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Preface

This book develops the intimate connection between linear time-variant dynamical

systems and matrix calculus.

Both dynamical systems and computers implementing matrix calculus are ubiqui-

tous in our present technical world. Dynamical systems are often steered or controlled

by an embedded computer that executes an algorithm. Conversely, a computer exe-

cuting an algorithm may be viewed as a dynamical system in its own right. This

correspondence can be exploited to great benefit for the understanding of the behav-

ior of a dynamical system and, by the same token, the construction of accurate and

efficient computations. The present book develops this connection for the most simple

and important class, linear systems, and, equivalently, matrix computations.

Traditionally, system theory and computational algebra have developed and evolved

in very different ways. We show in this book that bringing the fields together in one

body of knowledge has great advantages both from a theoretical and a practical point

of view. In doing so, we show that only a few amazingly simple basic concepts and

numerical methods are needed to cover the whole field, provided one is willing to look

at the key issues in an unadorned and fresh way.

The insight that such an approach was possible arose in the seminal work of Bell-

man and Kalman, who ventured into the new environment of time-variant systems

in order to solve estimation and control problems related to the Apollo spaceflight

mission. Classically, such problems are treated with Laplace and z-transform theory

and have an algebraic basis in complex function analysis and module theory. It soon

appeared that an effective time-variant algebra was lacking. The latter was developed

over time, on the mathematical side as nest algebras, on the system theory side as

time-variant systems, and on the numerical side, in a limited way, as semi-separable

systems. It took time to harmonize the various approaches, but the net result is that

discrete-time, time-variant linear systems are now fully equivalent to a generalization

of semi-separable matrix systems, which has been given the name quasi-separable

systems, to our knowledge by Israel Gohberg. The present book offers a systematic

but also fully didactical introduction to the unified theory.

The basis for the transformation or rejuvenation of system theory presented in this

book is both traditional and remarkably simple. The central idea may be informally

formulated as “the state of a system is what the system remembers of its past at any

moment,” or, equivalently, “the minimal information needed at any moment to produce

its future development, given future inputs.” This information presents itself as Nerode
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xii Preface

equivalent classes and, in the traditional thinking, as an ideal or a submodule in an

overall algebraic setting – that is, strong structures that incorporate the time invariance.

It was thought for a long time that these notions could not extend beyond a time-

invariant framework. We show that, on the contrary, a systematic exploiting of the

notion of state in a time-variant setting is not only possible but also produces most

if not all essential system operations and properties. Time invariance is not essential,

but a new, alternative, and as it turns out, more elementary but also more powerful

algebraic framework is needed.

At the numerical algebra side, the power of orthogonal transformations gradually

became evident, exemplified by the present day resurgence of QR factorization and

the singular value decomposition (SVD) as the most ubiquitous numerical methods,

insights going way back to Jacobi and Gauss, but then resurrected by numeri-

cal analysts such as Givens and Householder. It turns out that the only central

mathematical concept needed in dynamical system theory is that of “range of an

operator,” often represented by a suitable orthonormal basis, and computed recur-

sively using QR- or LQ-type transformations (its dual), or perhaps SVD for even more

accuracy.

In the present book, we treat operations on matrices as a dynamical system in its

own right, that is, as respecting the recursive order viewed as evolution in time. Gen-

eral matrix computations can just be viewed as evolution of a numerical system and,

conversely, the evolution of time-variant dynamical systems consists of matrix oper-

ations. The notions “matrix” plus “linear progression in time” or “indexing order”

coincide with the notion “discrete-time dynamical system” in this approach.

Basic matrix operations are then operations on systems and vice versa. For the

development of the whole theory, only the most elementary matrix operations are

needed, namely additions and multiplications as they occur in QR and LQ fac-

torizations. The majority of results ranging from system identification to system

optimization, estimation and model reduction can remarkably be obtained without

much more than elementary matrix operations. Conversely, this approach leads to

novel matrix methods and new results in matrix theory, especially in the areas of matrix

inversion and matrix approximation, interpolation and factorization.

