Cambridge University Press & Assessment
978-1-009-09844-1 — Compound Renewal Processes
A. A. Borovkov, Translated by Alexey Alimov
Excerpt

More Information

Main Limit Laws in the Normal Deviation Zone

1.1 Preliminary Results

1.1.1 Convergence of Distributions and Moments of Some Functionals
of CPRs

Compound renewal processes (CRPs) Z(t), Y (¢) were defined in the introduction
(see (1)—(6)). Their definition is based on the governing sequence of vectors {7, {;},

T, = zn:Tj, Zy = Zn:é“j’
=1 j=1

and the renewal processes n7(¢) = min{k : T > t} and v(¢) = max{k : Tx <t} =
n(t) — 1. In this notation,

the sums

Z(t) = Zy(r)s Y(t) = Zy).

To describe the properties of the CRPs Z(#), Y (¢), we need some more notation.
Let y(¢) be the first overshoot over level ¢ by the random walk {75}

(o]

k=1’

x@) :=Tha — 1, (1.1.1)
and let

y@) =t =T (1.1.2)
be the corresponding undershoot. We also set

(@) = Loy T(t) := Ty()s
so that
YO+ x(@0) =7().
In what follows, it is always assumed that

Er=:a; and E{=:a,
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2 Main Limit Laws in the Normal Deviation Zone

both exist, and hence the “mean drift”

az
ar

a

of the CRP is defined. The name “mean drift” is reasonable, because we shall show

that
EZ(1) R @

t

a, — a ast — oo,
a.s.

The same relations also hold for Y (¢). In what follows, the assumption that a-, as

exist and are finite will generally not be repeated.

The distribution of (11, {;) can be arbitrary; the conditions related to this vector

will be specified if necessary.

Below, we will also use the renewal function corresponding to the sequence {7 };

in the homogeneous case, we denote it by
H(t) = ZP(Tk <1).
k=0

In the inhomogeneous case 7; # 7, it is denoted by H({).
d

We have
{n(®) >k} ={T <1},

and hence, in the homogeneous case,

En(t) = ZP(U(I) > k) = Zp(n(t) > k) = ZP(Tk <tH=H@®, (1.13)
k=1 k=0 k=0

TU(’) =rt+ X(f)
and so, by the Wald identity,

ET,;¢) = a:En(t) =t + Ex (1),
t +Ex(t)
En(t) = H(t) = X0

T

Lemma 1.1.1 Let the distribution of T be nonlattice. Then
(i) The proper limit distributions

T

(1.1.4)

tlLrgP(y(t) >u, x(t) =20, @) >2w) = aime(T >y+uv, {>w)dy, (1.1.5)

E(r; {2 w)

T

tlirzlo P(L(r) > w) =

always exist.

(1.1.6)

(ii) In the homogeneous case, there exist constants c; € (0, ) and ¢ € (1/a,, o)

such that
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1.1 Preliminary Results 3

supP(y(t) 2 u, x(¢) 20, () = w)
t
SclP(T2u+v,{2w)+c2me(T>y+v,§2w)dy. (1.1.7)

In the inhomogeneous case, the term P(1) > u+v, {1 > w) is added to the right-hand
side of (1.1.7).
(iii) If E‘rlk‘1 < co and Et* < o, then

Ey (1) = o(0), Ex* (1) = o(t) as t— . (1.1.8)

IfEt < 00 and ET**! < oo, then for nonlattice ,

k+1 Tk+1

E
— E kit _— . 1.1.9
&+ Da X (@ - as t— oo ( )

Ey* (1) - * + Da

IfEe*™ < 00 and Ee*™ < oo for A > 0, then

Eel — 1
Ee® 5 2~ 4 15 oo, (1.1.10)
a: A

The same relation also holds for x(t).
If f is a measurable function and E|f ({1)]| < o0, E1|f ()| < oo, then

E(zf({)
a

T

Ef({®) — t — . (1.1.11)

The lemma shows that the limit values of the moments of the random variables
v(1), x(t), {(t) coincide with the moments of the variables yeo, Yoo, {0, Whose joint
distribution is given by

1 (o)
P(yo > U xoo = 0, {oo2w)=—f P(r>y+v,{>w)dy (1.1.12)
a u

T

(see (1.1.5)).
If the distribution of 7 is arithmetic, then the integrals in (1.1.12) are replaced by
sums — this slightly changes the values of the right-hand sides in (1.1.9) and (1.1.10).

