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Additive and Exact Categories

This chapter covers the foundations of additive and exact category theory that
will be the basis for the rest of the book. After reviewing the basics of additive
categories, we develop the most fundamental and crucial consequences of the
axioms for Quillen exact categories. These facts about short exact sequences
will be used constantly throughout the text. The category of abelian groups
will be denoted by Ab.

1.1 Additive Categories

Additive categories are truly fundamental structures in homological algebra.
They include all abelian categories, such as abelian groups, vector spaces, and
modules over a general ring R, not to mention categories of (quasi-coherent)
sheaves and their associated categories of chain complexes. Moreover, exact
categories and triangulated categories, both of which play a central role in
this book, are special classes of additive categories.

A category A is called a preadditive category if every hom-set, which we
will denote by Hom #(A, B), is an abelian group and composition of morphisms
is bilinear. That is, f(g + h) = fg + fh and (f + g)h = fh + gh whenever these
compositions make sense. Alternatively, A is often called an Ab-category, for
in a technical sense it is a category “enriched” over the category Ab.

A morphism of preadditive categories is called an additive functor. It is
a functor F: A — B between additive categories A and B for which each
function

F,p: Hom#(A, B)— Homg(FA, FB)

is an abelian group homomorphism.
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2 Additive and Exact Categories

It is sometimes a helpful perspective to think of a preadditive category as
a “gigantic ring with unities”, where the morphisms are the ring elements and
composition is the multiplication. Of course not all arrows can be added and/or
multiplied, but whenever they can we have properties similar to a ring with
unity. Here are some examples of what we have in mind.

o Bilinearity corresponds to the left and right distribute laws.

e The maps 14 and 04 act like “unities” and “zeros”. For example, composing
any morphism with a 0 yields another 0. This follows from bilinearity in the
same way that one uses the distributive law to show that a ring element r
satisfies the properties 0 - r =r-0 = 0.

o Also similar to the usual ring theory proofs, we have the compatibilities

(=) f = -1(gf) = —(gf) = g(=f).

e Additive functors are analogous to ring homomorphisms. In fact, for any
object A € A, Hom#(A, A) is a ring, called the endomorphism ring of A. If
F: A— Bis an additive functor, then each function

Fas: Homg(A,A)— Homg(FA, FA)

is a ring homomorphism.
¢ In the same way that a monoid is equivalent to a category with one object, a
ring with unity is equivalent to a preadditive category with one object.

The simplicity of preadditive categories stems from the fact that finite prod-
ucts and coproducts coincide, if they exist. The first instance of this is the
following lemma. Recall that, by definition, an initial object I is an object of
a category C for which there is exactly one morphism / — C for each object
C € C. The dual notion defines a ferminal object.

Lemma 1.1 [f an object of a preadditive category A is either an initial or a
terminal object, then that object must be both initial and terminal.

Before proving the lemma, we note that such an object is called a zero ob-
ject, or a null object, and typically denoted by 0. Clearly any such object is
unique up to a unique isomorphism. Our proof of the lemma will show that
X = 0if and only if 1x = Ox.

Proof 1If I is initial, then Hom#(/, I) must have exactly one element. Hence
1; = 0;. We then can see that / must also be terminal as follows. First, there
does exist at least one morphism A — I, namely the zero morphism A 5 I.
But given any morphism f: A— I, we have f = 1,f = 0;f = 0. This proves /
is terminal. By duality, any terminal object must also be initial. m
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1.1 Additive Categories 3

A preadditive category need not have a 0 object. For example, any (nonzero)
ring R with unity, considered as a preadditive category with one object, doesn’t
have a 0 object. Another example is the category {R" | n > 1} of free R-modules
of finite rank n > 1. Note that the hom-sets, Hom(R", R™), are equivalent to
M,,xn, the additive group of all m X n matrices over R.

Exercise 1.1.1 Let A be a preadditive category with a zero object 0. Show

. 0 L. . .
that the zero morphism (A — B) € Homg(A, B) coincides with the unique
composition A — 0 — B, through the zero object.

A zero object may be viewed as an “empty biproduct”. In fact, the amalga-
mation of initial and terminal objects in preadditive categories generalizes to
the fact that finite coproducts coincide with finite products. Here we will only
explicitly define biproducts for a given collection of two objects (n = 2), but it
can be generalized in a straightforward way to any n > 0 (with n = 0 being a
null object).

Definition 1.2 Let A and C be objects of a preadditive category A. A biprod-
uct diagram for A and C is a diagram of the form

satisfying (i) paia = 14, (ii) pcic = ¢, and (iii) isps + icpc = 1. In this case
we write B = A @ C, and say that B is the direct sum, or biproduct, of A and
C. We also say that A and C are direct summands of B.

