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ABSTRACT

Volume I. Part I: A complete classification of homogeneous ordered graphs
is given: up to a change of language each is either a generically ordered homo-
geneous graph or tournament, or a generic linear extension of a homogeneous
partial order.

Part I1: A catalog of the currently known metrically homogeneous graphs is
given, with proofs of existence and some evidence for the completeness of the
catalog. This includes a reduction of the problem to what may be considered
the generic case, and some tools for the analysis of the generic case.

Some related developments are discussed in an appendix.

Volume II. Here the impact of the results of Parts I and II and of related
work in Amato, Cherlin, and Macpherson [2021] on the classification of
homogeneous structures for a language with two anti-symmetric 2-types or
with 3 symmetric 2-types is worked out in detail.

An appendix to Volume II discusses some further advances in related areas,
and a wide variety of open problems.

An extensive bibliography of related literature and a quick survey of that
literature, organized by topic, is given in Cherlin [2021] (see also http://www.
cambridge.org/9781009229692).

The method used in Part I of Volume I is due to Alistair Lachlan. The
method used in Part II of Volume I and throughout Volume II is a direct
application of Fraissé’s theory of amalgamation classes.

2020 Mathematics subject classifications. Primary 03C15. Secondary 03C10,
03C13, 05C12, 05C55, 05C63, 06F99, 20B27.
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PREFACE

The notion of homogeneity that concerns us here was first noticed by Urysohn
in a metric context, a few days before his tragic death in a swimming accident
in 1924. As transcribed by his companion Alexandrov into German for the
benefit of Hausdorff, and into French for the benefit of the mathematical public
(Husek [2008], Urysohn [1925]), Urysohn’s remark goes roughly as follows.

U is homogeneous in this sense: the finite and congruent sets 4, B
(lying in U) being arbitrarily chosen, there is an isometric map of U
onto itself transforming 4 into B.!

One can trace the notion back further, since it amounts to saying that the
Euclidean viewpoint and Felix Klein’s coincide on finite configurations. Indeed,
this is more or less the point of view taken by Freudenthal in a survey of work
on two-point homogeneity (Freudenthal [1956]), which places the issue firmly
in the context of ideas of Riemann, Helmholtz, and Lie on the foundations of
geometry.

In an algebraic or combinatorial context we speak of isomorphism rather
than congruence or isometry; and to be precise, we require that any given
isomorphism extend to an automorphism.

Erdds and Rényi remarked in 1963, with what I take to be some bemusement,
that infinite structures with rich automorphism groups appear as natural limits
(in a probabilistic sense) of rigid finite structures.

Thus there is a striking contrast between finite and infinite graphs: while
“almost all” finite graphs are asymmetric, “almost all” infinite graphs
are symmetric. Erdos and Rényi [1963]

Fraissé’s theory of amalgamation classes from the 1950s would suggest a more
extreme example of the same phenomenon: the rational order is the Fraissé
limit of the finite orderings. Fraissé pointed out the role of the amalgamation

1« U est homogeéne en ce sens que. les ensembles finis et congruents 4 et B (situés dans U) étant
quelconques, il existe une représentation isométrique de U sur lui-méme transformant 4 en B.”
“ ... eine recht starke Homogenitétsbedingung ... letzterer besteht darin, dal3 man den ganzen
Raum (isometrisch) so auf sich selbst abbilden kann, daB dabei eine beliebige endliche Menge M
in eine ebenfalls beliebige, der Menge M kongruente Menge M tibergefiihrt wird.”

Xix
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property as the counterpart at the finite level of the rich automorphism group
in the infinite limit, giving one possible answer to the question implicit in the
remark of Erdos and Rényi.

The automorphism group of a homogeneous structure carries a natural
topology, and with this topology the automorphism group of the ordered set
Q has a remarkable fixed-point property: any continuous action on a compact
set has a fixed point. Pestov pointed out in 2002 that this property is equivalent
to Ramsey’s theorem.

Meanwhile, Nesetiil had observed that under mild conditions, the gen-
eralized Ramsey property for a class of finite structures implies that the
homogeneous Fraissé limit exists (Nesetiil [1989]. cf. Nesetfil [2005]). And in
2005 Kechris, Pestov, and Todorcevic closed this circle of ideas by showing that
for homogeneous structures, the fixed point property for the automorphism
group is equivalent to structural Ramsey theory for the finite substructures.
Presumably Erdos and Rényi would have found all this very illuminating.

