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AG(2,R), 13
AGL(3,R), 326
Aut(PG(2,R)), 12
Aut(PG(3,R)), 324
Isom(R2), 73
PG(2,C), 332
PG(3,R), 324
PG(d,R), 407
PGL(4,R), 325
Sim(R3), 335
h-expression, 75
j-invariant, 75

absolute, 39, 330, 409
point, 33, 355

absolute conic, 334
adjoint action, 14
Adler’s lemma, 97
affine group, 14
affine plane, 11, 26, 64, 163

of order 3, 17
real, 13

affine ratio, 43, 46
affine transformation, 165
affinity, 165
altitude of a triangle, 187
angle-parameter, 212
antipodal points, 11
Apollonius of Perga, 34, 94, 176, 247
Archimedes of Syracuse, 176
argument (complex), 333
Aristaeus, 142
associated lines, 413

associated points, 365
associated secunda, 412
asymptotes of a hyperbola, 176
automorphism, 12

field, 70
of AG(2,R), 18
of PG(2,R), 12

automorphism group of PG(2,R), 12
automorphism group of the real inversive

plane, 399
axis, 19, 326

of a conic, 220
of a projectivity of a conic, 97

Bézout, Étienne, 319
Barbilian, Dan, 196
Barbu, Ion, 196
base angle, 212
Battersea Power Station, 76
Bellavitis, Giusto, 97
Beltrami, Eugenio, 219
betweenness, 169
Borwein, Peter, 345
bracket, 45, 55
Braikenridge, William, 128, 318
branch of a hyperbola, 176
Brianchon hexagon, 153
Brianchon, Charles-Julien, 142
bundle of lines, 361

Carnot, Lazare, 49, 117, 148
Casey angle, 78
Casey, John, 78
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Castelnuovo, Guido, 127
central collineation, 47, 165, 326
central projection, 44, 58
centre, 19, 326

of a conic, 119
of an ellipse or hyperbola, 176

centroid, 166, 402
Ceva, Giovanni, 139
characteristic cross-ratio, 70
Chasles, Michel, 49, 83, 94
circular points, 197, 244
circumcentre, 402
Clebsch, Alfred, 74
cocycle identity, 55
collinear, 9
collineation, 12

central, 19, 326
of PG(3,R), 324
of PG(d,R), 408

complete
quadrilateral, 111

complete quadrangle, 107
complex

linear, 371, 376
complex numbers, 102
complex projective plane, 332
concurrent, 9
congruence

degenerate, 375
elliptic, 375, 425
hyperbolic, 375, 425
linear, 371, 375
parabolic, 375, 425

conic, 34
affine, 27
central, 176
dual, 37
non-degenerate, 34

conjugate
lines, 38
points, 38
with respect to a quadrangle, 126
with respect to an elliptic quadric, 358

Conon of Samos, 94
correlation, 32
cross-axis, 125
cross-ratio, 44, 331

characteristic, 69
of lines, 56
of planes, 332

Dandelin skew hexagon, 349
Dao, Oai Thanh, 104, 258
Daus, Paul Harold, 269
de Gua de Malves, Jean Paul, 318
de la Hire, Philippe, 318
Desargues, Girard, 49, 185, 186, 318
Desarguesian subspace, 409
desmic configuration, 344
desmic tetraheda, 344
determinant, 9
determinantal variety, 428
diagonal points of a quadrangle, 16
diameter, 176

principal, 221
Diocles, 228
directrix, 214

of a regulus, 375
of a congruence, 376

distance
directed, 75
from a point to a line, 142, 227
relation, 73

Dobos, Sándor, 186, 205, 212
double-six, 350
dual statement, 10, 329, 409
duality, 32, 330, 409

standard, 32, 330

eccentricity, 228
eigenvalues, 102
elation, 19, 326
eleven-point conic, 218
ellipse, 174
ellipsoid, 334
envelope, 225
equivalent

projectively, 333, 355, 376, 382, 429
quadrics, 410

Euclid of Alexandria, 247
Euler line, 195, 402
Euler, Leonard, 319
extended Euclidean plane, 7
extended Euclidean space, 323
external line to a conic, 36
external point

to a conic, 37
to a quadric, 354

Fermat, Pierre de, 178
Fermat-Torricelli point, 282, 284
Ferrers, Norman Macleod, 267, 268, 413
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focus of a conic, 221
focus-directrix, 228
form