To realize this plan, an extension of the matrix theory framework is needed in

order to accommodate dynamically changing dimensions. A typical time-variant sys-

tem starts at some time index, its evolving state, inputs and outputs have variable

dimensions during its existence, and it dies out or stops operating at some time. Vari-

able dimensions force an adaptation of the classical treatment of matrices, including

the introduction of zero dimensions (i.e., empty matrices), matrices whose elements

are matrices themselves and the systemic use of block diagonal matrices as build-

ing blocks for system representations. These extensions of classical matrix theory

turn out to be pretty natural and to conform without difficulty to computer science

practices.

The result is that time-variant system theory and elementary matrix calculus largely

coincide. This is a major didactical advantage of the approach. No complex func-

tion calculus, transform theory, module theory or whatever complicated algebraic
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Preface xiii

structures are needed for most, if not all of the results, provided one stays within

the context of systems evolving in discrete time. With some extra effort, many time-

invariant results can be derived from the time-variant basics, but they often require the

solution of an additional fixed-point problem. Historically, the time-invariant way was

thought to be simpler and more insightful. The opposite is true: invariance complicates

matters considerably and may even be seen as “unnatural.” By going time variant, one

can sidestep most of the classical, transform-based literature in favor of straight and

simple matrix theory, or, as a modern saying goes, array processing – a great logical

and didactical simplification.

Motivation for the Method

System theory has mostly been restricted traditionally to linear, time-invariant sys-

tems. The consequence is that matrices that describe the global behavior of the system

have a special structure, namely (block) Toeplitz or (block) Hankel, and the theory

is geared toward representing such structures algebraically, mainly using transform

theory, which tends to become a goal in itself. However, many instances of (linear)

recursive computations deal with unstructured or weakly structured global system

matrices. We show that the more general time-variant system theory developed in this

book succeeds surprisingly easily in remedying the lack of correspondence between

system theory and general matrix algebra of the traditional approach. This move,

which at first seems to make things more complex, turns out to produce a great theo-

retical simplification, thereby using and even highlighting all the main principles and

leading to all the main basic results.

With reference to the immense literature on system theory, control theory, opti-

mization and filtering, it is perhaps hard to believe that there exists a simple and easily

accessible computational approach to all these topics, given the variety of mathemat-

ical methods people have developed to attack the various problems they encountered,

often using ad hoc or brute-force methods. But there is a unifying approach, and the

present book shows how even profound system-theoretic problems can be approached

with elementary matrix algebra.

The ability to compute effectively and to connect computations to fundamental

issues in systems engineering is a major challenge limiting the ability of our future

engineers, irrespective of whether they are more active in engineering or in data

numerics; see Figure 1. One of the most appealing properties of the proposed approach

is the fact that matrix computations and system theory are two sides of the same coin:

methods of one field are directly relevant to the other.

The challenge to students and researchers in systems engineering appears to be the

mastery of elementary matrix algebra, especially of the geometry connected to it. A

matrix defines a linear operator, and various related subspaces (range, co-range, ker-

nel and co-kernel) play the central geometric role. Most algebraic operations aim at

characterizing these spaces, mostly by deriving orthonormal bases for them, an oper-

ation that in signal processing terms is called orthogonal filtering. Depending on the

application at hand, whether realization theory, optimal control or estimation theory,
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Figure 1 Our main disciplines are closely related.

the filtering procedure has an idiosyncratic name and is called, for example, dynamic

programming, a Wiener filter, a Kalman filter or a selective filter. They all have similar

operations that combine system-theoretic recursions with recursive numerical methods

in common.

Conversely, the study we propose equips the students with a wealth of examples

through which they can refine their intimate knowledge of matrix algebra as the main

mathematical vehicle to achieve key results in numerical analysis and signal process-

ing. Familiarity with matrix algebra is a to be or not be question for a modern engineer

who has to handle data in a variety of situations, and the detailed study of system the-

ory offers an ideal environment to develop that familiarity. Such an achievement can

be seen as the main end term of the course we propose.

Adjoining Website

There is an adjoining website to this book containing:

• worked examples in concrete applications;

• computer programs of algorithms;

• PowerPoint presentations;

• advanced topics; and

• related papers from the open literature.