An additive category is simply a preadditive category A in which all finite
biproducts exist. In particular, this includes the existence of a zero object.

The categorical notion of the kernel of a morphism makes sense in any
preadditive category. If the kernel of f: A — B exists, we denote it by ker f.
Note that ker f is exactly the same thing as an equalizer of the pair

R,
0

The dual notion of cokernel, denoted cok f when it exists, is the coequalizer
of f and 0. The following exercise is fundamental as it states that (i4, pc) and
(ic, pa) form what we call kernel—-cokernel pairs.

Exercise 1.1.2 Show iy = ker pc, pc = cokia, ic = ker pa, and py = cokic
in any biproduct diagram as in Definition 1.2.
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4 Additive and Exact Categories

The following exercise asks the reader to prove the fact alluded to previ-
ously: Finite coproducts coincide with finite products in preadditive categories,
and determine biproducts.

Exercise 1.1.3 Let A and C be objects of a preadditive category A. Then,
if they exist, their product A [] C, coproduct A || C, and biproduct A EB C,all
coincide. More precisely, suppose we have a biproduct diagram as in Definition
1.2. Then (A P C, pa, pc) is the product of A and C, and (A P C,ia, ic) is the
coproduct of A and C. Conversely, any product diagram or coproduct diagram
determines a biproduct diagram.

A convenient feature of additive categories is that we may use matrix nota-
tion to denote morphisms in and out of a biproduct. Being a product, a mor-

phism X - A P C is equivalent to a matrix [g] for some X i) Aand X5 C.
On the other hand, being a coproduct, a morphism A € C — Y is equivalent to

. f . .
a matrix [ f ¢] for some A = Y and C %, Y. Note that if we are given compo-

.. f g a B . gf+Ba
sitions X - A — Y and X — C — Y, then we have the morphism X —— Y

which factors as
f
x4 Py,
where we use the usual matrix multiplication [ g ﬁ][g ] =gf +fa.

We perhaps should call an object B as in Definition 1.2 the internal direct
sum of A and C. For conversely, given any two objects A and C, assuming their
coproduct (equivalently product) exists we may denote it by A € C. We have
the canonical split exact sequence

[14 0] o]

AT Apc—cC (1.1

W e

for A and C, and we call A @ C the external direct sum of A and C.

Lemma 1.3  Given any biproduct B as in Definition 1.2, the morphism | b2 |:
B— A @ C is an isomorphism to the external direct sum, with inverse [ ia ic ]:
AEP C — B. The isomorphisms are compatible in the sense that they make the
entire biproduct diagram for the internal direct sum commute with the biprod-
uct diagram for the canonical split exact sequence of Diagram (1.1).

Proof We have [isic ][ b2 ] = iapa + icpc = 1p. On the other hand,
Celtweed =i b =16 ] = e

Moreover, the isomorphisms make all diagrams in sight commute. m
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We end this section by clarifying the connection between split exact se-
quences (i.e. biproduct diagrams) and the notion of split monics and split epics.
We will return to this important idea is Section 1.8.

In any category, a morphism f: A — Bis called a split monomorphism if it
admits a left inverse r: B— A, called a retraction. That is, we have rf = 14.
We then also say that A is a retract of B. The retraction r then satisfies the
dual notion of being a split epimorphism. Let us state formally that a mor-
phism g: B — C is called a split epimorphism if it admits a right inverse
s: C — B, called a section, and so satisfying gs = 1¢. Certainly s is a split
monomorphism, and so C is a retract of B. Note that a split monomorphism
is indeed a monomorphism since it is easily seen to be left cancellable, while
a split epimorphism is an actual epimorphism. In most familiar additive cat-
egories split monomorphisms (and split epimorphisms) give rise to biproduct
diagrams. The next statement clarifies when this actually happens.

Proposition 1.4 Let A be an additive category and let A L Band B C be
morphisms. The following are equivalent.

1) We have a biproduct diagram A — B —— C. In particular, A and
(D p 8 — B p

C are direct summands of B=A P C.

(2) The morphism g is a split epimorphism and admits a kernel. In this case,
let f = ker g denote a kernel, and C 2 B denote a section gs = l¢.

(3) The morphism f is a split monomorphism and admits a cokernel. In this
case, let g = cok f denote a cokernel, and B L A denote a retraction

}"f = 1A~

Proof In light of Exercise 1.1.2, we clearly have (1) implies (2) and (3). We
only prove (2) implies (1) as (3) implies (1) is dual. So suppose f = kerg
and gs = I¢. Then gsg = g, which implies g(1p — sg) = 0. By the universal
property of f, there exists a unique morphism r: B— A such that fr = 15— sg.
Hence 15 = fr + sg, and it only remains to show rf = 1,. For this, we note
frf=0g—s5g)f = f—s(0) = f = fl,. Since f is left cancellable we conclude
rf = 1A- ]

Exercise 1.1.4 Show that an additive functor between additive categories
necessarily preserves null objects (zero objects) and biproducts.