Since then, things have been generally lively, and a good deal of young talent
has taken up the subject from a bewildering multiplicity of points of view. We
will revisit a little of that in the Appendices to Volumes I and II.

In the 1970s Henson observed that Fraiss¢’s method gave more examples
than one would necessarily want to have,? notably an uncountable family of
homogeneous directed graphs. In the 1980s Lachlan and Woodrow developed
techniques based on Fraissé’s theory, sometimes using the classical Ramsey
theorem as well, to classify homogeneous structures for restricted languages,
showing that all homogeneous graphs and tournaments were known.

In the 1990s I decided to put Henson’s examples together with the Lach-
lan/Woodrow technique in a cage match, uncountably many against classifica-
tion, and the latter won:* the homogeneous directed graphs can be classified,
and in fact most of them are the ones Henson originally constructed—that is,
the full list contains countably many additional structures (Cherlin [1998]).
In the appendix to that work I took a very tentative look at the classification
problem for homogenous structures in slightly more complicated languages,
having either two anti-symmetric 2-types, or three symmetric 2-types, and later
I classified the imprimitive examples of the latter kind.

Volume I. In recent years, I have taken up two more classification problems
for homogeneous structures that struck me as of particular interest, which are
the subject of the first volume of this monograph.

2“This book tells me more about penguins than I wanted to know.”

3This was unexpected. Chapter IV of Cherlin [1998] provides a missing link between the case
of homogeneous graphs and the case of homogeneous digraphs which might perhaps have altered
my expectations if it had been known beforehand. That chapter is also the main source of the
strategy for Part I of this monograph.
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The first of these problems is the classification of the homogeneous ordered
graphs, which was suggested to me in 2012 by Lionel Nguyen Van Thé as a
natural problem from a Ramsey theoretic point of view, and potentially the
source of interesting new examples. The second problem is the classification
of metrically homogeneous graphs (equipping a connected graph with its path
metric.* and requiring metric homogeneity). This problem was noted in
passing in Moss [1992] and more explicitly by Cameron, in terms that I find
memorable:

The theory of infinite distance-transitive graphs is open. Not even
the countable metrically homogeneous graphs have been determined.
Cameron [1998]

The complete solution to our first problem, the classification of the homoge-
neous ordered graphs, will be found in Part 1.

The second problem is not yet completely solved. A catalog and a corre-
sponding conjecture as to the classification of the metrically homogeneous
graphs will be found in Part II, together with a reduction of the problem to
what I call “generic type,” and some general structural results which apply in
the case of generic type.

In the conjectured classification, the class of 3-constrained metrically ho-
mogeneous graphs plays a leading role; these are the metrically homogeneous
graphs whose finite induced metric substructures can be characterized by
forbidden metric triangles. 1 give a completely explicit classification in the
3-constrained case, and somewhat more. The main classification conjecture
amounts to a reduction of the classification to the 3-constrained case, in a
sense to be discussed below.

Other results in Part II concern the treatment of the bipartite case and the
case of infinite diameter: if all metrically homogeneous non-bipartite graphs
of finite diameter are in our catalog, then in fact all metrically homogeneous
graphs are known.

Not given in this monograph, but very relevant to it, is the verification of
the conjectured classification in the case of diameter 3, which was carried
out in Amato, Cherlin, and Macpherson [2021]. That work uses a certain
amount of material from the present monograph, but only for the sake of
convenience—the general theory supplies some initial reductions which would
not be difficult in diameter 3, and that theory also predicts—and explains—the
classification found.

Later we realized that one can take the diameter 3 treatment as an indication
of an inductive approach to a full proof of the classification conjecture (and
then the full content of Chapters 13, 14 of the present work also becomes

4Such a structure is called a distanced graph. in Moss’ terminology. Thus a metrically
homogeneous graph is a homogeneous distanced graph.
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relevant, beyond the 3-constrained case). This new approach is being actively
explored and is discussed further in the Appendix to this volume, in §A.2.1.

That appendix discusses four directions in which there has been substantial
recent progress, and which are connected fairly directly to the material of this
volume. The reader interested in a broader view of open problems in the area of
homogeneity and related parts of model theory will no doubt want to explore
the appendix to Volume II as well.

The first two topics dealt with in the appendix to Volume I concern classifi-
cation problems: namely, the classification of the homogeneous “multi-orders.”
also called finite-dimensional permutation structures, by Braunfeld and Simon,
and the ongoing classification project for metrically homogeneous graphs and
its relationship to the strategy developed in Amato, Cherlin, and Macpher-
son [2021], the latter already mentioned.