Proof of Lemma 1.1.1 (i) For homogeneous CRPs, in view of the main renewal
theorem for nonlattice T, we have

Ply(t) 2 u x(t) 2 0,0(t) 2 w) = Zf _uP(Tk edy)P(r2t—y+uv,l > w)
k=10

—u 1 [}
:f dH(y)P(TZt—y+v,{2w)—>—f P(r>2y+v,l>w)dy
0 Et u
(1.1.13)

ast — oo,
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4 Main Limit Laws in the Normal Deviation Zone

If the distribution of (71, {1) differs from the general distribution of (7, ), then,
for t > u, we have

Ply(t) Z2u, x(@) 20,l() 2w) =P(ry =2t +0,{) = w)
t—u
+f P(rieds)P(y(t—s)zu x(t—s5) 20,0 —-s)>2w), (1.1.14)
0

where, for each fixed s, we have the convergence as t — oo of the form (1.1.13)
for the second factor under the integral sign in (1.1.14). This means that for the
inhomogeneous CRPs the left-hand side of (1.1.14) also converges as ¢t — oo to
the right-hand side of (1.1.13). This proves (1.1.5). Putting # = v = 0 in (1.1.13),
(1.1.14), we get (1.1.6).

(ii) For the renewal function H (¢), there always exist constants ¢; > Oand ¢ > 1/a,
such that

H(t) <ci+cyt forall t>0.

On the other hand, the integrand P(t > t — y + v,{ > w) in (1.1.13) is increasing
with y. Hence the left-hand side in (1.1.13), which is O for ¢ < u, is majorized by

t—u
clP(72t+v,§2w)+czf Pir>2t—-y+uv,l >w)dy (1.1.15)
0

for t > u. This implies (1.1.7).

The additional term on the right of (1.1.7) in the inhomogeneous case is brought
about by the appearance of the first term on the right of (1.1.14).

(iii) Assertion (1.1.8) follows from (1.1.15). If E7¥*! < co, then by (1.1.12) the
function

k (=]
WP (yeo > 1) = ”—f P(t > u) dy
a u

T

is integrable. Hence by assertions (i), (ii) of the theorem, we can apply the dominated
convergence theorem, which implies that

ETk+1

1 (o]
Ekt—>EfO=—f KP(r > y)dy = ———.
Y (@) Y -, y'P(r 2 y)dy &+ Da.

a

The proof of the remaining relations in (1.1.9) is similar. The last assertion follows
from the equality

E{ (1) = E(£(1): £() 2 0) + E({(1); (1) < 0)
) 0
= f P(Z(@) > w)dw—f P(Z(?) < w)dw.
0 —

00

Lemma 1.1.1 is proved. O

In studying the limit distributions of the variables y(¢), {(¢) ast — oo, we can also
consider the “triangular array scheme,” when the distribution of the “inhomogeneous”
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1.1 Preliminary Results 5

vector (711, {1) depends on some parameter N. Such schemes appear, for example,
when considering the processes

Zn(t) = Z(N +1) — Z(N). (1.1.16)

The role of the initial jumps for Zy (¢) will be played by the variables y (N) and {(N),
whose distribution depends on N.

Corollary 1.1.2  Ifin a partial triangular array scheme, the parameter N = N(t)
depends on t so that T = op(t) as t — oo, then assertions (1.1.5) and (1.1.6) of
Lemma 1.1.1 remain valid. If, moreover, E(t1;71 > t) - 0and E({1; 11 2t) = 0
ast — oo, then assertions (1.1.9) and (1.1.12) for k = 1, f(z) = z also remain valid.

The first assertion of the corollary follows from (1.1.14). The second one follows
from (1.1.9), (1.1.11) for Ex(¢) and EZ(¢).

Corollary 1.1.3 IfE7) < oo, thenast — o
~ t t
Ay = o0

ar

This result follows from (1.1.3), Lemma 1.1.1, and the relations

t
H@t) =En(t) =P(1y > 1) + f P(1, € ds)[1 + Eno(t - 5)]
0

= P(ry >z)+f P(ry eds)(l+M)

0

b
ar

where the first passage time 7 (¢) corresponds to the homogeneous sequence {7%}.
Results similar to Lemma 1.1.1 can be found, for example, in [21, §§10.4, 10.6].

1.1.2 CRPs with Stationary Increments

Let us return to the special case (1.1.16). If the initial jumps (71, n, {1, ;) of the process
Zn (1) are labeled by the index N, then, as already pointed out,

(v Cn) = (X(N).EN)).

so that, by Lemma 1.1.1,

(TN GN) = (Yoos {o) a8 N — 00

(the sign “=" denotes weak convergence of distributions), where the distribution
(Xoo» {oo) is described in (1.1.12). Consider the CRP Z®V(¢) (the meaning of the
index (st) will be explained in Definition 1.1.4) with initial jumps (Y, 7®Y), which
have the same distribution as ( Y, {e) (see (1.1.12)),

, , Lo
P 2 0.¢Y 2 w) = —f P(r 2 y,{ > w)dy; (1117
a v

T
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6 Main Limit Laws in the Normal Deviation Zone

the successive jumps being (12, {2), (73, {3),. . . By the above interpretation, for such
a process, the distribution of (y®V (1), Z*Y(¢)) (with obvious agreement in notation)
will be the same for all # > 0 (the distribution of (¥ (¢), Z*Y(¢)) can be looked
upon as the limit distribution of the initial jump of the process Zy+ () = Znip (1)
with N/ = N +1t’ — o0). This means that the distribution of the increments of
Z (u + 1) — ZOY (i) will be the same for all u > 0.

