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An Introduction to Gravity

Einstein’s theory of gravity can be difficult to introduce at the undergraduate

level, or for self-study. One way to ease its introduction is to construct inter-

mediate theories between the previous successful theory of gravity, Newton’s,

and our modern theory, Einstein’s general relativity. This textbook bridges the

gap by merging Newtonian gravity and special relativity (by analogy with elec-

tricity and magnetism), a process that both builds intuition about general rel-

ativity, and indicates why it has the form that it does. This approach is used

to motivate the structure of the full theory, as a nonlinear field equation gov-

erning a second-rank tensor with geometric interpretation, and to understand

its predictions by comparing it with the – often qualitatively correct – predic-

tions of intermediate theories between Newton’s and Einstein’s. Suitable for

a one-semester course at junior or senior level, this student-friendly approach

builds on familiar undergraduate physics to illuminate the structure of general

relativity.

Joel Franklin is a professor in the Physics Department of Reed College, Oregon.

His research focuses on mathematical and computational methods with appli-

cations to classical mechanics, quantum mechanics, electrodynamics,

general relativity, and its modifications. He is also the author of textbooks

on Advanced Mechanics and General Relativity, Computational Methods for

Physics, Classical Field Theory, and Mathematical Methods for Oscillations

and Waves, all published by Cambridge University Press.

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

An Introduction to Gravity

JOEL FRANKLIN
Reed College, Oregon

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Shaftesbury Road, Cambridge CB2 8EA, United Kingdom

One Liberty Plaza, 20th Floor, New York, NY 10006, USA

477 Williamstown Road, Port Melbourne, VIC 3207, Australia

314–321, 3rd Floor, Plot 3, Splendor Forum, Jasola District Centre,
New Delhi – 110025, India

103 Penang Road, #05-06/07, Visioncrest Commercial, Singapore 238467

Cambridge University Press is part of Cambridge University Press & Assessment,

a department of the University of Cambridge.

We share the University’s mission to contribute to society through the pursuit of

education, learning and research at the highest international levels of excellence.

www.cambridge.org

Information on this title: www.cambridge.org/highereducation/isbn/9781009389709
DOI: 10.1017/9781009389693

© Cambridge University Press & Assessment 2024

This publication is in copyright. Subject to statutory exception and to the provisions
of relevant collective licensing agreements, no reproduction of any part may take

place without the written permission of Cambridge University Press & Assessment.

First published 2024

A catalogue record for this publication is available from the British Library.

Library of Congress Cataloging-in-Publication Data

Names: Franklin, Joel, 1975– author.
Title: An introduction to gravity / Joel Franklin, Reed College, Oregon.

Description: Cambridge, United Kingdom ; New York, NY, USA : Cambridge University Press,
2024. | Includes bibliographical references and index.

Identifiers: LCCN 2023046090 (print) | LCCN 2023046091 (ebook) |
ISBN 9781009389709 (hardback) | ISBN 9781009389693 (ebook)

Subjects: LCSH: Gravity. | Relativity (Physics) | Gravitation.
Classification: LCC QB334 .F73 2024 (print) | LCC QB334 (ebook) |

DDC 531/.14–dc23/eng/20231031
LC record available at https://lccn.loc.gov/2023046090

LC ebook record available at https://lccn.loc.gov/2023046091

ISBN 978-1-009-38970-9 Hardback

Additional resources for this publication at www.cambridge.org/franklin-gravity

Cambridge University Press & Assessment has no responsibility for the persistence
or accuracy of URLs for external or third-party internet websites referred to in this

publication and does not guarantee that any content on such websites is, or will
remain, accurate or appropriate.