bilinear, 35
quadratic, 34, 35

Frégier involution, 87
Frégier point, 87
fractional linear transformation, 83
frame, 327, 409

fundamental, 327, 409

Gauss plane, 399
general Möbius group, 399
general position, 364, 381

of lines of PG(4,R), 413
generator, 423

of a regulus, 375
Gergonne point, 138, 139
Gergonne, Joseph Diez, 127
Gram matrix, 35, 71
great circle, 11
group

collineation, 12, 103
correlation, 32
isometry, 411
projective general linear, 13

harmonic
quadrilateral, 207

harmonic conjugate, 55, 65
harmonic quadruple, 64

of lines, 68
harmonic separation, 49
Heron of Alexandria, 233
Hesse, Otto, 111
homogeneous coordinates, 7, 26, 408
homogeneous hyperplane coordinates, 408
homogeneous line coordinates, 7, 369
homogenisation, 27
homography, 123
homology, 19, 326

harmonic, 68, 340
hyperbola, 34, 174

ibn Sinan, Ibrahim, 54
imaginary points, 103, 110
incidence symbol I, 12
internal point

to a conic, 37
to a quadric, 354

invariant, 73

involution, 101
elliptic, 105
hyperbolic, 105

involution at infinity, 184
isogonal conjugate, 188
isometry, 411
isometry group of R2, 73
isomorphic

incidence geometries, 8
permutationally, 13

isotomic conjugate, 272

Jeřábek, Václav, 265

Kiepert hyperbola, 212, 284
Klein 4-group, 46
Klein correspondence, 376
Klein quadric, 421

Lamé, Gabriel, 118
law of sines, 56, 59
Lemoine point, 138, 402
Lemoine, Émile, 284
line

external, 36
secant, 36
tangent, 36

line at infinity, 7, 163
line coordinates, 369
line segment, 169
linear complex, 371, 376, 426

general, 376
special, 376

linear congruence, 371
linear dependence, 372
lines at infinity, 323
Lorenzetti, Ambroglio, 44

Möbius configuration, 342
Möbius, Augustus, 49, 134, 154
Möbius-Kantor 83 configuration, 16, 342
Mac Lane, Saunders, 16
Maclaurin, Colin, 128, 149, 318
Mantel, M. W., 190
Mathieu, J.-J.-A., 113
Maxwell, James Clerk, 191
median, 166
midpoint, 163
Monge, Gaspard, 314
Murdoch, Patrick, 318
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Newton, Isaac, 138, 149, 215, 318
Newton–Gauss line, 119
Nicoteles of Cyrene, 94
nine-point circle, 164, 217, 261, 402
non-degenerate

conic, 34, 332, 364
quadratic form, 410
quadric, 352

Noyer, Albert, 190
null point, 377
null system, 377

orthocentre, 402
orthocentroidal circle, 402
othocentre, 187
outer automorphism of GL(3,R), 14

Pappus of Alexandria, 49, 51, 142, 228
parabola, 174
parallel class

of lines, 5
of planes, 5

Pascal line, 120, 159
Pascal, Blaise, 119, 141, 318
pencil

flat-pencil of lines, 329
of conics, 90, 121
of lines, 54, 329
of quadrics, 363
plane-pencil of lines, 329

permutational isomorphism, 14
perpendicular

lines, 4, 184, 334, 335
planes, 4, 335
transversal, 336

perspective from a point, 23
perspective projection matrix, 395
perspectivity, 47

axis of, 24
centre of, 23

Piero della Francesca, 76
Plücker

coordinates, 369, 412, 421
map, 421
relation, 55

Plücker, Julius, 369
plane

Latin or Greek, 423
of PG(3,R), 324
of PG(d,R), 407

point at infinity, 7

points at infinity, 323
polar, 38, 354
polarity, 6, 32, 330, 409

null, 330, 377
of PG(3,R), 354
orthogonal, 330

pole, 38, 354
Poncelet, Jean-Victor, 49, 142, 197, 244, 317
Principia, 318
principle of duality, 329
projective involution, 101
projective line, 45
projective plane, 6
projectively related, 48
projectivity, 48

of pencils, 91
on a conic, 97

quadrangle, 11, 15
complete, 107
fundamental, 15

quadrangular set, 156
quadratic transformation, 188, 360
quadric, 352, 410

elliptic, 355
hyperbolic, 355
non-degenerate, 352

quadric cone, 363
quadrilateral, 11

orthocentric, 219
quotient map, 426
quotient space, 362

Ramus, Petrus, 233
rank, 411
rational normal curve, 428
real inversive plane, 397–399
real projective plane, 7

