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ABSTRACT

Volume I. Part I: A complete classification of homogeneous ordered graphs
is given: up to a change of language each is either a generically ordered homo-
geneous graph or tournament, or a generic linear extension of a homogeneous
partial order.

Part II: A catalog of the currently known metrically homogeneous graphs is
given, with proofs of existence and some evidence for the completeness of the
catalog. This includes a reduction of the problem to what may be considered
the generic case, and some tools for the analysis of the generic case.

Some related developments are discussed in an appendix.

Volume II. Here the impact of the results of Parts I and II and of related
work in Amato, Cherlin, and Macpherson [2021] on the classification of
homogeneous structures for a language with two anti-symmetric 2-types or
with 3 symmetric 2-types is worked out in detail.

An appendix to Volume II discusses some further advances in related areas,
and a wide variety of open problems.

An extensive bibliography of related literature and a quick survey of that
literature, organized by topic, is given in Cherlin [2021] (see also http://www.
cambridge.org/9781009229692).

The method used in Part I of Volume I is due to Alistair Lachlan. The
method used in Part II of Volume I and throughout Volume II is a direct
application of Fraissé’s theory of amalgamation classes.

2020 Mathematics subject classifications. Primary 03C15. Secondary 03C10,
03C13, 05C12, 05C55, 05C63, 06F99, 20B27.
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PREFACE TO VOLUME II

A comprehensive introduction to both volumes of this work is given in Volume I.
We give a briefer introduction to Volume II here.

In Volume I we considered two classification problems, the classification
of the homogeneous ordered graphs and the classification of metrically ho-
mogeneous graphs, in Parts I and II respectively. We gave a full solution to
the first problem and provided an explicit catalog and conjecture, a body of
relevant theory, and some applications in Part II. Additional work in Amato,
Cherlin, and Macpherson [2021] confirms the conjecture in diameter 3 and
further discussion of the prospects for the general case is found in the appendix
to Volume I.

As we explained in the preface to Volume I, the work in that volume together
with the work in diameter 3 casts some light on the classification of the
homogeneous structures with two pairs of anti-symmetric 2-types or with
3 symmetric 2-types, which we call 2-multi-tournaments or 3-multi-graphs,
respectively. The task of the present volume is to see where exactly these results
leave us, with respect to the broader problems. Clarifying this point requires
us to undertake some further substantial explorations, some of which might be
considered logically prior to the material of Volume I, from the point of view
of a systematic study.

Recall that we work throughout with amalgamation classes in accordance
with the Fraissé theory, which amounts to characterizing homogeneous struc-
tures by their forbidden substructures. We call a homogeneous structure 3-
constrained if the minimal forbidden substructures have order at most 3. In deal-
ing with explicit classification problems for binary relational languages, leaving
aside the specialized techniques useful for some particular classes (such as finite
structures), the general approach to making a catalog (potential classification)
of homogeneous structures and investigating its completeness is the following.

1. Classify the 3-constrained homogeneous structures of the desired type.

2. Show that, with few exceptions, the triangle constraints in any homoge-
nous structure of the desired type agree with the triangle constraints in
some 3-constrained structure.

XX
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3. In all cases for which the triangle constraints are inconsistent with free
amalgamation, classify the resulting structures, which are considered to
be of exceptional type from the point of view of the general problem.

4. In the remaining case, show, again with few exceptions, that the remaining
homogeneous structures are associated with free amalgamation classes.

If this last step ever breaks down—as well it might—we should see something
distinctly new appearing. However our focus now is on the first three steps.

The first step was actually carried out in Cherlin [1998], with computer
assistance. In the case of 2-multi-tournaments we have to redo this by an
explicit argument in order to prepare the way properly for step (2).

One notices that the work carried out in Part I of Volume I and in Amato,
Cherlin, and Macpherson [2021] bears specifically on instances of step (3) in
each of the two contexts, and that there are indeed some other points that have
to be addressed in order to draw definite conclusions as to where the broader
classification stands.

This explains why we felt the present volume was necessary. We had thought
it would be a supplementary third part to the two parts of Volume I, but
discovered that there was a great deal of unfinished business still to be taken
care of to bring this to a satisfactory state.

What was achieved. and how. will be described in considerable detail in
Chapter 18 (we continue the numbering of chapters, and of open problems,
from Volume I). Here we give an overview.

The results for homogeneous 3-multi-graphs are quite satisfactory. They
occupy Chapter 19, and are summarized in §19.4. We find that an unknown
homogeneous 3-multigraph must be infinite and primitive, and the only for-
bidden triangles are monochromatic (mainly due to the classification theorem
of Amato, Cherlin, and Macpherson [2021], as well as prior classifications in
finite and imprimitive cases). These constraints must also be compatible with
free amalgamation. With this as a point of departure one may expect, or in
any case hope, to find that what remains are in fact free amalgamation classes.
At that stage, the powerful classical methods of Lachlan and Woodrow may
well become relevant.

On the other hand, in the case of 2-multi-tournaments, we find we have a
good deal more work to do. At the end of our analysis four very recalcitrant
cases remain, which do not correspond to 3-constrained examples and therefore
should, conjecturally, be eliminated.

To begin with, there is no prior classification of homogeneous 2-multi-
tournaments in the imprimitive case, so we supply one in Chapter 20. Then we
give a proof of the classification of the 3-constrained homogeneous 2-multi-
tournaments (Chapter 21). This is needed because we require more than the
resulting list of examples—we need to understand why there are no other
examples under the strong assumption of 3-constraint. The next challenge
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is to reach the same conclusion concerning triangle constraints under the
assumption of homogeneity alone.

Here a lengthy analysis of the possible patterns of forbidden triangles leads
to the identification of four potentially exceptional cases, not corresponding
to 3-constrained structures, but not yet ruled out. See Proposition 22.1.1 and
§22.8, as well as §22.9.1.

If one uses explicit amalgamation arguments as we do here, one finds that
the exceptional cases are the ones for which every amalgamation diagram on
five points can be completed, but not every such diagram on six points can be.
In all other cases one can use a series of amalgamation diagrams of order at
most five to carry out the analysis; these have factors of order four which while
compatible with the triangle constraints may or may not embed in the given
structure, but in all cases one arrives eventually at a contradiction.

Leaving aside these four delicate cases—that is, moving on to step (3) of our
plan—and returning to the patterns of forbidden triangles which do correspond
to a 3-constrained class without free amalgamation, and which are not already
covered by Part I: these are the seven examples shown in Table 21.1, under
Groups 11T and IV, labeled 6-12 (as part of a longer list given earlier).

Now Proposition 22.4.1 gives the classification of the homogeneous 2-multi-
tournaments falling under case #12 in Table 21.1. So in order to reach what one
may consider the generic case of the classification problem for homogeneous
2-multi-tournaments, one must not only eliminate the four exotic patterns of
forbidden triangles already identified, but complete six additional classification
problems defined by patterns of forbidden triangles which correspond to
3-constrained homogeneous 2-multi-tournaments. We have not assessed the
complexity of these problems. The ones treated in Part I of Volume I were
complex, the one just mentioned as case #12 is relatively straightforward, and
the rest deserve further study.

Princeton, August 2021
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