Definition 1.1.4 The process Z(¢) with the initial jump distribution (1.1.17) is
called a CRP with stationary increments and is denoted by Z®V(¢).

Let us find the form of the characteristic function 90(50 (4, w) of the vector (TI(SI) e ](St) ).
We set

@(A, p) = Ee'1THine,

Lemma 1.1.5 (i) The following representation holds:

(4, w) — (0, u).

1.1.18
ida; ( )

e (A, p) =
(ii) The process Z(t) = Z® (1) is a homogeneous CRP if and only if Z(t) is

a compound (generalized) Poisson process, that is, T and { are independent, and
P(t > x) = e ¥4,

Proof of Lemma 1.1.5 (i) In view of (1.1.17) we have
eV, ) = f ei’l"f ei”wP(Tl(St) € dv, §f5t) € dw)
0 —o0

1 © ©
- —f e”l”[f CHUP(r > 0, ¢ € dw)]dv. (1.1.19)
ar Jo —o0

We denote by U(v) the expression in square brackets on the right of (1.1.19) and let
V() = % Hence, integrating by parts (1.1.19), we find that

¢ (A, )

1 o 1 (™
— U(v)V(v)|0 t o fo SWHHUD (- e dy ¢ € dw)
T T

[o(A, 1) — 9 (W],

ida;

where ¢©) (u) = Eet#¢.
(ii) The second assertion follows from the fact that by (1.1.18) the equality

(A ) = 9(A 1)
is equivalent to the equality

@
0 (u)
Ap) = —2
o4 1) 1—ia A

The lemma is proved. O
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1.1 Preliminary Results 7

From Lemma 1.1.1 it follows that E'rl(“) < oo if Et? < oo (see (1.1.9)), and
E/®) < oo if Et? < 00, E{? < oo (see (1.1.11)). If 7 and £ are independent, then
E(® < c0if ET < 00, E|| < co.

1.1.3 Strong Law of Large Numbers for a Simple Renewal Process (1)

Lemma 1.1.6 The almost sure convergence

|
no 1 e (1.1.20)

t as ar

always holds.

Proof of Lemma 1.1.6  Consider the function T; := Tj; of the real variable 7. For
this function, by the strong law of large numbers

! as. ’

as t — oo. That is, for any € > 0, there exists a (random) number #y = fp(g) < oo
such that 7; lies between the rays y = (a; + &)t for all ¢+ > t¢. This means that the
function (y) = min{r : T; > y}, which is the inverse of T}, lies for all y > to(a; + &)
between the rays

Yy

t= .
ar + &

But this means that (1.1.20) holds. Lemma 1.1.6 is proved. |

1.1.4 Almost Sure Convergence of Some Functionals of CRPs

Consider some measurable function g(#, y) > 0 and set, for brevity,

8= g(T7 g)’ 8n = g(T}’h gn), 8, = max gg.
k<n

Let V(x) be some nondecreasing regularly varying function on [0, o0), that is, a func-
tion with the representation

V(x) = x¥I(x), x>0, a>1, (1.1.21)
where [(x) is a slowly varying function as x — co. We let V=V (y) denote the inverse
function of V(x),

VED(y) == inf {x: V(x) > y).
The function VD (y) is also a regularly varying function (with exponent 1/a);

see, for example, Theorem 1.1.3 in [38].
Similarly, if

F(x) =x"%(x) (1.1.22)
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8 Main Limit Laws in the Normal Deviation Zone

is a regularly varying at infinity function with exponent —a, then the function
o(u) := FEY(1/u) = inf {x : F(x) < 1/u}

is also a regularly varying at infinity function (with exponent 1/a).

Lemma 1.1.7 (i) If (1.1.21) holds and EV (g) < oo, then, as n — oo, t — oo,

8B g &)
V(*l)(n) as. V(*])(z‘) a.s.