sphere model, 11
real projective space, 324
real subline, 399
rectangular hyperbola, 210
reference points, 331
reflection property, 213
regulus, 348, 350, 371

opposite, 350
Reye’s configuration, 343
Riemann sphere, 401
Robson, Alan, 121, 194
Ruggero Ventimiglia, Luigi, 318
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Saccheri, Giovanni, 318
Scurr, Reverend Thomas, 179
secant line to a conic, 36
secundum, 407, 412
Segre, Corrado, 414
Seimiya, Toshio, 91
separation, 64, 78, 95, 169, 403

harmonic, 64
sharply n-transitive, 89
signature, 411
simplex, 412
Simson, Robert, 148, 318
sine ratio, 59
singular radical, 410
skew projection, 360
sphere, 11
spread, 376

regular, 376
Steiner point, 122
Steiner, Jakob, 49, 191
Stephanos, Cyparissos, 341, 413
stereographic projection, 359, 400
Stirling, James, 318
Sturm, Charles, 116, 127
subspace, 407

singular, 422
Sylvester, James Joseph, 412
symmedian, 402

Takasu, Tsurusaburo, 128
tangent line, 148
tangent line to a conic, 36
Terquem, Olry, 276
tetrahedron, 339
theorem

Apollonius’, 71, 144
Archimedes’, 176
Blaikie’s, 190
Braikenridge–Maclaurin, 128
Brianchon’s, 129, 215
Brocard’s, 208
Butterfly, 179
Carathéodory’s, 184, 209, 245
Carnot’s, 117, 172
Ceva’s, 55
Chasles’, 94
Chasles–Steiner, 140, 142, 145, 147
Clebsch’s, 74
Coşniţǎ’s, 284
counterpairing, 257
Dandelin–Gallucci, 348

Darboux’s, 169
Desargues’, 24, 57, 152, 338
Desargues’ involution, 115
Droz-Farny, 190, 252, 258
dual of the converse to Pappus’ involution,

188, 256
Ehrmann–van Lamoen, 250
Fermat–Torricelli, 282
Ferrers’, 267, 281
Ferriot–Terquem, 275
five-point Pascal, 145, 148
four-line Brianchon, 149
four-point Pascal, 146–148
Frégier’s, 202
fundamental theorem of affine geometry, 17
fundamental theorem of projective

geometry, 17, 328
Gale–Gardner, 278
Goormaghtigh’s, 257, 261
Heron’s, 233
Hesse’s, 111
isotomic conjugate, 272
Jacobi’s, 282
Kariya’s, 284
Kiepert’s, 283
Klein’s, 340
La Hire’s, 38, 177
Laguerre’s, 231
Lalesco’s, 261
Lamé’s, 118
Lehmer–Daus, 256, 268
Lester’s, 403
Möbius’, 342
Menelaus’, 55
Miquel’s four-line, 229
Morley’s, 193, 283
Napoleon’s, 283
Nehring’s, 29
Nixon’s, 260
oblique Simson line, 261
Orbit–Stabiliser, 17
Pappus’, 22, 108
Pappus’ harmonic quadruples, 65
Pappus’ involution, 71, 107
Pappus’ involution (converse), 108
Pascal’s, 120, 144, 145
projective Ceva, 112
projective Simson line, 136
Robson–Strange, 278, 280
Seydewitz’s, 140
Siebeck–Bôcher–Grace, 182
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Snapper’s, 219
Steiner’s, 179
Sturm’s, 116
Sylvester’s theorem of inertia, 410
Sylvester–Gallai, 345
Takasu’s, 128
Thales’, 200
Thales’ side-splitter, 166
trilinear polar, 108, 109, 113
van Kempen’s, 158
von Staudt’s, 39
Wallace–Simson line, 91, 216
Weiss’, 164
Wilkinson’s, 130
Zaslavsky’s, 261

Vandermonde determinant, 428

vanishing point, 79
Veronese

correspondence, 430
map, 430
surface, 380, 430

Veronese, Giuseppe, 430
vertex

of a cone, 363, 426
of a parabola, 214
of a perspectivity, 47

Vogel, Kurt, 142
von Staudt, Karl, 48, 50, 133

Weiss, Asia Ivić, 164
Whewell, William, 31
Wilkinson, Thomas Turner, 130
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