Prerequisites

We assume knowledge of elementary (undergraduate-level) matrix algebra (real and

complex numbers, vectors, matrices, matrix products, echelon forms, matrix inver-

sion, eigenvectors and eigenvalues, QR decomposition and SVD) and basic analysis

(functions, limits, ordinary and partial differentials, integration, series). Matrices are

our lingua franca, and our students and readers will develop familiarity with them

by working through the book. More advanced mathematical properties (in particular,
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Preface xv

some elementary properties of Hilbert spaces) are introduced where they are used, and

this does not happen in core theory, only in places where connections are made with

other approaches. All these topics are covered by many textbooks on matrix or linear

algebra, for example [40, 63], and textbooks in analysis and Hilbert space theory, for

example [59].

A Summary of the Chapters

The book starts out with a motivating chapter to answer the question why is it worth-

while to develop system theory? To do so, we jump fearlessly into the very center of our

methods, using a simple and straight example of optimal control. Although optimiza-

tion is not our main subject – that is system theory – it provides for one of the main

application areas, namely the optimization of the performance of a dynamical system

in a time-variant environment (e.g., driving a car or sending a rocket to the moon).

The chapter starts out with a review of the Moore–Penrose pseudo-inverse, which is

a central concept of matrix algebra, used throughout the book. Next it describes a

simple case of optimal control, which is first solved in a global way and then in a

much more attractive recursive way called dynamic programming. The chapter then

ends by showing how the method generalizes to linear, discrete-time, time-variant

models.

Chapter 2 moves into a more philosophical mood to introduce the basic notions

on which system theory is based. In this endeavor, it follows the insights first pro-

vided by Rudy Kalman and his coauthors in [49], and it does so as a narrative, laying

the foundations for what will become the mathematical framework in the remainder

of the book. A few fundamental and very appealing notions such as “state,” “behav-

ior,” “reachability” and “observability” provide a sufficient basis for the whole theory

(sufficient in the sense that no further fundamental notions are needed). In further

chapters, we gradually develop the remarkable mathematical consequences of the con-

cepts introduced here, exclusively using elementary matrix algebra and a necessary

organizational extension of it. The chapter ends by introducing the reader to the main

types of system they may encounter in practice, thereby illustrating how the basic

concepts provide unity in diversity.

Chapter 3 starts developing our central Linear Time-Variant (LTV) prototype envi-

ronment, a class that coincides perfectly with the linear algebra or matrix algebra

context, making the correspondence systems-matrix computations a mutually pro-

ductive reality. People familiar with the classical approach, in which the z-transform

or other types of transform are used, will easily recognize the notational or graphic

resemblance, but there is a major difference: everything remains elementary, no

complex function calculus is involved and only the simplest matrix operations

addition and multiplication are needed. Appealing expressions for the state-space

realization of a system appear, as well as the global representation of the input–

output operator in terms of four block-diagonal matrices {A,B,C,D} and the (now
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xvi Preface

non-commutative but elementary) causal shift Z . The consequences for and rela-

tion to linear time-invariant (LTI) systems and infinitely indexed systems are fully

documented in the sections marked with ∗, which can be skipped by students or

readers more interested in numerical linear algebra than in LTI system control or

estimation.

From this point on, the main issues in system theory are tackled. The very first,

considered in Chapter 4, is the all-important question of system identification. This

is perhaps the most basic question in system theory and related linear algebra, with

a strong pedigree starting from Kronecker’s characterization of rational functions to

its elegant solution for time-variant systems. Identification, often also called “realiza-

tion,” is the problem of deriving the internal system’s equations (called state-space

equations) from input–output data. In this chapter, we consider only the causal, or

lower block triangular case, although the theory applies just as well to an anti-causal

system, for which one lets the time run backwards, applying the same theory in a dual

form.

In Chapter 5, we consider the central issue of minimality of the state-space system

representation, as well as equivalences of such representations. The question intro-

duces important new basic operators and spaces related to the state-space description.