Exercise 1.1.5 Consider a sequence of morphisms A N B Cinan additive
category A. Verify that the following statements are equivalent.

(1) f=kerg.
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6 Additive and Exact Categories

2) [g] is the kernel of[g S)]: B@D—> C@Dforany object D.
3) [f; 1(;]3 A@D—> B@Disakernel of [¢ 0] for any object D.

Dually we have g = cok f if and only if [¢0] is the cokernel of [6 ](Z
. . . 0
AEP D — BEP D for any object D, if and only 1f[§ 1D]: BPpD—->CcPHD

is a cokernel of [6] for any object D.

1.2 Pushouts and Pullbacks in Additive Categories

The point of this brief section is simply to record some useful facts about
pushouts and pullbacks in additive categories. These are standard results and
are straightforward to prove, so much of the proofs will be left as exercises.
Let A be an additive category throughout.

A key observation is that pushouts and pullbacks are essentially equivalent
to cokernels and kernels, respectively. Indeed a square as shown is equivalent
to a sequence of morphisms as shown:

A—EscC

, f .
fl , l’ AMB@Cw—ka. (12)
B—5D

Moreover, the square commutes if and only if the sequence is a null sequence.

By a null sequence we mean any pair of composable morphisms, A i) B
C, such that gf = 0. It is easy to prove the following lemma by translating
between the universal properties involved.

Lemma 1.5 Consider the square and corresponding sequence given in Dia-
grams (1.2).

(1) The square is a pullback if and only lf[ _fg] is the kernel of [ ¢ 1" ].
(2) The square is a pushout if and only if [ ¢ f'] is the cokernel of [ _fg ]

The single negative sign, appearing as —g in Diagram (1.2), may be placed in
any of the four possibilities within [;] and [ ¢ 1'].

We ask the reader to also prove the following lemma.
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1.2 Pushouts and Pullbacks in Additive Categories 7
Lemma 1.6 Suppose we have a commutative diagram in A:

A % B—2 s C
ool b
A’ il } B g } Cl,
where both rows are null sequences.
() If f = kerg and y and f’ are each monomorphisms, then the left-hand
square is necessarily a pullback.

2) If g = cok f" and a and g are each epimorphisms, then the right-hand
square is necessarily a pushout.

Next we will prove that pushout and pullback squares may be composed, or
“pasted” together.

Lemma 1.7 (Composing and Factoring Pushout Squares) Assume the follow-
ing left square is a pushout and the entire diagram commutes:

ALsp_ftsc
Lo L
b—=m E—7F

Then the right square is a pushout if and only if the outer rectangle is a
pushout.
Of course there is also a dual statement concerning pullback squares.

Proof First let us assume that the outer rectangle is a pushout and prove that
the right square is a pushout. So assume we are given morphisms C 2 Z and
E = Z such that 18 = sg. Then 18f = sgf = (tf")a = sgf. So since the
outer rectangle is a pushout we get a unique F i Z such that
& =1f,
()
&y = s.

We wish to show that & also uniquely satisfies the set of equations:

&' =1,
&y =-s. o)

But the uniqueness portion is obvious since the Equations () imply Equations
(*). So we only need to show &g’ = r. Note that since the left square is a
pushout, and we have the “impostor” square
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8 Additive and Exact Categories

VAN

BN
>~

R
[=}

0

—

>
N

]

itis enough to show that (£g’—1)f’ = 0 and (£g’—1)B = 0. Clearly, (£g'-1)f" =0
by Equations (x). Now we compute:

&g —nB=E'B-1B

=&yg—1B
= sg — 1B, by Equations ()
=0.

Conversely, assume the right square is a pushout and that C LWand DS
W are morphisms such that u(gf) = va. Using the pushout property of the left
square, followed by the pushout property of the right square, we easily find a

morphism F i W such that £(g’ f') = v and &y = u. To prove that the outer
rectangle is a pushout it is only left to show that ¢ is the unique morphism with

this property. So let us assume that F —> W also satisfies &'(g’f’) = v and
&y = u and our goal is to show that & — ¢ = 0. By the universal property of
the right pushout square, it is enough to show (¢’ — &)g’ = 0 and (¢’ — &)y = 0.
It is immediate that &’y — &y = 0, so we just need to show &g’ — &g’ = 0.
But by the universal property of the left pushout square, it is enough to show
(&g —¢&g¢)f =0and (¢'g —&g)B = 0. Itis immediate that (£'g" — £¢")f" =0
and for the second equation we have ¢'g’S—&g'S = £'yg —éyg = ug —ug = 0.
We conclude that the outer rectangle is also a pushout. O

We have one final lemma that is fundamental to pullback and pushout argu-
ments in additive and exact categories.

