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action
construction, 100
integral, 43, 101

action-angle, 38, 64, 84, 92, 98,
243

algorithm, 102
Delaunay, 103
not unique, 99

adiabatic invariant, 326
Arnold diffusion, 399
Arnold–Jost theorem, 102
autonomous, 14
averaging method, 326

bifurcation diagram, 153
Birkhoff

complete stability, 192, 326,
365

normal form, 234
boxes into boxes, 406

canonical equations, 1, 10, 13
canonical transformation, 31

area-preserving, 38
completely canonical, 32
condition, 32
criterion, 31, 37, 42, 43, 45
exchange of coordinates, 34, 47
extended point, 49
generating function, 31
Hamiltonian flow, 39
identity, 48
Lie series, 205
near-the-identity, 49, 199, 209
scaling, 33, 38, 48
time-depending, 52
translation, 33

Cantorus, 397
Catalan sequence, 317, 337
Cauchy
derivatives, 212
estimate, 227
generalized, 215, 227
method of majorants, 218, 322
Poisson bracket, 215

central forces
first integrals, 19
Hamilton–Jacobi method, 60
Hamiltonian, 6
Liouville method, 82
quadrature, 28

centre point, 153
chaos, 403
(re)-discovery, 169
chaotic sea, 176
discovery, 169
transition to, 169, 170

circle map, 120
commutation
of flows, 69
of vector fields, 72, 89

commutator, 11
complexification
action-angle, 213
of domain, 213

configuration space, 3
constant of motion, 14
coordinates
angular, 91
canonically conjugated, 1
Delaunay, 103
induced by flow, 72
Liouville, 76
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deformation, 339, 346
Delaunay variables, 103
differential form, 42
diffusion, 340, 384, 395, 404
Arnold’s example, 399
channel, 347, 348

Diophantine
approximation theory, 414
condition, 193, 254
frequencies, 268

Dirichlet
approximation theorem, 361
pigeonhole principle, 120

discrete subgroup, 407
basis, 408
dimension, 408

dynamical variable, 10, 36

energy integral, 14
entrance time, 356
equation
Hamilton–Jacobi, 31, 57
variational, 67

equilibrium, 22
elliptic, 148, 159, 324
elliptic, nonlinear, 163, 233
focus, 148, 160
hyperbolic, 148, 159, 160, 371
linear approximation, 147
node, 148
point, 147
saddle, 148, 159

exit time, 356
expansion
formal, 181
Fourier, 136, 137, 140, 144
parameter, 135
polynomial, 163
truncated, 183
without parameter, 256

exponential stability, 194

fast convergence, 270

fast drift plane , 339
first integral, 14, 144, 238
algebraic manipulation, 183
asymptotic character, 186
deformation, 190
direct vs. indirect, 240
energy, 15
equations, 135
for a linear system, 158
formal, 165
level curves, 183
noise, 191
non-existence, 135
quadrature, 21
quantitative estimates, 187
truncated, 144, 189, 333, 339

first integrals
Toda lattice, 113

focus point, 153
forced oscillations
Hamiltonian, 9

formal calculus, 196
power series, 197
small parameter, 197

Fourier series
decay of coefficients, 226
splitting, 256, 290, 331

FPU problem, 168, 177, 404
free particle
first integrals , 18
Hamilton–Jacobi method, 58
Hamiltonian, 5

galactic model
Contopoulos, 169
Hamiltonian, 6, 169
Hénon–Heiles, 169

general problem of dynamics,
117, 268, 324, 400, 403

degenerate, 252
non-degenerate, 251

generating function, 45
first form, 46
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for Lie series, 199
general form, 50
identity transformation, 48
near-the-identity, 49
scaling transformation, 48
time-depending, 55
usual form, 47

generating sequence, 206, 235
geography of resonances

cylinder, 343, 347
extended block, 343, 348
geometric properties, 352
resonant block, 343, 345
resonant extended plane, 343,
347

resonant manifold, 342, 344
resonant plane, 343, 347
resonant region, 342, 345
resonant zone, 342, 344

geometry
Euclidean, 421
symplectic, 421

Hamilton
equations, 1
flow, 39
function, 4

Hamiltonian
autonomous, 2
function, 2
non-autonomous, 2
quadratic, 16, 108, 153
reversible, 166

harmonic oscillator
action-angle variables, 86, 163
Hamiltonian, 5
Liouville method, 81
phase portrait, 16
scaling transformation, 38

harmonic repulsor
phase portrait, 16

heteroclinic
chain, 384, 393, 399

intersection, 393
orbit, 403
points, 383

homoclinic orbit, 403
existence, 379
infinitely many, 383

homoclinic tangle, 389, 390
representation, 383

homological equation, 135, 235,
237, 259, 262, 270, 279, 300

integrable
by quadratures, 64
formally, 168
system, 63, 118
system, perturbed, 117

integral invariant
absolute, 42
relative, 43

invariant torus, 404
destruction, 389, 405
Kolmogorov, 369
last, 389
on a map, 386
stickiness, 369

involution system, 65
complete, 77, 92, 99, 167

Jacobi identity, 11

KAM theory, 267
Kepler problem
action-angle variables, 105
degenerate, 133
Delaunay coordinates, 103, 106
first integrals, 20, 103

Kolmogorov
classical algorithm, 292
invariant torus, 369

Kolmogorov’s theorem, 268, 320,
363

classical method, 271, 289
Newton method, 270
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quadratic algorithm, 275
Kronecker
flow, 119, 123, 269
map, 124, 127

Lagrange
bracket, 40
formalism, 1, 3, 32
function, 4
triangular equilibria, 179

Lax pair, 114
Lie derivative, 11, 13, 199
Lie series, 195
algorithm, 199
analyticity, 218
analyticity of composition, 221
canonical transformation, 205
composition, 202, 259, 275
exchange theorem, 200
formal calculus, 198
normal form, 254, 259
operator, 199
properties, 200
triangular diagram, 201