In our time-variant context, what we call the Hankel operator plays the central role,

via a minimal composition (i.e., product) of a reachability operator and an observ-

ability operator. Corresponding results for LTI systems (a special case) follow readily

from the LTV case as well as the theory for infinitely indexed systems, but they entail

some extra complications, which are not essential for the main treatment offered and

can be skipped on first reading.

Chapter 6 is a straightforward but essential chapter. It shows how the recursive

structure of the state-space representations is exploited to make elementary matrix

operations such as matrix addition and multiplication efficient. Also, elementary

matrix inversion is treated for cases where the elementary inverse exists. The notions

of outer operator and inner operator are introduced as basic types of matrices playing

a central role in various specific matrix decompositions and factorizations to be treated

in further chapters.

Several types of factorization solve the main problems of system theory (identi-

fication, estimation, system inversion, system approximation and optimal control).

The factorization type depends on what kind of operator is factorized and what

form the factors should have. Chapters 7 and 8 are therefore devoted to the two

main types of factorization: Chapter 7 treats what is traditionally called coprime

factorization, while Chapter 8 is devoted to inner–outer factorization. Coprime fac-

torization, here called external factorization for more generality, characterizes the

system’s dynamics and plays a central role in system characterization and control

issues. A remarkable result of our approach is the derivation of Bezout equations for

time-variant and quasi-separable systems, made possible without the use of Euclidean

divisibility theory. From a numerical point of view, all these factorizations reduce

to recursively applied QR or LQ factorizations, applied on appropriately chosen

operators.
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Chapter 8 then considers the likely most important operation in system theory:

inner–outer (and its dual, outer–inner) factorization. This factorization plays a dif-

ferent role than the previously treated external or coprime factorization, in that it

characterizes properties of the inverse or pseudo-inverse of the system under consid-

eration, rather than the system itself. An important point is that such factorizations are

computed on the state-space representation of the original data. Inner–outer consists

in nothing else but recursive QR factorization, as was already observed in our moti-

vational Chapter 1, and outer–inner in recursive LQ factorization, in the somewhat

unorthodox terminology used in this book for consistency reasons: QR for “orthogo-

nalQ with right factor R” and LQ for “left factor L with orthogonalQ.” These types of

factorization play the central role in a variety of applications (such as optimal control

and tracking, state estimation, system pseudo-inversion and spectral factorization). We

conclude the chapter showing briefly how the time-variant linear results generalize to

the nonlinear case.

The set of basic topics then continues with a major application domain of our the-

ory: linear least-squares estimation (LLSE) of the state of an evolving system (also

known as Kalman filtering – Chapter 9), which turns out to be an immediate applica-

tion of the outer–inner factorization theory developed in Chapter 8. To complete this

discussion, we also show how the theory extends naturally to cover the smoothing case

(which is often considered “difficult”).

Two chapters conclude the basic course.

Chapter 10 presents an alternative theory of external and coprime factorization,

using polynomial denominators in the time-variant shift Z rather than inner denomi-

nators, as is done in Chapter 8. “Polynomials in the shift Z” are equivalent to block

lower matrices with a support defined by a (block) staircase and are essentially differ-

ent from the classical matrix polynomials of module theory, although the net effect on

system analysis is similar. The polynomial method differs substantially and in a com-

plementary way from the inner method. It is computationally much simpler but does

not use orthogonal transformations. It offers the possibility of treating highly unstable

systems using unilateral series. Also, this approach leads to famous Bezout equations,

which, again, can be derived without the benefit of Euclidean divisibility methods.

Chapter 11 considers the Moore–Penrose inversion of full matrices with quasi-

separable specifications, that is, matrices that decompose into the sum of a lower

block triangular and a block upper triangular matrix, whereby each have a state-space

realization given. We show that the Moore–Penrose inverse of such a system has,

again, a quasi-separable specification globally of the same complexity as the original,

and show how this representation can be recursively computed with three intertwined

recursions. The procedure is illustrated on a 4 × 4 (block) example.

Chapters 12–17 exhibit further contributions of the theory of time-variant and

quasi-separable systems to matrix algebra.

