Cambridge University Press & Assessment

978-1-009-46595-3 — Groups and Graphs, Designs and Dynamics
Edited by R. A. Bailey, Peter J. Cameron , Yaokun Wu

Excerpt

More Information

1

Topics in representation theory of finite groups
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Abstract

This is an introduction to representation theory and harmonic analysis on finite
groups. This includes, in particular, Gelfand pairs (with applications to dif-
fusion processes a la Diaconis) and induced representations (focusing on the
little group method of Mackey and Wigner). We also discuss Laplace opera-
tors and spectral theory of finite regular graphs. In the last part, we present the
representation theory of GL(2,TF,), the general linear group of invertible 2 x 2
matrices with coefficients in a finite field with g elements. More precisely, we
revisit the classical Gelfand—Graev representation of GL(2,F,) in terms of the
so-called multiplicity-free triples and their associated Hecke algebras. The pre-
sentation is not fully self-contained: most of the basic and elementary facts are
proved in detail, some others are left as exercises, while, for more advanced
results with no proof, precise references are provided.
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1.1 Introduction

The present text constitutes an expanded and more detailed exposition of the
lecture notes of a course on Representation Theory delivered by the first named
author at the International Conference and PhD-Master Summer School on
Groups and Graphs, Designs and Dynamics (G2D2) held in Yichang (China)
in August 2019.

One of the main features of Harmonic Analysis is the study of linear oper-
ators that are invariant with respect to the action of a group. In the classical
abelian setting, for instance, this is used to express the solutions of a constant
coefficients differential equation (such as the heat equation) in terms of infinite
sums of exponentials (Fourier series).

Here, we consider a finite (possibly non-abelian) counterpart. Let G be a fi-
nite group, let K < G be a subgroup, and consider the G-module L(G/K) of all
complex valued functions on the (finite) homogenous space G/K of left cosets
of K in G. The corresponding space of linear G-invariant operators we alluded
to above, the so-called commutant Endg(L(G/K)), bears a natural structure
of an involutive unital algebra that turns out to be isomorphic to the algebra
KL(G)X of all bi-K-invariant complex valued functions on G. When these al-
gebras are commutative, we say that (G, K) is a Gelfand pair: the terminology
originates from the seminal paper by I. M. Gelfand [40] in the setting of Lie
groups. Finite Gelfand pairs, when G is a Weyl group or a Chevalley group over
a finite field, or the symmetric group S, = Sym({1,2,...,n}), were studied by
Ph. Delsarte [25], motivated by applications to association schemes of coding
theory, Ch F. Dunkl [30, 31, 32, 33] and D. Stanton [67] with relevant contri-
butions to the theory of special functions, E. Bannai and T. Ito [3] who initi-
ated Algebraic Combinatorics, J. Saxl [59] in the study of Finite Geometries
and Designs, and A. Terras [69] with applications to number theory. A special
mention deserves the work in Probability Theory by P. Diaconis and collabora-
tors [26] with remarkable applications to the study of diffusion processes and
asymptotic behaviour of finite Markov chains. A. Okounkov and A. M. Ver-
shik [55] (see also [16]) used methods from the theory of finite Gelfand pairs
in order to give a new approach to the representation theory of the symmetric
groups. Further expositions of the theory of finite Gelfand pairs and association
schemes can be found in the monographs by R. A. Bailey [2], P.-H. Zieschang
[73], as well as in the survey paper [14] and in our first monograph [15]. We
conclude this bibliographical overview by mentioning the work of R. I. Grig-
orchuk [43] (see also [5, 23, 24]) in connection with the theory of the so-called
self-similar groups.

Given a Gelfand pair (G,K), the simultaneous diagonalization of all G-
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Topics in representation theory of finite groups 3

invariant operators can be achieved by means of a particular basis of XL(G)X.
The elements of this basis, called spherical functions, are the analogues of the
exponentials in the classical case and can be defined both intrinsically and as
matrix coefficients of particular representations (the spherical representations).
Besides the trivial though interesting case when the group G is abelian, an im-
portant example of a Gelfand pair is given by (G x G, (~;), with G the diagonal
subgroup: in this case, the spherical functions are nothing but the normalized
characters of G, showing that the theory of central functions on a group can be
treated in the setting of the Gelfand pairs, as a particular case.