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Contents

Preface page ix

Acknowledgments xv

1 Newtonian Gravity 1

1.1 Two Observations and Their Consequences 3

1.2 The Field Equations 7

1.3 Radial Infall 14

1.4 Scattering and Bound Trajectories 17

1.5 A Little Special Relativity 25

1.6 A Little More Special Relativity 32

1.7 Epilogue (What’s Wrong with GEM?) 41

1.8 Postscript 44

Exercises 45

2 Transformation and Tensors 51

2.1 Tensor Transformations 56

2.2 The Metric 61

2.3 Tensorial Expressions 66

2.4 Relativistic Length of Curves 68

2.5 Derivatives in Curvilinear Coordinates 77

2.6 Properties of the Covariant Derivative 81

2.7 Parallel Transport 85

2.8 Tensor Field Equations 92

Exercises 97

3 The Riemann Tensor and Einstein’s Equation 102

3.1 The Riemann Tensor 103

3.2 Riemannian Coordinates 110

3.3 Geodesic Deviation 112

3.4 Gravitational Sources 116

3.5 Newtonian Deviation 120

3.6 Einstein’s Equation 123

Exercises 131

4 Vacuum Solutions and Geodesics 136

4.1 Spherical Symmetry 137

4.2 How Far Apart Are Points? 140

4.3 Radial Geodesics 140

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

vi Contents

4.4 Kruskal–Szekeres Coordinates 149

4.5 Scattering and Bound Trajectories 153

4.6 Gravitational Time Dilation and Red Shift 163

4.7 The Kerr Metric 164

4.8 The Weyl Metrics 167

Exercises 169

5 Gravitational Waves and Radiation 173

5.1 Review of Plane Waves in E&M 174

5.2 Plane Waves for Gravitational Radiation 177

5.3 Plane Wave Geodesic Deviation 180

5.4 Radiation Setup 184

5.5 Electromagnetic Radiation 191

5.6 Gravitational Radiation 199

Exercises 207

6 Gravitational Sources 211

6.1 Dynamics and Continuum Distributions 212

6.2 Newtonian Gravity and Static, Interacting Dust 220

6.3 Stress Tensor and Conservation 223

6.4 General Relativity and Static, Interacting Dust 225

6.5 Robertson–Walker Metric 229

6.6 Cosmological Field Equations 235

6.7 Wormholes 238

6.8 Alcubierre Warp Drive 242

Exercises 245

7 Field Theories and Gravity 247

7.1 Field Lagrangian for Scalars 248

7.2 Coordinate Systems 250

7.3 Field Stress Tensor 255

7.4 Massless Vector Field Theory 262

7.5 Charged Spherical Central Body 266

7.6 The Einstein–Hilbert Action 268

7.7 The Weyl Method 269

Exercises 271

AppendixA Lorentz Transformations and Special Relativity 276

A.1 Lorentz Boost 276

A.2 Implications for Constant Speed 278

A.3 Minkowski Diagrams 281

A.4 Proper Time 283

A.5 Dynamics 286

A.6 Electricity and Magnetism 287

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

vii Contents

AppendixB Runge–Kutta Methods 290

B.1 Problem Setup 290

B.2 Euler’s Method 292

B.3 Higher-Order Runge–Kutta 294

Appendix C Curvature inD = 1, 2 297

C.1 Curvature for Curves 297

C.2 Frenet–Serret Equations 301

C.3 Curvature for Surfaces 303

References 311

Index 315

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

Preface

Einstein’s theory of gravity, general relativity, is over a century old, as estab-

lished and tested as any fundamental physical theory. It has been around long

enough for teachers to develop pedagogically sound approaches to its introduc-

tion, at both the undergraduate and graduate level. There are many excellent

books on the subject, among my favorites (and ones that informed much of

this book) are by Schutz [43], Hartle [23], d’Inverno [10], Wald [51], and the

encyclopedic classic by Misner, Thorne, and Wheeler [35]. I recommend these

to your attention as primary resources for learning the subject, and delight-

ful references for review and reflection. What, then, is the point of the current

offering?