(i) If P(g = x) < cF(x), ¢ = const, F(x) = x~%I(x), then, for any 6 > 1/a,

n— oo, t — oo,

(1.1.23)

§—" gr}(l)
o(n)(Inn)? ;) ? o(t)(nt)? as. (1.1.24)
(iii) If P(g = x) = o(F(x)) as x — oo, then
gn EU(Z)
o(n) ;) ’ o(t) p (1.1.25)

asn — oo, t — oo, respectively.
Proof of Lemma 1.1.7 (i) We first consider the homogeneous case. Let us show that

8n

For any € > 0,

gP(gn > sW—l)(n))SfODOP(g > SV(_l)(t))dt:fomp(v(g)Zt)dtzEv(i)_

(1.1.27)
Since V(g/e) ~ e7*V(g) as g — oo, we have

Ev(g) <c+269EV(g) < oo, ¢ = const. (1.1.28)
E

Now (1.1.26) follows from (1.1.27), (1.1.28) and the Borel-Cantelli lemma, because
only a finite number of events {g, > eV (n)} occur with probability 1.

Let us now prove the first relation in (1.1.23). From (1.1.26) it follows that there
exists a random number ng = ng(&) such that

gn < eV () forall n > ng. (1.1.29)

Moreover, there always exists a number mg > ng such that g, < eV (mg), and
hence, by (1.1.29),

Bugr1 <EVVmo), s By < 8V (o).

Another appeal to (1.1.29) shows that g,, < eV (n) for all n > mg. But this means
that

&n
WT)(n):O as n — oo, (1130)
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1.1 Preliminary Results 9
We have 7(¢) — oo as t — oo, and now from (1.1.30) we get
a.s.

8n(1) N
y(=Dh (n(t)) a.s.

Moreover, by Lemma 1.1.6,

w1 Vo)

t as. aT’ V(_l)(l‘) a.s. 4z

as t — oo,

This proves the second relation in (1.1.23).
(ii) For any ¢ > 0 and sufficiently large n = ngs, using, for example, Theorem 1.1.3
in [38], we have, for all n > ngs,

I(o(n)(Inn)?) < (Inn)?1(o(n)).
Hence, for n > ng,
F(o(n)(nn)?) = o(n)™*(Inn)"%*1(o(n)(In(n))?)

(In ) ~0(@=9)

n

< o(n) ™ (Inn) " D(o(n)) = (Inn) "D F(o(n)) =

A similar analysis shows that, for 8 > 1 and ¢ < %, we have 8(a — 6) > 1 and

i P( > o(n)(l )9) < N F( (n)(1 9y < = (lnn)_g(a—fs)
gn > om)(nn —CZ o(n nn))_CZT<OO.
n=ngs n=ngs g
Therefore,
gn 1
cmnn? w0 g : 1.1.31
o (n)(Inn)? o or g T ( )

The remaining part of the proof, in which (1.1.31) is used to derive (1.1.24), is similar
to the proof of assertion (i) of the lemma.
(iii) For any € > 0,
P(g, > eo(n)) < nP(g > ea(n)) = o(nF(eo(n)))
=o(nF(o(n))) =0(l) as n— oo.
This proves the first relation in (1.1.25). The second relation follows from the fact
that
n() 1

g
1) and — > — as  — oo,
a((®) » toas a

It is easily seen that the above arguments do not change if an arbitrary fixed random
vector is considered in place of (71, {1). Lemma 1.1.7 is proved. O

From Lemma 1.1.7 we have the following result. We set

X() = max y(w),  £(1) =max{().
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10 Main Limit Laws in the Normal Deviation Zone
Y Z(t
Corollary 1.1.8 (i) Q — 0, @ — Qast — oo.

(ii) The following relations hold:

If E1? < oo, then 0] - 0.

\/Z a.s.

If E{? < o, then@ - 0.

\/; a.s.

Proof We have Et < o0, E|{| < o0, and hence the first assertion follows from the
first assertion of Lemma 1.1.7 with g(¢,y) = t, g(¢,y) = |y|, and V(x) = x. The
second assertion follows similarly from Lemma 1.1.7 with V(x) = x2. O

1.2 First Moments of the Processes Z(¢) and Y (7). Strong Laws of
Large Numbers

1.2.1 Asymptotics for First- and Second-Order Moments of Z(¢)
and Y (1)

We set

&=Gi—at,  Sy=) &=2Z,-aly (1.2.1)
i=1

so that &; fori > 2 are independent copies of the random variable
&E={-ar, E¢ =0. (1.2.2)

Theorem 1.2.1 1. Let Z(¢), Y (t) be homogeneous CRPs.
(i) The following relations hold.:

EY(@®) =a(t+Ex () =at+ry(®), ry(t)=o0(2), (1.2.3)
EZ(1t) =a(t +Ex () —EL(t) = at +rz(1), rz(t) = o(t), (1.2.4)
ast — oo,

(ii) If ET? < oo, then in (1.2.3) the asymptotic expansion holds, in which, in the
nonlattice case,
a;Etr?
ry(1) = ———+o(1). (1.2.5)
2a

T

If, in addition E|t{| < oo, then in (1.2.4)

a;Et®  Etl
261% ar

rz(t) = +o(1). (1.2.6)
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