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Preface

What this Book is About

This book is devoted to a special class of regression models that takes a distribu-
tional perspective on regression modeling. Instead of focusing on the expectation of
the response variable, as most classical regression approaches such as linear mod-
els, generalized linear models, and generalized additive models do, we deal with
regression models that relate more general features of the response distribution to
covariates. This yields characterizations of, for example, location, scale, and shape of
the response distribution conditional on covariate information. Since the models also
involve flexible forms of regression modeling based on a variety of covariate types, in-
cluding nonlinear effects of continuous covariates, spatial effects, and random effects,
the model class is called generalized additive models for location, scale and shape

(GAMLSS).

More precisely, GAMLSS builds upon the classical framework of generalized linear
models but

« relaxes the assumption that the response distribution belongs to the exponential
family such that any parametric distribution can be assumed for the response, and

« specifies separate regression predictors for any parameter of this distribution, in
particular parameters determining scale and shape features.

The assumption of a parametric response distribution implies the immediate avail-
ability of the likelihood such that inferential procedures based on the likelihood can
be used for inference. In this book, we will consider (penalized) maximum likelihood
inference, Bayesian inference, and functional gradient descent boosting as specific
algorithmic approaches for implementing inference in GAMLSS.

The main contribution of the GAMLSS framework is that it challenges the classical
notion of modeling only the mean of the distribution of the response variable. Rather,
all parameters (including location, scale, and shape) of that distribution may be mod-
eled. This allows the analyst to approach a much wider range of problems, including
heterogeneity in variance, positive or negative skewness, platykurtic or leptokurtic
response distributions, heavy tails and extremes, overdispersion and underdispersion
in count data, excess or shortage of certain parts of the support (e.g. zero-inflated
count data), and multivariate responses. Importantly, the aspects beyond the mean

xiii
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Xiv Preface

are not treated as a nuisance but rather can be central to the analysis of interest.
There are other approaches to distributional regression such as quantile regression or
conditional transformation models that will not be considered here, but we provide
a brief comparison in Section 1.6.

Types of Applications and Questions that Can be Approached with
GAMLSS

GAMLSS can be useful in any area that relies on regression modeling for the gen-
eration of insights from observed data. This includes ezploratory as well as confir-
matory analyses (depending on the research question, data collection strategy, and
exact model specification). Moreover, the goals of the analysis may range from inter-
preting the resulting model coefficients to pure prediction-oriented applications. For
the latter, GAMLSS have the specific advantage of providing covariate-dependent
predictive distributions rather than only a point prediction.

We illustrate the applicability of GAMLSS in various kinds of research questions in
case studies in Part I1I. More precisely, we consider the following applications:

« fetal ultrasound (Chapter 8) where we are considering the prediction of birthweight
from a number of covariates derived from ultrasound measurements to illustrate
basic components and steps of GAMLSS analyses;

« speech intelligibility testing (Chapter 9) where a mixed discrete-bounded contin-
uous response is considered in combination with random effects to adjust for a
repeated measurements design;

+ social media post performance (Chapter 10) to illustrate the consideration of
overdispersed count data regression involving cyclic P-splines and a comparison of
different inferential approaches for prediction;

+ childhood undernutrition in India (Chapter 11) as a case study on the Bayesian
approach to GAMLSS and its advantages including the extension to bivariate
responses and the consideration of spatial effects;

« federal election outcomes in Germany (Chapter 12) as another case of Bayesian
inference, dealing with multivariate fractional responses as well as nonlinear and
spatial effects;

+ riboflavin production (Chapter 13) as a case study on high-dimensional regression
with variable selection via boosting.

Goal of this Book

With this book, we provide a comprehensive introduction to the concepts of GAMLSS
that serves applied scientists interested in conducting data analyses with GAMLSS
and statisticians interested in the statistical foundations and background of GAMLSS.
Rather than focusing on one specific way of conducting statistical inference, we aim
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Preface XV

at a unified treatment of different inferential approaches, including applications high-
lighting their specific advantages and disadvantages. For this, we draw on the ample
experience of the authors in developing and applying penalized likelihood approaches,
Bayesian inference, and functional gradient descent boosting. While the book includes
a solid introduction to the foundations of the statistical inference approaches, our
emphasis is always on the practical applications rather than a theoretical dogma.
This is supported by devoting a considerable part of the book to hands-on exam-
ples in terms of complex applications that illustrate the dos and don’ts of GAMLSS
modeling.

Readership of the Book and Assumed Background Knowledge

This book is written for:

« practitioners and applied researchers interested in understanding modern regres-
sion approaches and applying them to their own datasets,

- applied statisticians aiming at a better understanding of the relevance and appli-
cation of GAMLSS as well as the different inferential approaches for GAMLSS,

 data analysts who are interested in models emphasizing interpretability over pure
prediction power, and

- students in statistics and data science who wish to go beyond basic forms of re-
gression modeling.

We assume that readers are familiar with the basic concepts of standard regression
analysis (including the corresponding matrix algebra) as presented in, for example,
Fahrmeir et al. (2021). All computations underlying the examples presented in the
book have been conducted in the R environment for statistical computing. R com-
mands are not provided in this text, but are available in the online supplementary
material of the book published on https://gamlssbook.bitbucket.io.

Structure of the Book and Additional Resources

The book consists of three distinct parts.

« In Part T (Chapters 1 to 3), we introduce the basic concepts and history of
GAMLSS and review some of the relevant ingredients for setting up a GAMLSS
model, that is, different types of response distributions, and the various regression
effects that can appear in the predictor specifications.