By virtue of the Ergodic Theorem, the rate of convergence to the station-
ary distribution of the n-step distributions , of a finite (ergodic and sym-
metric) Markov chain can be estimated in terms of the second largest eigen-
value modulus of the corresponding transition matrix. An example of a Gelfand
pair is (S, Sk X Sp—x), where S, = Sym({1,2,...,n}) is the symmetric group
of degree n, and, for 1 < k < n/2, we regard S; = Sym({1,2,...,k}) and
Su—k =Sym({k+1,k+2,...,n}) as subgroups of S,. In the 80s Diaconis and
Shahshahani [28] (see also [14, 15]), were able to use this Gelfand pair to find
very precise asymptotics of (U )nen for the Bernoulli-Laplace model of dif-
fusion. In particular, they showed that an interesting phenomenon occurs: the
transition from order to chaos is concentrated in a relatively small interval of
time: this is the cut-off phenomenon. Other important examples, where the the-
ory of spherical functions plays a central role, are the Ehrenfest model of diffu-
sion (see Section 1.5.2) and the random transpositions model [26, 27, 14, 15].

The G-module L(G/K) can be seen as the representation space of the in-
duced representation Ind$ 1x of the trivial representation 1x of K, and we have
that (G,K) is a Gelfand pair if and only if Ind{ 1x decomposes without mul-
tiplicity. More generally, if 6 is an irreducible K-representation, the algebra
Endg(Ind$ 6) of intertwiners is isomorphic to a suitable convolution algebra
H(G,K,0) of complex valued functions on G, and we say that (G,K,0) is
a multiplicity-free triple if these algebras are commutative; equivalently, if
Ind,?@ decomposes without multiplicity. Multiplicity-free triples were par-
tially studied by I. G. Macdonald [50], by D. Bump and D. Ginzburg [9],
and in [19, Chapter 13] when dim 6 = 1; a generalization to higher dimen-
sions, with a complete analysis of the spherical functions, is treated in our
papers [61, 62, 63, 64] and the recent monograph [20]. An earlier application,
where a problem of Diaconis on the Bernoulli-Laplace diffusion model with
many urns was solved, was presented in the second named author’s PhD the-
sis and published in [60]. As pointed out in [19, Chapter 14], our theory of
multiplicity-free triples shed light on the representation theory of GL(2,IF,),
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the general linear group of 2 x 2 matrices with coefficients in the field with ¢
elements, as developed by I. I. Piatetski-Shapiro in [57].

These lecture notes are organized as follows. In Section 1.2, we briefly recall
the basics of the representation theory of finite groups: this includes Schur’s
lemma, some character theory, and the Peter—Weyl theorem. In Sections 1.2.2,
1.2.3, and 1.2.4 we study Gelfand pairs in detail, focusing on spherical func-
tions, the spherical Fourier transform, and the harmonic analysis of invari-
ant operators. Then, in Sections 1.5.1 and 1.5.2 we present the applications
of Gelfand pairs to Markov chains, culminating in the celebrated Diaconis—
Shahshahani upper-bound lemma, and describe the asymptotics for the Ehren-
fest model of diffusion. In Sections 1.6.1 and 1.6.2 we study induced represen-
tations, Frobenius reciprocity, and Mackey theory, and then, in Section 1.6.3,
we apply this machinery to obtain the Mackey—Wigner little group method. In
Section 1.6.4 we introduce the Hecke algebras j?/(G,K ,0) and 7 (G,K,0)
and show that they are both isomorphic to the commutant Endg(Indg 0). In
Section 1.6.5 we then define multiplicity-free triples and present their general
theory. After a short overview of the basics of finite fields and their characters
(Section 1.7.1), as an application of the little group method of Mackey and
Wigner we describe all irreducible representations of Aff(FF,), the affine group
over the field with ¢ elements. The last two sections are devoted to the general
linear group GL(2,FF,) and its representations: in relation with the latter, we
limit ourselves to the description of the decomposition of the Gelfand—Graev
representation.

Our presentation is mostly self-contained. However, for the sake of brevity,
some of the proofs are either omitted (but with clear references for a complete
exposition), or sketched, or left as an exercise to the reader. Several other ex-
ercises are proposed as complements and further developments.

Acknowledgments. We express our deep gratitude to Yaokun Wu and Da Zhao
for many valuable comments and remarks. We also thank Rosemary Bailey and
Peter Cameron for their most precious help and concern in the editing process.