The other two topics discussed there involve the closer study of the automor-
phism groups of metrically homogeneous graphs of generic type. One of the
goals of a classification project is to uncover interesting, and possibly exotic,
examples which are suitable for further study. Certainly the known metrically
homogeneous graphs of generic type fall under that heading.

There is now a very rich general theory relating the study of the automorphism
groups of homogeneous relational structures to finite combinatorics, following
on a breakthrough in the seminal paper by Kechris, Pestov, and Todorcevic
[2005]. There is another very interesting line coming from Tent and Ziegler
[2013]. Typically these theories reduce the study of automorphism groups of
homogeneous structures, viewed as abstract groups, as topological groups, or
as permutation groups, to combinatorial problem concerning the associated
classes of finite structures.

As far as the theory of automorphism groups of metrically homogeneous
graphs is concerned. we confine ourselves in the appendix to Volume I to
the combinatorial side of the problem. That is, we discuss the relevant
combinatorial properties of finite substructures of metrically homogeneous
graphs. These properties relate to completion procedures for partial metric
spaces embedding in metrically homogeneous graphs.

The desired completion procedures lead to exotic notions of shortest path
completion in generalized metric spaces which promise to reshape the whole
theory of metrically homogeneous graphs conceptually. Among the sources
for this material are Aranda et al. [2017], Konecny [2019a], Konecny [2019b];
the first two articles mentioned do not use the language of generalized metric
spaces, while the third exploits that point of view enthusiastically, but gives less
detail for the case of metrically homogeneous graphs. The published version
of Aranda et al. [2017] is Aranda et al. [2021]; this is rather compressed and
does not give the most general form of the results.

Finally, we revisit a question of Cameron and Tarzi on splitting the group of
“twisted automorphisms” over the group of ordinary automorphisms, taking
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up the question in the context of metrically homogeneous graphs. The result
found in that case provides an interesting, though anecdotal, counterpart to
their prior results. What form such results might take in a more general setting,
and how broad such a setting should be, remains unclear. But this is an area
which invites further investigation.

The first two chapters of Volume I present an overview of the results obtained
and the methods used in Parts I and II. That is, the first chapter presents the
results of Parts I and II in detail, and the second chapter discusses the methods
used in both parts. Thus readers who have a definite interest in just one of
the two topics treated should read these two chapters selectively; depending
on their needs or interests, they may then possibly be spared reading the rest
of the monograph—but will certainly want to look at the appendix, and very
likely at the appendix to Volume II as well.

Volume II. At the end of my earlier monograph on homogeneous directed
graphs (Cherlin [1998]) the logical next phase of that project was briefly
considered: the classification project for homogenous structures in languages
with two pairs of anti-symmetric 2-types, or with three symmetric 2-types.
We will refer to structures of the first kind as 2-multi-tournaments and to
structures of the second kind as 3-multi-graphs. With a little computer
assistance (specifically, a home computer of 1990s vintage), the 3-constrained
2-multi-tournaments and 3-multi-graphs were found, and were listed in tabular
form in Cherlin [1998], with some trivial cases omitted.

The work presented in Part I of the present volume falls wholly within
the first (anti-symmetric) setting, while the work in Amato, Cherlin, and
Macpherson [2021] falls wholly within the second (symmetric) setting. So it is
natural to ask how far this work advances us toward a solution of either of
those more general classification problems. The answer is not immediate.

In fact, this question is the subject of Volume II. To be clear, we do not seek
a solution to these classification problems in the near term, but rather a road
map and an understanding of where the current results actually leave us with
respect to the broader problems.

Our experience in Part IT of this volume strengthens our sense that the study
of 3-constrained cases is an important part of the classification process in its
cataloguing phase. In a systematic approach to the classification problem
for all homogeneous structure in a fixed, small, binary relational language,
one expects to proceed according to the following scheme, which has some
theoretical justification (mostly conjectural).

1. Identify the 3-constrained structures.

2. Show that with few exceptions the triangle constraints in a homogeneous

structure agree with those in some 3-constrained structure.

3. Classify the homogeneous structures whose triangle constraints do not

define a free amalgamation class.
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4. Classify the homogeneous structures whose triangle constraints do define
a free amalgamation class.

For the last two points, one expects to encounter Henson constraints (suitably
understood) as well as some truly exceptional or even sporadic cases.

