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The traveling salesman problem (TSP) is a central topic in discrete mathematics and

theoretical computer science. It has been one of the driving forces in combinatorial

optimization. The design and analysis of better and better approximation algorithms

for the TSP has proved challenging but very fruitful. This is the first book on

approximation algorithms for the TSP, featuring a comprehensive collection of all

major results and an overview of the most intriguing open problems. Many of the

presented results have been discovered only recently, and some are published here for

the first time, including better approximation algorithms for the asymmetric TSP and

its path version. This book constitutes and advances the state of the art and makes it

accessible to a wider audience. Featuring detailed proofs, over 170 exercises, and 100

color figures, this book is an excellent resource for teaching, self-study, and further

research.
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‘This is a fantastic book! Extensive coverage unifies the wide range of attacks on TSP

complexity made over the past decade. A great read for experienced researchers and for

those looking to join the field.’

William Cook, University of Waterloo

‘Thoroughly Simplified Presentation of the latest approximation results on key variants

of the TSP. A gem and a must-read for both novice and experts in the area! Like the 4

C’s of a diamond: Clear, Comprehensive, Careful and Captivating.’

Michel Goemans, Massachusetts Institute of Technology

‘The wonderful new textbook by Traub and Vygen is a pleasure to read. There have

been very successful textbooks on the TSP, and on approximation algorithms, but this

is the first to focus on approximation algorithms for the TSP. At first, this might seem

like a too repetitive diet, but the richness of the developments of the past decade or

so, all elegantly presented here to the last detail, demonstrates the wealth of variety of

algorithmic thinking that has produced these advances.’

David B. Shmoys, Cornell University

‘This is an amazing book by world-leading experts Vera Traub and Jens Vygen.

It comprehensively covers and simplifies all recent developments on approximation

algorithms for the traveling salesman problem. The clarity and extensive treatment

of these sophisticated methods make this book a must-read for anyone interested in

advanced algorithmic techniques and approximation algorithms.’

Ola Svensson, École Polytechnique Fédérale de Lausanne

‘This book is a very welcome addition to the literature on the fascinating and addicting

traveling salesman problem. It gives a consistent and unified treatment of approximation

algorithms, starting with a very thorough treatment of the basics and extending through

the most recent developments, including work by these two authors. This volume will

be valued by researchers and graduate instructors alike.’

David P. Williamson, Cornell University
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Preface

The traveling salesman problem (TSP) can be stated very easily: Given a finite

set of cities and the distance of every pair, visit all of them (and return to the

starting point) while minimizing the total distance. How can we find an optimum

tour?

The TSP is probably the best-known combinatorial optimization problem.

There are many reasons why:

• It can be described very easily to anybody, but it is not easy to solve. There

are many exciting open questions that are easy to understand. Although

studied intensively for more than 60 years, the TSP continues to pose grand

challenges.

• While trying to make progress on the TSP, many related problems have been

studied and important general techniques have been developed. A substantial

part of the combinatorial optimization theory has been developed with the

TSP in mind.

• The TSP is also relevant in many applications, most notably of course in

vehicle routing. The techniques that have been developed originally for the

TSP are being used in many diverse applications every day.

The first thing to note is that the TSP is NP-hard (Karp [1972]). This makes

us conjecture that there is no polynomial-time algorithm that always finds an

optimum tour. In fact, such an algorithm exists if and only if P = NP. Most

researchers believe (and work with the assumption) that P b NP, and so do we,

but this remains one of the most famous open problems in mathematics and

computer science.

Assuming that there is no polynomial-time algorithm that always finds an

optimum tour (i.e., P b NP), one needs to make compromises. There are three

natural ways:

v
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vi Preface

• One can relax the running time requirement – that is, accept that the algorithm

is not guaranteed to terminate in polynomial time. Applegate et al. [2006]

solved instances with tens of thousands of cities optimally, but there is no

guarantee that their (or any known) algorithm will solve every instance with,

say, 100 cities in reasonable time.

• One can relax the quality requirement – that is, accept that the algorithm

could perhaps produce a bad tour. There are excellent heuristics (based on Lin

and Kernighan [1973]) that run very fast and usually compute a solution that

is very close to optimal (less than 1% longer). However, there is no guarantee,

and on some instances, the computed tour could be 100 times longer than

optimal or even worse.