1.2 Representation theory and harmonic analysis on finite
groups

In this section, we present the basics of the representation theory of finite

groups and we introduce and study the notion of a finite Gelfand pair, thus

providing a setting for a suitable extension of the classical Fourier analysis.
Our exposition is inspired by Diaconis’ book [26] and to Figa—Talamanca’s
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lecture notes [37] and our monographs [15, 19]. We also took a particular bene-
fit from the monographs by Alperin and Bell [1], Fulton and Harris [39], Isaacs
[46], Naimark and Stern [52], Serre [65], Simon [66], and Sternberg [68]. Ex-
positions of the theory of Gelfand pairs are also presented in the monographs
by J. Dieudonné [29], H. Dym and H. P. McKean [34] , J. Faraut [36], A. Figa-
Talamanca and C. Nebbia [38], S. Helgason [44] and J. Wolf [71] for the gen-
eral case of locally compact groups.

1.2.1 Representations
Let G be a finite group.

Definition 1.2.1 (Representation) A representation of G (also called a G-
representation) is a pair (p, V), where V is a finite dimensional complex vector
space and p: G — GL(V) is a group homomorphism from G into the group
GL(V) of all invertible linear transformations of V.

If (p,V) is a representation of G, then one has:

e p(lg)=1Iv

* p(g182) =p(g1)p(s2)

e p(g)=p(g)"

o p(g)(av+bw) =ap(g)v+bp(g)w

forall g,g1,82 € G,v,we V,and a,b € C, where 15 € G is the identity element
and Iy : V — V is the identity transformation.

Equivalently, a representation can be viewed as an action o.: G xV —V of
G on V by linear transformations by setting ¢(g,v) := p(g)v for all g € G and
veV.

In the following, for the sake of brevity, when a given representation (p,V)
is clear from the context, we shall denote it simply by either p or V.

The dimension d, := dimV of the vector space V is called the dimension
of p.

Definition 1.2.2 (Sub-representation) Let (p,V) be a G-representation. A
subspace W <V is G-invariant if p(g)w € W for all g € G and w € W. The
pair (pw,W), where pw(g) := p(g)|w for all g € G, is a G-representation,
called a sub-representation of (p,V). We shall then write (pw,W) < (p,V).

Clearly, dp,, < dp.

Definition 1.2.3 (Irreducible representation) A G-representation (p,V) is ir-
reducible if V admits no nontrivial G-invariant subspaces, that is, the only G-
invariant subspaces W <V are W = {0} and W = V.
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6 T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli
We denote by Irr(G) the set of all irreducible representations of G.

The representation of dimension zero is considered to be neither reducible
nor irreducible, just as the number 1 is considered to be neither composite nor
prime.

It is obvious that every one-dimensional representation is irreducible.

Definition 1.2.4 (Equivalent representations) Two G-representations (p;,V))
and (p2,Va) are equivalent if there exists a linear isomorphism 7': Vi — V,
such that

Topi(g) =pa(g)oT

for all g € G. We then write p; ~ p2. We shall refer to T as to an intertwining
isomorphism.

If (p1, V1) is equivalent to a sub-representation of (p,,V,) we write p; < pa,
and we say that p; is contained in p,.

Note that ~ is an equivalence relation in the set of all G-representations,
which preserves irreducibility and dimension (exercise).

Definition 1.2.5 (Unitary representation) Suppose that a complex vector space
V is equipped with an inner product (-,-)y. A G-representation (p,V) is uni-
tary if, for every g € G, the linear operator p(g) is unitary, that is,

(p(g)v1,p(g)v2)v = (vi,m)v
forall vi,v, € V.

Note that, if (p,V) is a unitary representation, then

o plg ') =p(g)
for all g € G, where * denotes the adjoint operation.

Exercise 1.2.6 (Unitarizability of representations) Suppose that a complex
vector space V is equipped with an inner product (-,-)y. Let (p,V) be a G-
representation. Then when equipping V with the new inner product (-,-)y de-
fined by

1

=RﬂZKP@WhP@WﬁV

geG

(VlaVZ)V :

for all vi, v, € V, the representation (p,V) becomes unitary.