Chapter 12 considers another type of factorization of a quasi-separable system,

namely LU, or, equivalently, spectral factorization. This type of factorization does

not necessarily exist, and, when it exists, does not traditionally enjoy stable compu-

tation methods. Here we present necessary and sufficient existence conditions for the
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general quasi-separable case and a stable numerical algorithm to compute the fac-

torization based on the quasi-separable representation. The algorithm uses orthogonal

transformations and scalar normalizations exclusively, in contrast to classical Gaussian

elimination.

Chapter 13 introduces a different kind of problem, namely direct constrained matrix

approximation via interpolation, the constraint being positive definiteness. It is the

problem of completing a positive definite matrix for which only a well-ordered partial

set of entries is given (and also giving necessary and sufficient conditions for existence

of the completion), or, alternatively, the problem of parametrizing positive definite

matrices. This problem can be solved elegantly when the specified entries contain the

main diagonal and further entries crowded along the main diagonal with a staircase

boundary. This problem turns out to be equivalent to a constrained interpolation prob-

lem defined for a causal contractive matrix, with staircase entries again specified as

before. The recursive solution calls for the development of a machinery known as

scattering theory, which involves the introduction of non-positive metrics and the use

of J-unitary transformations where J is a sign matrix.

Chapter 14 then develops the scattering formalism, whose usefulness for interpo-

lation has been demonstrated in Chapter 13, for the case of systems described by

state-space realizations, in preparation for the next three chapters, which use it to solve

various further interpolation and embedding problems.

Chapter 15 shows how classical interpolation problems of various types (Schur,

Nevanlinna–Pick, Hermite–Fejer) carry over to the time-variant and/or matrix situa-

tion. We show that they all reduce to a single generalized constrained interpolation

problem, elegantly solved by time-variant scattering theory. An essential ingredient is

the definition of the notion of valuation for time-variant systems, in generalization of

the valuation in the complex plane provided by the classical z-transform.

Chapter 16 then provides for a further extension of constrained interpolation that is

capable of solving the constrained model reduction problem, namely the generaliza-

tion of Schur–Takagi-type interpolation to the time-variant setting. This remarkable

result demonstrates the full power of time-variant system theory as developed in this

book.

Chapter 17 completes the scattering theory with an elementary approach to inner

embedding of a contractive, quasi-separable causal system (in engineering terms: the

embedding of a lossy system in a lossless system, often called Darlington synthesis).

Such an embedding is always possible in the finitely indexed case, but does not gen-

eralize to infinitely indexed matrices (this issue requires more advanced mathematical

methods and lies beyond the subject matter of the book).

The appendix on the data model used throughout the book describes what can best

be called an algorithmic design specification, that is, the functional and graphical

characterization of an algorithm, chosen so that it can be translated to a computer

architecture (be it in software or hardware). We follow hereby a powerful “data flow

model” that generalizes the classical signal flow graphs and which can be further for-

malized to generate the information necessary for the subsequent computer system

design at the architectural level (i.e., the assignment of operations, data transfer and
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memory usage.) The model provides for a natural link between mathematical opera-

tions and architectural representations. It is, by the same token, well adapted to the

generation of parallel processing architectures.

Notation

We mostly use standard usage in linear algebra, but with some systematic differences,

induced by keeping the notation close to the practice exercised by MATLAB. We

do, however, use special notations for mathematical objects that occur often in our

developments and try to avoid annoying overloads of symbols (which is sometimes

impossible). Notation is an important issue, both in algebra and in computer science,

and we try to be as straight and consistent as possible. Notations that deviate from

common practice in either linear algebra or MATLAB are defined wherever they are

introduced (this is especially true for “empty” objects, which play an important role in

making the theory fully consistent). Also, we introduce the most important numerical

methods in the chapters where they are intensely used. Here is a short summary of

nonstandard notations used in this book:

• Many of our objects are matrices, and we often have to consider either special

indexing conventions or take out submatrices from a given matrix. As such oper-

ations can become unwieldy, we adopt systematically a MATLAB-like annotation

of index ranges. Suppose A is a matrix, then Ak :�,m:n is a submatrix of A consisting

of a selection of rows from index k to � (inclusive) and columns from index m to n

inclusive (if no confusion is expected, we may also write Am:n
k :�

: row indices at the

bottom and column indices at the top). If rows or columns are not there originally,

they are just considered empty (see the next item). We also systematically econo-

mize the notation (in contrast to many textbooks): A, a and A are different matrices,

with Ai, j , ai, j and Ai, j being the different elements of each respectively.