 Part II (Chapters 4 to 7) explains the theoretical background of the different
inferential procedures that can be used to estimate GAMLSS models. This part
comprises dedicated chapters on penalized likelihood inference, Bayesian inference,
and functional gradient descent boosting.

« In Part IIT (Chapters 8 to 13), we present several practical examples and case
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studies to illustrate the different inferential approaches as well as various aspects
relevant in GAMLSS modeling.

Depending on the reader’s background and interest, there are different ways of read-
ing the book. While Chapter 1 serves as a good starting point for any reader, it is
not necessary to work through the rest of the book sequentially. Rather, it is possible
to pick the inferential approach that appears most relevant, first, or to start with
reading some of the case studies.

This book is the third in a series of texts on GAMLSS. The first, Flexible Regres-
sion and Smoothing: Using GAMLSS in R (Stasinopoulos et al., 2017), concerns
the implementation of GAMLSS in the suite of R packages gamlss, gamlss.dist,
gamlss.add, etc. The second, Distributions for Modeling Location, Scale, and Shape:
Using GAMLSS in R (Rigby et al., 2019), describes the more than 100 continuous,
discrete, and mixed distributions available in the package gamlss.dist, and also shows
how more distributions can be generated by transformation, truncation, censoring,
and zero-inflation. In contrast, this book is less associated with a specific group of R
packages but serves as a general introduction to GAMLSS. The first two books are
therefore not assumed knowledge, but they may nonetheless be useful as resources
for distributions and details on the usage of the penalized likelihood R packages from
the gamlss suite.

Additional resources for this book have been collected on the website https://
gamlssbook.bitbucket.io. These comprise code and datasets for the case studies
presented in the book, further supporting material and a list of errata.
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Notation and Terminology

Packages and code

GAMLSS the statistical model
gamlss the R package
gamlss() the R function

General mathematical notation

X T vector or matrix transpose
f'(z) derivative of a function f
1(y =2) indicator function
1, (1,...,0)7
I, n X nidentity matrix
Distributions
1y a univariate response variable, or a single realization of the
response variable
y the vector of observed values of the response variable y, namely
Y= (y17y27 s 7yn)T
x; covariates (features)
n  sample size
P(-) probability
f(y) probability function; probability mass function for discrete
random variables and probability density function for
continuous random variables; occasionally, for clarity, f,(y)
F(y) cumulative distribution function (cdf)
y, F~(p), inverse cdf (quantile function)
D(-) generic distribution
E(-) exponential family distribution
S support of y
N(u,0?) (univariate) normal distribution with mean p and variance o

=
F oo
uEEd

<
—
S

(=
~—

probability density function of A'(0, 1) (the standard normal)
cumulative distribution function of the standard normal
k-dimensional normal distribution with mean vector p and
variance—covariance matrix >

uniform distribution on the interval (a, b)
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Intervals
R
Ry
Ro,1)
N
I\

Notation and Terminology

real line

positive real line

unit interval (0, 1)

nonnegative integers (0,1, 2,...)
positive integers (1,2,...)

Xix

Distribution parameters

K
Or
(7]
6,
0>
03
04
A
A
v

number of distribution parameters

kth distribution parameter, k =1,..., K

vector of distribution parameters (6, ...,0x)" in GAMLSS
first distribution parameter, sometimes denoted as u

second distribution parameter, sometimes denoted as o
third distribution parameter, sometimes denoted as v
fourth distribution parameter, sometimes denoted as 7

a hyperparameter

vector of all hyperparameters in the model

vector of all parameters in the model

Systematic part of the GAMLSS model

X
Pk

Jr
qkj
$]€j
B,
ij
ij
Olkj
Bjk
Yk
My
9x(")
81 ()
%4

Ky,

n X py fixed effects design matrix for 6,

number of columns in the design matrix X, for the
kth parameter

total number of smoothers for 6,

dimension of the random effect vector v ;

jth explanatory variable vector for 6,

vector of fixed effect coefficients of length Jx

jth random effects explanatory variable vector

n X qi; random effect design matrix

Jth random effect coefficient vector of length gy

n X Lj, generic design matrix for ¢y,

vector of basis coefficients for this effect

predictor for 8,

link function for 6,

jth nonparametric or nonlinear function in 7,

n x n diagonal matrix of weights

n-dimensional vector of weights (the diagonal elements of W)
jth smoothing or penalty matrix for 6,

Likelihood and information criteria

L
14
7z
H
df

K
GDEV

likelihood function

log-likelihood function

Fisher’s expected information matrix

observed information matrix

total effective degrees of freedom used in the model
penalty for each degree of freedom used in the model
global deviance = minus twice the fitted log-likelihood
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XX Notation and Terminology

AIC  Akaike information criterion = GDEV + 2 x df
BIC Bayesian information criterion = GDEV + log(n) x df
GAIC generalized AIC = GDEV + k x df

Residuals
u  vector of (randomized) quantile residuals
r  vector of normalized (randomized) quantile residuals
e vector of (partial) residuals

Moment measures and functions

E(y) expected value (or mean) of random variable y

V(y) variance of random variable y

Cov(y) variance covariance matrix of the random vector y
, location parameter (usually mean)

i E(y*), kth population moment about zero

wr  E{[y —E(y)]*}, kth population central moment

v moment skewness = ju3/us°

B2 moment kurtosis = juy/p2

vy moment excess kurtosis = B3 — 3

Boosting notation
p(yi,m(z;)) loss function evaluated at observation 4
h(-) base-learner
h%] (-) base-learner at boosting iteration m for explanatory
variable j in parameter 6
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