Lie transform, 195, 365
algorithm, 206
analyticity, 222
canonical transformation, 209
exchange theorem, 207, 237
inverse, 208
normal form, 235, 251, 332
operator, 206
properties, 207
triangular diagram, 207

Lindstedt series, 321
cancellations, 322

linear chain, 108, 122
first integrals, 110
frequencies, 110
normal modes, 112

linear system
diagonalization, 149
evolution operator, 150

Hamiltonian, 154
Liouville
coordinates, 76, 77, 93, 98
integration algorithm, 79
theorem, 64, 78

list of indices, 305
partial ordering, 305
selection rule, 308
special, 305

matrix
exponential of, 150
identity, 421
jacobian, 35
skew symmetric, 10
symmetric, 151
symplectic, 156, 421, 422
unimodular, 100, 122, 245, 411

N–body problem
first integrals, 18
Hamiltonian, 7

near-the-identity transformation
Lie series, 205
Lie transform, 209
time-ε flow, 50

Nekhoroshev’s theorem, 328,
363, 404

Newton method, 270
node point, 153
degenerate, 153

noise, 340, 346
non-degeneracy, 132
non-resonance, 122, 126, 413
Bruno condition, 416
condition τ, 290, 299, 307,
311, 417

Diophantine condition, 268,
416

domain, 334, 341, 366
nonlinear equilibrium
stability, 178

norm
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polynomial, 187
supremum, 212
weighted Fourier, 227, 257

normal form, 147, 332
diagonal, 149, 156
Kolmogorov, 269, 291
linear system, 148
local domain, 330
non-resonant, 244
nonlinear elliptic equilibrium,
237

Poincaré–Birkhoff, 233, 365,
367

quadratic Hamiltonian, 153
remainder, 332
resonant, 245, 265
truncated, 258

numerical exploration, 168, 181,
363, 404

one degree of freedom
action-angle variables, 85
area-preserving, 38
Hamilton–Jacobi method, 59
Hamiltonian, 16
Liouville method, 80
oscillation period, 25
quadrature, 21, 25

orbit, 2
asymptotic, 371
heteroclinic, 364, 383
homoclinic, 364, 379, 383
on a torus, 119
periodic, 118
quasi-periodic, 118

order and chaos
boxes into boxes, 390
coexistence, 172, 177, 363, 403
threshold, 404
transition, 405

ordered island, 176, 389, 390, 392

pendulum

action-angle variables, 87
forced, 9
Hamiltonian, 6
kicked, 386
period, 26
periodically forced, 371
phase portrait, 16

phase average, 129
phase space, 1
extended, 2, 53
flow, 2

Poincaré
classification of equilibria, 153
formal calculus, 197
last geometric theorem, 175,
389

non-existence theorem, 135,
137, 252

normal form, 234
one-period map, 371
problem of dynamics, 117, 268
section, 124, 171
théorie des conséquents, 372

point transformation, 48
extended, 48

Poisson bracket, 11
Cauchy estimate, 215
fundamental, 36
preservation, 36
properties, 11

Poisson theorem, 14

quadratic method, 271
quadrature, 21, 26
quasi-periodic motion, 131

resonance, 125
complete, 121, 125
module, 121, 125, 331, 412,
413

module, basis, 412
multiplicity, 121
overlapping, 342, 348
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partial, 121, 126
relations, 121
rotation angles, 121

rotating frame, 7
rotation angle, 120, 124
rotation number, 386, 389, 390
Runge–Lenz vector, 20

saddle point, 153
secular terms, 321
separatrices, 16, 87, 174, 181,

250, 371, 389, 391
small divisor, 136, 270, 279, 289
accumulation, 253, 262, 304

small parameter, 117, 197
stability
asymptotic, 324
complete, 145, 192, 326
exponential, 194, 326, 368
local, 339
long-time, 324
perpetual, 323, 326
superexponential, 326, 364,
369, 405

stable/unstable manifolds, 371
existence, 374
homoclinic intersection, 379
intersection, 378, 383
perturbed, 375

standard map, 386
stationary group, 91
stickiness, 397
strange attractor, 168
superconvergence, 271
symplectic
arithmetic plane, 424
bilinear antisymmetric form,
421

bilinear symmetric form, 421
canonical basis, 424, 425
coisotropic subspace, 424, 426
complementary subspace, 423,
425

geometry, 421
isotropic subspace, 424, 426
Lagrangian subspace, 52, 424,
426

left-orthogonality, 423
matrix, 35, 37, 421, 422
orthogonality, 423
product, 422
space, 422
subspace, 423
transformation, 31

system
anisochronous, 132
autonomous, 2
essentially isochronous, 134,
265

integrable, 63, 118
integrable, perturbed, 117
isochronous, 133
one degree of freedom, 16, 59

theorem
Arnold–Jost, 65, 102
Kolmogorov’s, 268, 320
Liouville’s, 64, 78
Nekhoroshev’s, 328, 401
Poincaré’s, 135, 137
Poisson’s, 14
superexponential stability, 400

third integral, 170
three-body problem
Hamiltonian, 7
restricted circular, 8, 180
triangular equilibria, 179

time average, 129
Toda
lattice, 113

torus
angles, 92, 98
periods in a neighbourhood, 93
two-dimensional, 119
vector fields on, 89

transformation
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canonical, 31

of coordinates, 31

orthogonal, 421

symplectic, 31

trigonometric polynomial, 129,
141, 255, 290

two-body problem
Hamiltonian, 7

uncoupled rotators, 133

vector fields
on a manifold, 88
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