• An index is actually also a function, namely from a subset of the natural numbers to

the set of objects under consideration. So ak can also be written as a(k). We do this

only when we want to emphasize or discuss this functional character. Often, either

the functional arguments or the indices are omitted in a discussion or proof: these

are then inferred from the context. This common practice enhances readability at

the cost of precision (so we typically write A instead of A1:m
1:n

for a simple n × m

matrix.)

• Very often block matrices appear, that is, matrices whose entries are themselves

matrices (called “blocks”). Blocks may consist of blocks themselves, but they are

indexed in the usual fashion and have to be commensurate (dimensions in rows or

columns must match throughout). For example: Ak,� may be a block in a block

matrix A, and [Ak,�]m,n is then a block entry at the position (m,n) in that original

block. We do allow blocks with zero dimensions: they are just empty, but do have

index numbers and dimensions. We introduce special notation for empty objects:

an entry of dimensions (0,1) is denoted by “−,” an entry of dimensions (1,0) by
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“|” and one of dimensions (0,0) by “·” (these are actually place holders: they have

indices but no entries). Special (logical) computational rules apply for such entries

and are introduced in the text where this type of notation is first used. This extension

of matrix algebra appears to be very useful: in many matrix operations (in particular,

reductions and approximations), one cannot say beforehand whether certain entries

survive the operation (e.g., deleting rows or columns of zeros in a matrix). Just as

the introduction of the empty set ∅ and the number 0 prove extremely useful in set

theory and algebra, so do indexed empty entries. They also correspond to the empty

symbol (⊥) often used in computer science.

• In the literature, many notations are used to indicate the transpose of a real matrix

or the Hermitian transpose (conjugate transpose) of a complex matrix. In this book

and as in MATLAB, we use only real or complex arithmetic and indicate these

transpositions by a single symbol, namely a single accent (i.e., A ′ is in all cases

the Hermitian transpose of A; in the real case, it is then also just the transpose). A

motivation for this choice is (i) the overload of the symbols T or H , as we have

special use for those (we do not like the notation TT for the transpose of T nor

HH for the Hermitian transpose of the Hankel matrix H!) and (ii) consistency with

MATLAB (with the understanding that the accent is “transpose conjugate” in the

complex case). We reserve the star (e.g., with a an operator, a∗) for the dual of an

object in a context where duality is defined (a dual is not necessarily a transpose,

although it often will be). We use tildes and hats as normal typographical symbols –

they do not have any other meaning than to characterize the object under discussion.

However, there is one exception. In estimation theory, we often use the upper bar as

shorthand for expectation: X = EX , and the hat as indicating an estimate: X̂ is an

estimate of X .

• We use constructors systematically, following a good habit of computer science.

Constructors are written in normal font. For example, “col” is the column con-

structor. It takes a sequence of elements (e.g., numbers or blocks with appropriate

dimensions) and makes a column out of them. For example, col(u1,u2) =

[
u1

u2

]

(compare this with the awkward
[
uT

1
uT

2

]T
). Further constructors are “row,”

“Toeplitz,” “Hankel” and so on (often abbreviated).

• Names and formulas: The general convention is that names are written in a regular

font. For example, “ker” or “ran” are the names of the functions that return the

kernel or the range of an operator, respectively, while ker is the product of k, e and

r. This convention allows us to use indexed names as well: so K7 is just a name,

while the notation K7 assumes K to be a vector whose element with index 7 is K7. A

new name occurring in the text, a theorem or a proof is introduced with the symbol

“:=”; for example, T := D + C(I − ZA)−1ZB defines T in terms of the right-hand

side symbols (assumed to be already defined).