It is striking that gravity, as an undergraduate course, is not taught with the

same frequency as, say, electricity and magnetism (E&M). The two are similar

in that they deal with a single, specific interaction, making them different from

subjects like classical and quantum mechanics, or solid-state physics, that span

multiple physical interactions, and which involve a menagerie of techniques

for solving their fundamental equations. A course on E&M must also intro-

duce students to techniques for solving its relevant equations, but the relatively

narrower set of physical ideas, tightly focused around a single force, can be

an advantage in the classroom. Similarly, gravity is a subject with only one

interaction (not a force, as it turns out), and as with E&M, there are really only

two fundamental objects of study: the field equation that connects the sources

to the field, and an equation of motion that describes how particles move in re-

sponse to that field. Many of the techniques used to teach E&M can be usefully

applied to gravity. Even the side benefits of a subject like E&M, like the field-

theoretic intuition that is built up naturally as one learns the subject, is shared

by an introduction to gravity. So why is gravity set aside in the undergraduate

curriculum?

Attempting to answer this question was the starting point for this book. One

reason that gravity is difficult to teach is that the field equation, Einstein’s

equation, involves mathematical objects that are not as familiar as the vector

calculus required to learn E&M (and which benefits from the physical intuition

that E&M provides). Another is that the interpretation of the field in gravity,

the metric that tells us how distance is measured, makes it difficult to under-

stand the observable predictions of the theory. We are used to thinking about

a fixed, Minkowski spacetime with forces that act on particles, causing them

to move. In general relativity, there is no force – particles move along length-

minimizing curves (geodesics) in a spacetime that is determined by the metric,

a solution of the field equation given some source configuration. That metric
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x Preface

can be expressed in any coordinate system, and figuring out the physical con-

tent of its geodesics in an unfamiliar set of coordinates, and in a spacetime that

is necessarily very different from Minkowski spacetime, is much harder than

using the Lorentz force in Newton’s second law to predict motion given an

electric and magnetic field.

To address these challenges, I decided to use the question of why Newtonian

gravity is “not enough,” to both highlight gravitational physics beyond Newto-

nian gravity (which can be used to introduce some of the more exotic features

of general relativity in a familiar setting), and serve as a motivator for the full

theory (a motivator both in the sense of why general relativity has to be the way

it is, and in the sense of generating student interest, so that they see the value

in learning enough geometry to appreciate the subject). Newtonian gravity is

virtually identical to electrostatics, and students are very familiar with New-

tonian gravity’s interpretation and predictions: Mass generates a gravitational

force that acts on other masses. It is natural to wonder if the similarity between

Newtonian gravity and electrostatics extends to dynamics – does gravity share

the relativistic structure of the full set of Maxwell’s equations? The question

provides a target for discussion, and the setup work involved in answering

it is relevant in understanding the linearized limit of general relativity, itself

important in building physical intuition about the full theory. There are also

differences between gravity and E&M, notably the mass sourcing in gravity,

and the opportunity for more general forms of energy to act as a source. Focus-

ing on the similarities and differences between the two theories gives students

a framework for thinking about general relativity and its predictions, prior to

encountering the less familiar geometric language in which the story of grav-

ity is told. My goal was to create a relatively coherent narrative, starting from

the familiar and working incrementally by asking physically motivated ques-

tions about the merger of gravity and relativity until the full theory emerges

almost as a matter of course. This approach is meant to ease the difficulties

with both the formal statement of the theory, and the understanding of its ob-

servable predictions by providing a set of familiar footholds along the way to

which students can return and regroup as they move along.

Outline

I’ll give a brief outline of the book, which will also serve as an informal exam-

ple syllabus for the course that I teach at Reed College.1

1 Reed College offers a general relativity course every other year. When I teach that course, my
audience is junior and senior students who have had a semester of electricity and magnetism at the

level of Griffiths [21], and seen special relativity in a sophomore “modern physics” course.
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xi Preface

The fundamental question driving the course is “Why can’t you take Newto-

nian gravity, add special relativity, and get a viable relativistic theory of grav-

ity?” So the first thing to do is review Newtonian gravity, and special relativity

(both of which my students have seen prior to the class), and begin the process

of combining the two, pointing out new predictions along the way. A side ef-

fect of this careful attempt to marry gravity and special relativity is that almost

everything that shows up in the full theory: black holes, bending of light, even

gravitational radiation, is in place, qualitatively, before any really new ideas

are introduced. Chapter 1 represents that discussion and is used to build intu-

ition about the subject, while also exploring the deficiencies of the resulting,

incomplete theory.