• One can ask for guarantees both in the running time and in the quality of

the tour but not require optimality. An �-approximation algorithm (for some

constant � > 1) is an algorithm that is guaranteed to terminate in polynomial

time and is guaranteed to compute a tour at most � times longer than optimal.

In practice, one of the first two alternatives is usually chosen. The third one,

however, is the one that has proved most fruitful from a theoretical point of

view, and this is the focus of this book. So, in one sentence, our question is:

How good tours can we guarantee to find in polynomial time?

There are several interesting variants of the TSP that we will study. The

first question is whether or not distances are symmetric – that is, whether the

distance from � to � equals the distance from � to � for every pair {�, �} of

cities. Christofides [1976], and independently Serdyukov [1978], devised a
3
2
-approximation algorithm for the Symmetric TSP: It always finds a tour that

is at most 50% longer than optimum. Recently, a slightly better approximation

algorithm was found by Karlin, Klein, and Oveis Gharan [2021,2023], but we are

still far from the ratio 4
3
, which is widely believed to be achievable. Interestingly,

the new algorithm is based on sampling a random spanning tree, a technique

that has first been used for the Asymmetric TSP (Asadpour et al. [2017]).

For the Asymmetric TSP, no constant-factor approximation algorithm was

known until 2017, when Svensson, Tarnawski, and Végh [2020] found one. We

could improve this to a (22 + ÿ)-approximation algorithm for any ÿ > 0 (Traub

and Vygen [2022]), and in this book, we improve the ratio further to 17 + ÿ, but

this is still far from what we expect to be possible for the Asymmetric TSP.

Many approximation algorithms start by solving a relaxation of the problem.

Often, this is a linear program (LP) in which every tour corresponds to a

feasible solution but infinitely more “fractional solutions” are allowed. Such LP

relaxations have been studied since the 1950s (Dantzig, Fulkerson, and Johnson

[1954]) and can be solved in polynomial time. In the end, the cost of a tour is
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Preface vii

compared to the cost of an optimum LP solution, which is always a lower bound on

the cost of an optimum tour. Therefore, an important question is how strong these

LP relaxations are: What is the worst possible ratio of the cost of an optimum tour

to the cost of an optimum LP solution? In most cases, this so-called integrality

ratio is unknown. The worst examples (that yield the best-known lower bounds

on the integrality ratio) are quite special: Here, the distance of any pair of cities

is simply the distance in an unweighted graph. Therefore, such instances have

received special attention, and better approximation algorithms have been found,

including a 7
5
-approximation algorithm for Graph TSP (Sebő and Vygen [2014]).

A generalization of the TSP with many interesting properties is the Path

TSP: Here, the start and end of the tour are given and not necessarily identical.

An, Kleinberg, and Shmoys [2015] were the first to beat Christofides’ algorithm

(for Path TSP with symmetric distances) and renewed interest in this problem.

This led to the discovery of interesting new techniques and results, culminating

in a general reduction to Symmetric TSP that loses only an arbitrarily small

constant in the approximation guarantee (Traub, Vygen, and Zenklusen [2022]).

For Asymmetric Path TSP, the known reductions lose more, but we can still

achieve the ratio 17 + ÿ (another new result in this book). We will also mention

some further generalizations, including the classical vehicle routing problem.

As mentioned, approximation algorithms for the TSP are not used often

in practice. There are many reasons for this: Many instances occurring in

practice are small enough and can be solved optimally. For others, the best

heuristics usually compute better tours than approximation algorithms. There

are exceptions, but they rarely occur in practice. Finally, the running time of

some approximation algorithms, though bounded by a polynomial in the number

of cities, can be too large for practical purposes.

However, interestingly, many techniques that have been developed during

attempts to find better algorithms for the TSP or better upper bounds on the

integrality ratios are being used in practice in a different context. We do not

address practical aspects in this book, but this does not mean that the content of

this book is irrelevant for practical purposes.