See §18.2 in Volume II for a fuller discussion of this.

For our purposes point (1) is part of the pre-history, and the present volume
(and related work) bears on instances of (3). It seems that something has been
skipped!

The missing point (2) turns out to be challenging. The whole of Volume II
attempts to address it. That is, we attempt to find all patterns of forbidden
triangles in homogeneous 2-multi-tournaments or 3-multi-graphs, with the
known classification in the 3-constrained case providing the target for the
analysis. At the end, certain recalcitrant cases remain open, which we believe
can be eliminated, ideally with some further computer assistance of a more
substantial (interactive) type.

Chapter 18 (the first chapter of Volume II) surveys the results obtained
on this problem in considerable detail. This chapter serves as an extended
introduction to the whole volume.

In Chapter 19 we give a satisfactory treatment of point (2) in the case
of homogeneous 3-multi-graphs. We know the possible patterns of triangle
constraints, and we find in fact that an unknown homogeneous 3-multi-graph
must be infinite and primitive and have triangle constraints compatible with
free amalgamation. In other words, we arrive at the start of what should be the
generic case, with all of the obvious special cases treated. It is very convenient
for our purposes that the imprimitive case has been analyzed separately in
earlier work.

Homogeneous 2-multi-tournaments are more recalcitrant. We do not have a
prior classification in the imprimitive case, so we next address that point, in
Chapter 20. The analysis there is similar to what was done previously in the
case of imprimitive homogeneous digraphs.

Next we give the classification of the 3-constrained homogeneous 2-multi-
tournaments in detail, without relying on computer computations. Indeed,
if we wish to work out the general patterns of constraints on triangles which
are compatible with homogeneity, then we need to have such a treatment as a
point of departure. So this is the subject of Chapter 21.

Finally in Chapter 22 we arrive at the problem of the determination of the
possible triangle constraints for homogeneous 2-multi-tournaments. This is
incompletely resolved. Four cases which do not correspond to 3-constrained
examples remain elusive. We believe these cases can be excluded with substantial
computer assistance, or possibly by a very elaborate line of argument, which
we investigated just far enough to see that it has some promise. One would
probably do best to combine the approaches: the individual steps of such an
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analysis are of a type which lends itself to proof by computer, with a lucid proof
resulting as output, via a tree search which is very tedious by hand, and has no
a priori bound on depth, though in practice the depth seems very small, while
the width is exponentially large. These cases are eliminated in the 3-constrained
case using amalgamation diagrams of order 6 (factors of order 5). They are the
only cases in which the class defined by the constraints allows amalgamation
of all diagrams of order at most 5, but is not an amalgamation class.

The numerical point here is that 6 = 4 + 2 with 4 being the number of
2-types. In the case of the known metrically homogeneous graphs of generic
type, of any diameter, amalgamation up to order 5 implies amalgamation. But
in general one expects to need amalgamation up to order r + 2, where r is the
number of 2-types.

An appendix to Volume II considers, very broadly, some open problems in
the theory of homogeneous structures, with references to other similar surveys.
This may be viewed as a continuation of the appendix to Volume I. This
appendix began its life as a short note intended for graduate students, but has
evolved since.

We will elaborate further on the contents of Volume II, and on the classifica-
tion of binary homogeneous structures generally, in a separate introduction to
Volume II.

Each volume has its own biliography and index (the latter with few cross
references across volumes).

General Remarks. As combinatorialists occasionally remind me, their con-
cern is not so much with the classification of homogeneous structures of a
particular kind, but rather with the identification of novel examples.

From that point of view, Part I is a failure (or, if one prefers, it is only due
diligence)—there is nothing new to be found in that direction. Part II on
the other hand is very successful from that point of view. It contains a rich
catalog of new examples and this catalog has itself been studied and to a degree
explained by a considerable body of combinatorial work already alluded to.

As we observed, the main feature of this catalog—as such—is the classifi-
cation of the 3-constrained metrically homogeneous graphs of generic type,
and the associated variants with Henson constraints. In practice the Henson
variations do not much complicate matters, and the main combinatorial issues
arise already in the study of the 3-constrained structures.

Apparently the assumption of 3-constraint is not in itself useful combina-
torially, and what is useful is the reinterpretation of the classification of the 3-
constrained metrically homogeneous graphs in terms of a theory of generalized
metric spaces with values in a partially ordered semigroup, as a step toward the
characterization of the partial (i.e., weak) substructures of a given 3-constrained
metrically homogeneous graph. For the moment, at least, this conceptual
description still depends on an explicit classification by direct methods.
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So the lesson I would take from this, currently, is that one should focus
more on understanding the 3-constrained case in general (possibly under a
hypothesis of strong amalgamation and perhaps also primitivity).