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781009465953
www.cambridge.org

Cambridge University Press & Assessment

978-1-009-46595-3 — Groups and Graphs, Designs and Dynamics
Edited by R. A. Bailey, Peter J. Cameron , Yaokun Wu

Excerpt

More Information

Topics in representation theory of finite groups 7

By virtue of the previous exercise, from now on, we shall consider only
unitary representations. This will not affect equivalence as the next exercise
shows.

Exercise 1.2.7 Let (p1,V;) and (p»,V2) be two unitary G-representations.
Suppose that p; ~ p,. Then there exists a unitary operator U: Vi — V; such
that

Uopi(g) =pa(g)oU
forall g € G.

Hint: Use the polar decomposition T = U|T | for an intertwining isomorphism
T : Vi — V, (for more details, see [19, Lemma 10.1.4]).

We can rephrase the result in the above exercise by saying that two equiva-
lent unitary representations are unitarily equivalent.

Definition 1.2.8 (Dual of a group) The dual of the group G is the quotient

~

G :=Irr(G)/ ~. In the following we shall also refer to G as to a complete set
of irreducible pairwise non-equivalent G-representations.

We shall see later (cf. Theorem 1.2.36) that |G| < co.

Definition 1.2.9 (Direct sum) Let (p;,Vi) and (p2,V2) be two G-
representations. We equip V := V; @V, with the inner product (-,-)y defined
by setting

(Vi +v2,vi +va)v o= (v, vy, + (v2, V),

for all vi,v| € Vj and v2, v € V5. The (unitary) G-representation (p, V) defined
by setting

p(g)(vi+v2) := pi(g)vi + p2(g)v2

for all g € G and v € V|, vp € V3, is called the direct sum of (p;,V;) and
(p2,V2) and is denoted by (p; @ p2,Vi ®V2).

Note that dp, ¢p, = dp, +dp, and that p; < p; B pp fori=1,2.

Definition 1.2.10 (Conjugate representation) Let (p, V) be a G-representation
and let V' denote the dual vector space. The conjugate representation of p is
the unitary representation (p’,V’) defined by setting

0" () f1(v) == f(p(g~")v)
forallge G, feV , andveV.

It is an exercise to check that p’ is unitary (resp. irreducible) if and only if p
is unitary (resp. irreducible).
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Exercise 1.2.11 (Orthogonal complement) ~Suppose that (p, V) is a (unitary)
G-representation and let W <V be a nontrivial G-invariant subspace. Show
that

={veV:{(vyw)yy =0forallwe W}
is also G-invariant. Deduce that p = pw © py, 1.

From the above exercise and an obvious inductive argument, one immedi-
ately deduces the following:

Theorem 1.2.12 Every G-representation is the direct sum of finitely many
irreducible G-representations. O

The above theorem may be rephrased as follows. Suppose that (p,V) is
a G-representation. Then there exist a positive integer n and (not necessarily
distinct) p1,p2,...,Pn € Gsuchthat p ~ p1 B Py B --- B Py

Example 1.2.13 (Trivial representation) The trivial representation of a group
G, denoted (15,C), is the one-dimensional representation defined by setting
16(g) =1dc for all g € G.

Given a finite group G, we denote by L(G) the complex vector space of all
functions f: G — C. We equip L(G) with the convolution product * defined
by setting, for fi, f> € L(G),

(fixfr)(g Zfl gh forall g € G. (1.1)
heG
With the product *, the space L(G) becomes an algebra, called the C-group
algebra of G. Note that L(G) is unital, with unity element ;. Moreover, the
map f — f*, where f*(g) := f(g~!) for all g € G, is an involution.

Example 1.2.14 (Regular representations) Let G be a finite group. Then the
left (resp. right) regular representation of G is the (unitary) representation

(Ag,L(G)) (resp. (pg,L(G))) defined by setting
[A6(8)f1(h) = f(g~"h) (resp. [pG(g)f](h) = f(hg))
forall g,h € G and f € L(G).

Exercise 1.2.15 Show that the left (resp. right) regular representation is uni-
tary when L(G) is endowed with the scalar product <~, ")1(c) defined by setting

f17f2 Zfl

geG

forall f1, /> € L(G).