We try to present the state of the art as comprehensively as possible and

include complete proofs, at least of the most important results, with very few

exceptions. Most of these results have been obtained since 2010, some only

while we were writing this book. This makes us hope that we will learn more in

the near future. We will of course mention the most intriguing open questions.

Hopefully, this book can serve as a basis for future research.

We also hope that this book might prove useful for teaching and learning. The

open questions on the TSP have been a major driving force in combinatorial
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viii Preface

optimization, and much of the combinatorial optimization theory will be

needed in this book. Although we are not attempting to write another book on

combinatorial optimization, we will cover quite a few topics (including flows,

connectivity, matching, matroids, and of course linear programming). For many

of the classical results, we will not give proofs but rather refer to textbooks such

as Schrĳver [2003] or Korte and Vygen [2018]. Most of our notation will be

consistent with these books.

This is not the first book on the TSP, but it is the first one that focuses on

approximation algorithms. Lawler et al. [1985] wrote the first TSP book, and

this already contains a chapter on approximation algorithms. Although of course

outdated, it is still worth reading. Most of the chapters in the book edited by

Gutin and Punnen [2002] focus on exact algorithms and heuristics, but there

is also one by Arora on his approximation scheme for geometric instances

of the TSP (Arora [1998]), which we do not cover here again. Applegate et

al. [2006] focused on computational aspects and described the (still) leading

algorithm to compute optimum tours. Cook’s [2012] entertaining book gives an

excellent introduction to the TSP and its history. There are many other books

and book chapters, of course; in particular, almost every book on combinatorial

optimization contains a chapter on the TSP.

Parts of this book are based on an earlier and much shorter survey of the second

author (Vygen [2012]) and the PhD thesis of the first author (Traub [2020a]), as

well as on several of our papers. We would like to thank Susanne Armbruster,

Jannis Blauth, Martin Drees, Antonia Ellerbrock, Michel Goemans, Corinna

Gottschalk, Swati Gupta, Dorothee Henke, Satoru Iwata, Volker Kaibel, Marcin

Mucha, Martin Nägele, Meike Neuwohner, Luise Puhlmann, Stefan Rabenstein,

R. Ravi, Niklas Schlomberg, Malte Schürks, András Sebő, David Shmoys, Ola

Svensson, and several students in our courses for carefully reading parts of

this book and providing useful remarks that helped improve the presentation.

We also profited from many discussions with Sylvia Boyd, Bill Cook, Michel

Goemans, Chien-Chung Huang, Nathan Klein, András Sebő, David Shmoys,

Mohit Singh, Ola Svensson, László Végh, David Williamson, Rico Zenklusen,

and Anke van Zuylen.

Most of this work was done at the University of Bonn, but part of it was also

done at ETH Zurich. We thank FIM at ETH Zurich and HIM of the Hausdorff

Center for Mathematics for their support. We are also grateful to our colleagues

and our industrial cooperation partner Greenplan. Last but not least, we thank

Cambridge University Press, in particular Arman Chowdhury and Katie Leach,

for the excellent cooperation.

Vera Traub and Jens Vygen
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Preface ix

Structure of This Book and Possible Courses

Chapters 1–4 of this book contain mostly classical results from combinatorial

optimization, of course with a focus on the traveling salesman problem. We

start with the basics and the classical algorithms of Christofides and Serdyukov

and Frieze, Galbiati, and Maffioli. Then we discuss the most important linear

programming relaxations in detail. These initial chapters also contain a few

less-well-known results, such as the lower bound 2 on the integrality ratio of

the classical LP relaxation of the Asymmetric (Graph) TSP in Section 3.6, a

different LP relaxation in Section 3.3, and Karzanov’s uncrossing algorithm in

Section 4.2. Nevertheless, readers who are familiar with the classical theory can

skip these chapters initially.

Chapter 5 contains the �
� log %

log log %

�

-approximation algorithm for the Asymmet-

ric TSP by Asadpour, Goemans, Mądry, Oveis Gharan, and Saberi. Although it

is not the state of the art anymore, it introduced interesting new techniques and

has inspired other researchers. The algorithm is based on sampling a spanning

tree from a maximum entropy distribution, and this will be used again for the

Symmetric TSP in Chapter 10.