• Another convenient notation that we shall use extensively is a shorthand for system

realizations. Z is systematically used as the “forward” or “causal” shift, with its

conjugate Z ′ the “backward” or “anti-causal” shift. A causal, LTV system T may
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have a “realization” T = D + C(I − ZA)−1ZB for which we use the shorthand

T ∼c

[
A B

C D

]
(1)

to mean “is represented by the causal realization.” Similarly, an anti-causal LTV

system may have a realization T = D + C(I − Z ′A)−1Z ′B, with the shorthand

T ∼a

[
A B

C D

]
(2)

to mean “is represented by the anti-causal realization.” Z is a generic operator or

constructor. It just shifts the indexing scheme but stands by the same token for a

generic collection of shift matrices, which have a different effect whether applied to

the left or the right of an indexed object. For example, suppose u is an indexed

column vector, then Zu is again an indexed column vector whose elements are

(Zu)k = uk−1. In our formalism, the dimensions of the uk may vary (and even

become empty), and the dimensions of the entries in Z , interpreted as a matrix,

have to adapt. This question is addressed at length in the chapter on LTV systems.

Some constructors can be represented as matrices. What characterizes a constructor

is that it entails an organizational operation rather than a numerical operation.

• We also need shifts along diagonals. We denote A〈+1〉 as a “forward” diagonal shift

on a matrix, that is, a shift in the southeast direction, with as its conjugate the

“backward” diagonal shift denoted as A〈−1〉, that is, a shift in the northwest direction.

• We shall also occasionally use “continuous products,” defined for integers i > k as

A>
i,k
= Ai−1Ai−2 · · · Ak+1 with A>

i, i
:= I (NB: this convention may differ from what

is done in the literature). Also, A≥
i,k

:= Ai Ai−1 · · · Ak will be used when convenient.

To avoid confusion with the use of upper indices for columns and lower ones for

rows, we often use the abbreviated notation Ai>k := A>
i:k

and Ai≥k := A≥
i:k

as well,

in which the upper index now refers to a product instead of a column.

A Note on the Cover Picture

In 1903, the mathematician Max Dehn investigated for the first time “a simple and

yet quite general problem of geometry” [78]: a square is to be divided exactly into

partial squares of different sizes. This decomposition appeared to be highly nontrivial.

A square together with such a division is called a perfect square.

The search for solutions went on in vain for more than three decades. The prob-

lem attracted an unusually high amount of interest – probably because of its simple

and generally understandable nature as a puzzle and because it can be brought under

the rubric of “mathematical recreations” for the edification of a broad public. But

mathematicians especially were interested because of the “hard” topological and

combinatorial aspects.

In 1940, four English students, Brooks, Smith, Stone and Tutte, proposed a com-

pletely new method of solving the problem. The student quartet approached the

problem based on a physical analogy of the problem to Kirchhoff nets or electrical
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systems. Based on this system model, they found perfect squares of order n = 26 and

n = 28.

In the following decades, computer programs were used to create catalogs of perfect

decompositions, but all attempts to find perfect squares of order n < 25 failed. In the

early 1960s [79], at the Philips Computing Center in Eindhoven, researchers proved,

by full enumeration, that no perfect squares exist up to order n = 20. The picture

on the book cover shows the perfect square of minimal order n = 21. It is uniquely

determined and was found on March 22, 1978, by A. J. W. Duijvestijn at the University

of Twente, with the help of a DEC-10 computer. The solution was published in the

Journal of Combinatorial Theory [80] and has since been shown as a signet on the

cover of both series of the journal.

This example shows that system models and the associated views and intuitions

can enhance the understanding of the structure of difficult mathematical problems.

The example shown should make it clear that system models can do much more than

simply illustrate mathematical facts in a circuit diagram familiar to the engineer.

In 2008, Rainer Pauli picked up the story of the perfect square of order n = 21 and

produced an artistically appealing rendition of the solution – the Perfect Square. This

image is shown on the cover of the book and is based on an inner connection between

the color shade of the squares and the geometry. The color representation is based on

a mixing ratio of red and yellow corresponding to the size of the squares.
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