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781009465953
www.cambridge.org

Cambridge University Press & Assessment

978-1-009-46595-3 — Groups and Graphs, Designs and Dynamics
Edited by R. A. Bailey, Peter J. Cameron , Yaokun Wu

Excerpt

More Information

Topics in representation theory of finite groups 9
Example 1.2.16 (Representations of a cyclic group) Let
G=C,={l,a,d%,....d" "} =7/nZ

denote the cyclic group of order n. Consider the primitive nth root of unity @ :=
X/ and, for k € Z, let (px,C) denote the (unitary) representation defined by

pr(d") = 0"1de

forall h=0,1,...,n— 1. Note that py = py if k = k' mod n and that p; # py
if k £ k' mod n. In fact, C, = {p; : k=0,1,...,n—1}.

Example 1.2.17 (Two particular representations of the symmetric group) Let
G =S, =Sym({1,2,...,n}) denote the symmetric group of degree n, that is
the group of all bijective maps (permutations) g: {1,2,...,n} = {1,2,...,n}.

The sign representation of S, is the one-dimensional representation (sign, C)
defined by

enle) lde  ifg€A,
s1g2n =
g “Idc  ifg €S, \A,

for all g € S,,, where A, < S, is the alternating subgroup (consisting of all
permutations which can be expressed as a product of an even number of trans-
positions).

Let V be an n-dimensional vector space equipped with a scalar product.
Fix an orthonormal basis {e},ey,...,e,} C V. The permutation representation
of Sy, (cf. Definition 1.2.50) is the (unitary) representation (p,V) defined by
setting

p(g)ei = ey
forallge S,andi=1,2,...,n.

Exercise 1.2.18 Let G =S, be the symmetric group of degree n.

Show that the sign representation (sign,C) is indeed a unitary representa-
tion.

Show that the permutation representation (p,V) is indeed a unitary repre-
sentation. Let W <V denote the one-dimensional subspace spanned by the
vector e| + ey + - - - + e,,. Show that W is G-invariant. Show that

n
WJ‘:{Zaiei:Ot,-G(Cand(XlJrOtererOln:O}
i=1

is equal to the linear span of {¢; —e;—1 : i =2,3,...,n}, and is irreducible. De-
duce that V =W @ W+ is the decomposition of V into irreducible components.
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Definition 1.2.19 (Commutant) The commutant of two G-representations
(p1,V1) and (p2,V>) is the vector space

Homg(V1,V2):={T: Vi =V, : T is linear and Tp;(g) =p2(g)T for all g€ G}.

We refer to its elements as to the intertwiners of p; and p,. When V) =V, =V
we denote the commutant Homg(V,V) by Endg(V). It has a natural structure
of an algebra.

Exercise 1.2.20 Let (p1,V}), (p2,V2), and (p, V) be unitary G-representations.
Given T € Homg(V1,V2), let T*: Vo — V; denote the adjoint operator. Show
that 7* € Homg(V,,V1). Show that the commutant Endg (V) has a natural
structure of a x-algebra.

The following is a celebrated, elementary but extremely useful result of
Schur.

Lemma 1.2.21 (Schur’s lemma) Let (p1,V:) and (p2,Va) be two irreducible
G-representations. If T € Homg(V1,Va), then either T = 0 or T is an isomor-

phism (and p1 ~ p2).

Proof The kernel kerT < V| and the image ranT < V, are G-invariant sub-
spaces, and by the irreducibility of p; and p; they must be trivial. If ker7 =
{0}, thenranT =V, and therefore T is an isomorphism; and if ker T = V;, then
T =0. O

Corollary 1.2.22 Let (p,V) be an irreducible G-representation and consider
T € Endg(V). Then T € Cly.

Proof Let A € C be an eigenvalue of T, so that T — Ay cannot be an isomor-
phism. As T — Aly € Endg(V), Schur’s lemma (Lemma 1.2.21) ensures that
T — ALy =0, thatis, T = Aly. O

Exercise 1.2.23 Let G be a group. Show that if G is abelian and (p,V) is a G-
representation, then p is irreducible if and only if dp = 1. Show that, vice versa,
if every irreducible G-representation is one-dimensional, then G is abelian.
Hint. For the converse implication, use the following steps:

e A representation (p,V) of G is faithful provided that p(g) # Iy for all g €
G\ {l1s}. Show that the regular representations (cf. Example 1.2.14) of G
are faithful.

o Apply Theorem 1.2.12 to the left regular representation of G and deduce that
for every g € G\ {1}, there exists an irreducible representation (p,, V) of
G such that pg(g) # Iy.
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