Hopefully, the very physically concrete and accessible Chapter 1 provides

motivation for the tool-building Chapter 2. The latter is essentially a review

of vector calculus (similar to the review that introductions to E&M provide)

set in a new notation. Here I develop the minimal set of machinery, in a flat

spacetime setting, that will be needed to present Einstein’s equation. Students

learn about tensors, their transformation, and are introduced to the metric as a

length-measuring device. The focus is on tensors as building blocks of physi-

cal theories that are “generally covariant,” the same in all coordinate systems.

Since those equations typically involve derivatives, and partial derivatives do

not always have tensor behavior, I introduce the covariant derivative, together

with connections, and the rest of the pieces necessary to discuss geodesics and

parallel transport, all in the familiar, Minkowski, setting.

By the end of Chapter 2 (and together with the physics content of Chap-

ter 1), we are led, quite naturally, to a target theory of gravity that is nonlin-

ear, with a second-rank tensor as its field, one that has an almost immediate

geometric interpretation. That target theory is then developed in Chapter 3,

with only the Riemann tensor needed to set the scene. I present the standard

“derivation” of Einstein’s equation by comparison of the trajectories of nearby

falling masses with geodesic deviation. My hope is that at this point, there is a

sense of inevitability that drives students along. Before solving Einstein’s field

equation, I make contact with the incomplete “gravito-electo-magnetic” the-

ory from Chapter 1 by working through the linearized limit of both the field

equation and geodesic equation of motion. This is meant to give students a way

to understand the physics predicted by the full theory. The linearized limit of

gravity is also a nice one for comparison with E&M, and I discuss its solutions

in that context.

Chapter 4 explores the Schwarzschild solution. I make use of symbolic com-

putational packages to ease the calculation of the Ricci tensor, so that we can

focus instead on the content of the field equation, and its solution. With this

first nontrivial vacuum solution in place, I go through the usual set of geodesic

observations, coordinate transformations, and experimental tests, noting the

qualitative similarity to the predictions made in Chapter 1 while also high-

lighting the quantitative differences. There are both linearized geodesic calcu-

lations, and numerical ones, and students are invited to explore geodesics in

spacetimes like Kerr using these techniques.
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Staying in vacuum, plane waves and radiation are the topics in Chapter 5.

I work only in the linearized limit of general relativity, and so I rely heavily on

E&M as an example theory. Almost all of the development of gravitational ra-

diation is done in parallel with descriptions of electromagnetic radiation. This

is true in building vacuum solutions from (far away) sources using Green’s

functions and limits that define radiation. But the parallel approach is also use-

ful in thinking about the detection of radiation by looking at the particle mo-

tion resulting from interaction with the field. Comparison and contrast between

gravity and E&M are the main pedagogical tactics.

Moving from vacuum to “material” in the Chapter 6, I discuss continuum

mechanics in both Newtonian and relativistic settings. Descriptions of the

stress tensor sources for gravity, and their conservation, benefit from a review

of electromagnetic sources. As topics, stellar interiors and a brief introduction

to cosmology form the bulk of the applications, but I take the “in material” op-

portunity to present wormholes and the Alcubierre warp drive, both of which

require (exotic) sources. These last topics represent a nice inversion of Ein-

stein’s equation, in which a metric with desired properties is built, and the

stress tensor required to generate that metric is then characterized (as opposed

to starting with a source and finding the field, the usual direction).

Chapter 7 is somewhat indulgent given my background and interests, and

could easily be omitted – my ultimate goal is to round out the general rela-

tivistic solutions that were foreshadowed in Chapter 1 by solving Einstein’s

equation for a spherically symmetric central mass that also contains charge.

That source is extended, like the ones in Chapter 6, but rather than study it in

that setting, I tried to add a little value by introducing field actions for scalar

and vector fields. Then adding in the Einstein–Hilbert action allows for a dis-

cussion of universal coupling and a concrete place to think about the role of

the metric in scalar/vector field equations together with the role of scalar/vector

field sources in Einstein’s equation. Once we see how any theory necessarily

couples to gravity, I develop the Reissner–Nordstrøm solution, as a final space-

time for study.