Chapters 6–8 give a complete description of a constant-factor approximation

algorithm for the Asymmetric TSP. Such an algorithm was first obtained

by Svensson, Tarnawski, and Végh; however, we present our improved and

simplified version. We start with the special case of the Graph Asymmetric

TSP in Chapter 6, because this relatively short proof (mostly due to Svensson)

already contains many of the key ideas needed in the general case. The entire

proof of the constant-factor approximation for the general Asymmetric TSP

ends with Section 8.5; the final Section 8.6 is needed only to improve the

constant from 21 to 17.

Chapter 9 discusses the asymmetric path version. After the Feige–Singh

black-box reduction in Section 9.2, which loses a factor 2, we present reductions

that yield a constant upper bound on the integrality gap also for this more

general problem, as well as the same approximation ratio that we obtained for

the Asymmetric TSP.

Then we turn to the Symmetric TSP. Chapters 10 and 11 describe the

main ideas of Karlin, Klein, and Oveis Gharan, who recently obtained the first

approximation algorithm for the Symmetric TSP that has an approximation

ratio better than 3
2
. In Chapter 10, we describe the reduction to their main

payment theorem in full detail. We can only sketch the proof of that theorem in

Chapter 11, but we hope to convey the main ideas.

Chapters 12 and 13 deal with the Graph TSP. Chapter 12 is devoted to

the removable pairing technique, introduced by Mömke and Svensson, while
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x Preface

Chapter 13 discusses the ear-decomposition approach by Sebő and Vygen. This

algorithm has the currently best-known approximation ratio for Graph TSP: 7
5
.

Chapters 14–16 address the symmetric path version, which we simply call

Path TSP. The basic theory presented in Sections 14.1–14.3 is used in the

following two chapters. Hoogeveen observed that the natural generalization of

Christofides’ algorithm has only approximation ratio 5
3

for Path TSP. Chap-

ter 15 presents the result by An, Kleinberg, and Shmoys, who obtained the

first improvement on this, as well as various subsequent improvements and

generalizations (to the so-called �-tour problem) by Sebő, Gottschalk, van

Zuylen, and the authors. This also leads to the best-known upper bounds on the

integrality ratios for these problems. Chapter 16 presents a general black-box

reduction to the Symmetric TSP that loses only an arbitrarily small constant;

this is a variant of the reduction that the authors obtained with Zenklusen.

Chapter 17 discusses a selection of related results and applications to problems

that are closely related to, or generalizations of, the traveling salesman problem.

This chapter contains pointers to further reading rather than a comprehensive

account; new results are being discovered while we write these lines. Finally,

Chapter 18 summarizes the state of the art of the main variants of the traveling

salesman problem that we studied in this book, as well as a list of open problems.

We taught several graduate courses on various parts of this book at the

University of Bonn. Our detailed proofs with many explanations and figures

should provide a solid basis for teaching; moreover, we included many exercises

in this book. Here are some ideas how courses could be designed.

An introductory (graduate or advanced undergraduate) course on approxi-

mation algorithms for the TSP could cover Chapters 1 and 2, Sections 4.1–4.3,

Chapter 12, and then either Sections 3.1 and 3.4, Chapter 6, and possibly Sec-

tions 9.1 and 9.2 on the Asymmetric TSP, or Sections 14.1–14.3 and 15.1–15.2

on Path TSP. If there is time, Sections 17.4–17.6 can conclude the course.

A more advanced course focusing on the Symmetric TSP could first review

Chapter 2 and Sections 4.1, 4.3, and 4.4, then proceed to Chapters 12 and 13

on the Graph TSP, continue with Chapter 14 and (at least) one of Chapters 15

and 16 on the Path TSP, and save the most difficult part, Chapters 10 and 11,

for the end. If there is time, Sections 5.3 and 5.4 can be included to show how

the maximum entropy sampling can be implemented.

An advanced course on the Asymmetric TSP would start with Section 1.5,

then cover Chapter 3 and Sections 4.1 and 4.2. Chapter 5 could be next (but can

also be omitted). Then we would suggest the entire material in Chapters 6–9,

possibly omitting Section 8.6. Sections 17.4 and 17.6 can be discussed at the

end, if there is time.
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