a vector X with respect to the components

of this vector.

Partial derivative of a multivariable function with respect to the variable /.

Total derivative.
Mean value: [A(x + Ax/2) + A(x + Ax/2)]/2.
Finite difference: [4(x + Ax/2) — A(x + Ax/2)]/Ax.
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