There are three appendices that I use only for reference when I teach the

course. Appendix A is a bare bones review of special relativity, which, again,

my students have seen (usually multiple times). For completeness, I include

Appendix B on the Runge–Kutta method, which can be used to solve for

geodesic trajectories in any spacetime of interest. While there are numerical

differential equation solvers built in to many programming language libraries

by now, it’s always a good idea to understand what they are doing to avoid

identifying a numerical artifact as a physical feature. It is also the case that the

fourth-order Runge–Kutta method is widely used and requires only about ten

lines of code to implement, making it worth the minimal effort. Lastly, while

the curvature that is relevant in general relativity is somewhat different from

the curvature of curves and surfaces, there is some intuition that can be built by

thinking about the latter, and so I have a short introduction to those curvature

ideas as Appendix C.
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xiii Preface

Notes

That overview completed, I’ll note some personal idiosyncrasies to help avoid

distraction when reading the text and carrying out the exercises:

1. Notation: I use fairly standard tensor notation, and have tried to highlight

those places where I stray, temporarily, for the sake of clarity. In general,

Greek indices occur when sums are over the full spacetime or when I do not

need to distinguish between time and space components. Roman indices are

used to refer to the spatial components of a tensor that has both time and

space components. When dealing with vectors that have components and

basis in place, I use bold typeface, for example, E = Ex x̂ + Ey ŷ + Ezẑ.

I use blackboard bold for matrices (or, if focusing on a matrix-like table

representing a tensor, I’ll use an indexed object). When writing out a ma-

trix as part of an assignment or equality, I use the notation =̇ rather than =,

a reminder that these are representations of an object rather than the object

itself, a habit picked up from Sakurai’s quantum mechanics text (J. J. Saku-

rai, Modern Quantum Mechanics Revised Edition, Addison-Wesley, 1994).

General relativity is a subject that contains a lot of symbolic information,

with tensor indices dangling here and there, and other reminders cluttering

expressions. One place where some economy can be found is in indicating

functional dependence. When you have a tensor T µ(t, x, y, z) that depends

on the coordinates, I tend to write T µ(x) with x standing in for all the co-

ordinates. If I want to highlight a spacetime split in functional dependence,

I use T µ(r, t) where r represents the spatial pieces (sometimes I use x to

do the same thing, depending on what other symbols are nearby). There are

times when indicating the dependence is unwieldy, as in expressions like

S[Aµ(x)], the “action depending on the field Aµ, itself a function of the co-

ordinates,” and I usually omit the innermost set of dependence reminders.

When the functional dependence is not the point, I omit it altogether, so

you’ll see things like ẋα standing in for ẋα(t).

2. References: I have tried to include original sources where appropriate, to-

gether with some interesting papers specifically aimed at undergraduate

physics majors. Beyond that, and as a general rule, most of the topics in

this book can be found in the books on gravity listed above (and many oth-

ers), all of which have much more extensive references for advanced study.

3. Exercises: To quote from Mary Boas’s excellent Mathematical Methods in

the Physical Sciences (3rd ed. John Wiley & Sons, 2006): (replace “math-

ematics” with “physics” in the current setting) “To use mathematics effec-

tively in applications, you need not just knowledge but skill. Skill can be

obtained only through practice. . . The only way to develop the skill nec-

essary to use this material in your later courses is to practice by solving

many problems. Always study with pencil and paper at hand. Don’t just

www.cambridge.org/9781009389709
www.cambridge.org


Cambridge University Press & Assessment
978-1-009-38970-9 — An Introduction to Gravity
Joel Franklin
Frontmatter
More Information

www.cambridge.org© in this web service Cambridge University Press & Assessment

xiv Preface

read through a solved problem – try to do it yourself! Then solve simi-

lar ones from the problem set for that section . . . ” Sage advice, and while

I have not included problems at the end of sections, I do reference problems

within the text itself. You should work those problems when you run across

them in your reading, and do the rest when you get to the end of the chapter.
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