One tantalizing feature of recent developments is that the proofs of the
amalgamation property under suitable (and quite arcane) conditions given in
Chapter 12 have since been reinterpreted as a shortest path completion in a
generalized metric space with values in a partially ordered semigroup. We say
more about this point of view in the appendix to this volume.

While clarifying, this interpretation in terms of generalized metric spaces
does not immediately provide a precise explanation of all of the conditions
found, though many of them are required for the construction of the semigroups
D% ¢ described in the appendix, and all of them come in eventually in the
treatment of the completion procedure (inevitably). From another point
of view, these conditions are the result of applying quantifier elimination
to a formula in Presburger arithmetic; this accounts for their general form
but does not elucidate their content. Yet another point of view is found in
Hubicka, Konecny, and Nesettil [2020c], which may provide a useful heuristic
for the classification of 3-constrained homogenous binary structures in other

contexts.
* ok ok

My motivation for the work in Parts I and II is touched on again in the
acknowledgments below, and is expanded on in Chapter 1. While I had not
expected to return to the broader classification problems considered in Part I11
after taking up these problems, it now seems very natural to do so—at least,
now that the work in Amato, Cherlin, and Macpherson [2021] is complete.

Fans of the Ramsey theoretic approach’ to the classification of homogeneous
structures will be pleased to see it carrying the burden of the argument in Part I.
I had thought it might come in also to the general classification project for
metrically homogeneous graphs, but it seems not (see the appendix to this
volume for current thinking on this point).

Part II introduces a new family of metrically homogeneous graphs. This
family was described in Cherlin [2011], but not actually proved to exist there.
Here at last the existence proof is given (Chapter 12), along with some useful
general theory.

The rest of Part II makes a start on the problem of showing that the catalog
of metrically homogeneous graphs found is complete, that is, that the catalog
is exhaustive. We carry out reductions of the classification problem to what we
call generic type, as well as to the non-bipartite and finite diameter cases (under
suitable inductive hypotheses). We also develop, and apply, some general
methods of local analysis, by which we mean the study of the substructures

5Tt deserves more fans—or practitioners; the method is very powerful. Though it may lend
itself more easily to machine-assisted work.
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induced on the locus of a 1-type relative to a fixed parameter (basepoint). The
immediate prospects for completion of the classification project are discussed
in the appendix.

To close, I add a few words about the development of the material presented
here.

I began working seriously on the classification of metrically homogeneous
graphs in 2006, starting on the side of what I now call exceptional local type.
The classification for exceptional local type was given in Cherlin [2011] along
with the catalog for generic type, including a statement of the classification in
the 3-constrained case and a description of the amalgamation procedure. For
reasons of space (not to mention a deadline) I did not include the proof that
the amalgamation procedure works for the classes in question, nor that these
classes exhausted the 3-constrained ones of generic type.

The question addressed in Part I came up in Summer 2012, and it occurred
to me soon afterward that the method of Chapter IV of Cherlin [1998] was
very likely applicable. The details were worked out in 2013.

At the time, it seemed reasonable to put these two projects together into one
monograph, with (as I thought) two Parts, a project initiated in 2015. A third
part (now a second volume) made its appearance in 2016. The monograph was
submitted in 2017, but from time to time I revisited the third part. That part
became both more intelligible but also longer as the results were completed
and the proofs somewhat expanded, partly in response to remarks by referees.

Ultimately a projected chapter on homogeneous 2-multi-tournaments be-
came three chapters. In parallel, the treatment of the diameter three case of
metrically homogeneous graphs jointly with Amato and Macpherson also
expanded, and then led to further developments discussed in the appendix. At
present there is good reason to think that we are on the right track for a full
proof of the classification of the metrically homogeneous graphs, building on
the methods used in diameter 3.

The state of knowledge has shifted considerably over this period. This is
most visible in the discussion of open problems, whose perspective is mainly
that of 2016, with modest revisions in 2020-21, mainly with respect to our
new approach to the proof of the classification of the metrically homogeneous
graphs.

The division into volumes, each with its own appendix, is a late decision.
There may well be some remarks in the text more reminiscent of 2016 than of
2021, but in any case these would concern matters that remain to be settled.

Princeton, August 2021
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