Lemma 1.8 Suppose we have a commutative diagram in A:

A2y

1 L

B %3 D

(1) Assume the square is a pullback. If k = ker g exists, then fk = kerg’. On
the other hand, if K’ = kerg’, then k' = fk for some unique morphism k
and k = ker g.
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(2) Assume the square is a pushout. If ¢’ = cok g’ exists, then ¢’ f' = cok g. On
the other hand, if ¢ = cok g, then ¢ = ¢’ f’ for some unique morphism ¢’
and ¢’ = cokg’.

Exercise 1.2.1 Prove Lemma 1.5.
Exercise 1.2.2 Prove Lemma 1.6.

Exercise 1.2.3 Prove Lemma 1.8.

1.3 Exact Categories: The Axioms

We now introduce the notion of an exact category which will be the categorical
foundation for our theory of abelian model structures. Interestingly enough, ex-
act categories were also introduced by Quillen, though independently of his in-
troducing model categories. Loosely, an exact category is an additive category
A along with a distinguished class of kernel-cokernel pairs satisfying several
closure axioms. An abelian category A, along with the class of all short exact
sequences in A, is the primary and motivating example of an exact category.
Extension closed full subcategories of abelian categories are another prime ex-
ample. Several specific examples will appear in the exercises and elsewhere
throughout this book.

First, by a kernel-cokernel pair we mean an ordered pair (i, p) of compos-

able morphisms A 5 B 5 C such that i = ker p and p = coki. Note that
such an i is necessarily monic and such a p is necessarily epic. (We will use
the term monic interchangeably with monomorphism, and epic interchangeably
with epimorphism.) A morphism from a kernel-cokernel pair (i, p) to another
(@', p’) is a triple of morphisms making the diagram commute:

A—sp_2 .y

Lol

oy p Ty
Such a morphism is an isomorphism from (i, p) to (7, p’) when all three mor-
phisms are isomorphisms.

To motivate the axioms for exact categories, let us recall some well-known
facts about abelian categories, (which will appear in more detail in Section
1.9). A defining aspect of abelian categories is that every monic i is the kernel
of its cokernel and therefore is part of a kernel-cokernel pair (7, p). The dual is
true as well; each epic appears as a p in some kernel-cokernel pair. So in the
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10 Additive and Exact Categories

abelian case, kernel-cokernel pairs are equivalent to the usual notion of short
exact sequences, and they satisfy a number of useful properties. In particular,
the composite of two monics is again a monic and hence the first component
of another short exact sequence. Also, the pushout of any morphism along a
monic is again a monic. The dual statements hold for epics, and it turns out that
a great deal of pure homological algebra follows from these formal properties.
Extracting them leads to Quillen’s notion of an exact category.

Definition 1.9 Let A be an additive category and & be a class of kernel—
cokernel pairs in A. We say that & is an exact structure on (A, and that (A, &)
is an exact category, if & satisfies the following axioms. The axioms utilize
this standard terminology: If (i, p) is a kernel-cokernel pair in &, then we say
that (7, p) is a short exact sequence, i is an admissible monic, and p is an
admissible epic.

(Ex1) (Replete) & is closed under isomorphisms.

(Ex2) (Split Exact Sequences) & contains the canonical split exact sequence

1a
AM»AEBC—>[O L

for any given pair of objects A and C.

(Ex3) (Pushouts and Pullbacks) The pushout of an admissible monic along
any morphism exists and is again an admissible monic. Dually, the pullback of
an admissible epic along any morphism exists and is again an admissible epic.
(Ex4) (Compositions) The class of admissible monics is closed under compo-
sition. Dually, the class of admissible epics is closed under composition.

It is standard to use the symbol > to denote an admissible monic and —» to
denote an admissible epic. A short exact sequence is denoted by A > B —» C.
In the literature, the terms conflation, inflation, and deflation, are also some-
times used for short exact sequence, admissible monic, and admissible epic.

Note that a morphism f: A — B is an isomorphism if and only if f: A > B
is an admissible monic with cok f = 0, if and only if f: A - Bis an admissible
epic with ker f = 0. This can be seen from Axiom (Ex2) and Proposition 1.4.

Given any additive category A, taking & to be the class of all split exact
sequences determines an exact category (A, E).

Exercise 1.3.1 Let A be any additive category. Let & be the class of all split
exact sequences. Show that (A, &) is an exact category. Note Exercise 1.1.2.

Note that the exact category axioms (Ex1)—(Ex4) are self-dual. So as a mat-
ter of convenience, each result we prove has an equally valid dual.

© in this web service Cambridge University Press & Assessment www.cambridge.org



www.cambridge.org/9781009449465
www.cambridge.org

