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*-action, 517, 555
*t, 241

%y, 320

@(G,T), 348, 425
@t (B), 435
gk, 57
v(G,T), 349

ap, 40

k(x), 572

Mn, 40

71(G), 389

a-string through 8, 506
abelian variety, 45
action

by group homomorphisms, 244

definite, 269
linear, 84, 145, 190
locally affine, 272
of a group functor, 26
of an algebraic group, 26
semilinear, 76
strictly definite, 269
trivial, 26

adg(x), 187

adjoint group, 373

adjoint map, 187

admissible lattice, 512
affine n-space, 569
algebra
affine, 579
central, 521
Clifford, 531

diagonalizable, 583

division, 521
étale, 583
Hopf, 65

641

Lie, 186
opposite, 523

quaternion, 419

split, 421
separable, 523
simple, 521
symmetric, 40
tensor, 200

Index

universal enveloping, 200
algebra of distributions, 208

algebra over k, 521

algebra with involution

simple of unitary type, 527

algebraic group, 6

absolutely simple, 399

additive, 39
adjoint, 373
affine, 6

almost pseudo-simple, 399

almost-simple, 399

anti-affine, 39
constant, 40
derived, 129

diagonalizable, 233

elementary unipotent, 295

étale, 44
finite, 44

fixing tensors, 43

general linear, 41

geometrically almost-simple, 399
geometrically simple, 399
infinitesimal, 44

linear, 87

linearly reductive, 248
multiplicative, 40, 236
multiplicative type, 236

of monomial matrices, 52
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over R, 11
perfect, 246
pseudo-reductive, 135
quasi-split, 376
reductive, 135
pinned, 497
quasi-split, 501
split, 402
splittable, 402
semisimple, 135, 397
anisotropic, 548
isotropic, 548
simple, 399
simply connected, 388
solvable, 131, 133
split, 132
split, 384
strongly connected, 126
toroidal, 248
trigonalizable, 324
trivial, 7, 40
unipotent, 135
split, 299
vector, 43
wound unipotent, 299
algebraic monoid, 7
algebraic scheme, 572
affine, 571
complete, 587
étale, 583
homogeneous, 9
integral, 575
nonsingular, 583
rational, 250
reduced, 575
regular, 582
separated, 579
singular, 583
smooth, 583
unirational, 250
algebraic subgroup, 7
Borel, 354, 363, 375
opposite, 452
Cartan, 364
central, 33
characteristic, 21
commutator, 131
generated by, 53

Index

Levi, 549, 562
normal, 21
parabolic, 356
opposite, 554
pseudo-parabolic, 550
standard parabolic, 553
weakly characteristic, 33
algebraic variety, 580
almost-simple factor, 441
A", 572
anisotropic semisimple kernel, 552
augmentation ideal, 23
Aut(G), 499
Aut(M), 302

base
for a root datum, 618
for a root system, 613, 615
for a small root system, 552
bialgebra, 178
big cell, 452
birationally equivalent, 580
BN -pair, 437
Borel pair, 356, 375
Borel subgroup, 354, 363, 375
Br(k), 540
bracket, 186
Brauer group, 540
Bruhat cell, 451

C(w), 451
Campbell-Hausdorff series, 290
Cartan matrix, 627
Cartan subgroup, 364, 365
Cartier dual, 213
Cartier pairing, 213
Casimir operator, 476
category
k-linear, 172
neutral Tannakian, 183
rigid tensor, 183
semisimple abelian , 241
Tannakian, 183

tensor, 183
centralizer, 33
centre, 33

of a Lie algebra, 197
character, 92, 230
Chevalley basis, 510
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Chevalley group, 513
classifies, 76
Clifford algebra, 531
closed set of roots, 445
closed subfunctor, 29
co-action, 84
coalgebra, 174, 236
cocommutative, 174
coétale, 174, 237
coboundary, 304
cocharacter, 230
regular, 433
cocycle, 76, 304
coherent ideal, 573
coherent module, 573
coherent sheaf, 571
cokernel, 592
commutative, 13
comodule, 84
free, 88
component group, 52
connected
strongly, 126
connected components, 572
connected-étale exact sequence, 114
contragredient, 472
coordinate ring, 39
coroot, 614, 617
Coxeter graph, 629
Coxeter group, 614
crossed homomorphism, 76, 302
principal, 302
Cy, 175

D(M), 240
defined over k, 22
degree

of an algebra, 521

of an isogeny, 46
dense

schematically, 9
derivation, 187, 194
descent datum, 589
DG, 129
diagram, 617
Dieudonné ring, 228
dimension

of an algebraic group, 18

Index

of an algebraic scheme, 581

distribution, 208
divisor, 588

prime, 588
Dy, 42

E(G,M), 308
effective epimorphism, 592
eigenspace

generalized, 167

with character, 92
eigenvalues

of an endomorphism, 166

E;j, 187, 381
element
group-like, 92
semisimple, 171
unipotent, 171, 286
universal, 576
elliptic curve, 45
embedding, 108
E™(G,M), 309
endomorphism
diagonalizable, 166
locally finite, 170
nilpotent, 166
semisimple, 166
Steinberg, 383
unipotent, 166
epimorphism, 121
equidimensional, 581
equivariant, 26
exact sequence, 24
connected étale, 114
exp, 287
Ext(G,M), 314
extension
central, 33
of algebraic groups, 24
sheaf, 313
extension of scalars, 7
extension of the base field, 7
Ext! (G, M), 314

faithfully flat, 116

fat subfunctor, 99
fibre, 579

fibre bundle, 271

field of definition, 585
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644 Index
filtration Greg, 18
filtration Grothendieck group, 474
on Rep(G), 550 group
finite algebraic p-group, 228 affine, 172
finite group scheme, 44 finite of Lie type, 384
fixed-point subscheme, 139 of connected components, 52
Fy., 40 reflection, 612
flag, 146 group algebra, 231, 474
maximal, 146 group variety, 6
flag variety, 146, 369 group-like element, 92, 230
form, 76 Gy, 241
inner, 80 Gy, 326,336
outer, 81
split, 518 H(a,b), 421
formal character Hasse principle, 566
height

of a representation, 474
Frobenius morphism

absolute, 47

relative, 47

of a prime ideal, 580
of an algebraic group, 48
hermitian, 538

function . skew, 538
rational. 580 Hilbert product formula, 422
’ H™(G,V),310

tative, 81
representative HE (G, M), 304

functor oG M -
concentrator, 277 ochschild conomology group,
Hochschild extension, 308
fibre, 183
group, 26 central, 308
of zeros, 29 equivalent, 308

trivial, 308
Hom(G, H), 213, 243
homogeneous space, 140, 161

representable, 7
separated, 116
fundamental cocharacters, 453

fundamental group, 389 homomorphllsglég
fundamental weight, 466 ;:'entra ;
inear, 43

. normal, 122
G°, 14 of algebraic groups, 7
Gq(i 39 of algebras with involution, 524
G*, 373 of bialgebras, 179
Gg, 428 of Lie algebras, 186
GZ, 432 quasi-central, 388
G 129 trivial, 7
GLy, 41 Hopf algebra, 65
gln, 187 coconnected, 281
gly, 187 Hopf ideal, 67
Gm, 40 Hopf subalgebra, 67
G-module, 304 Hurwitz algebra, 542
G-morphism, 26 hyperalgebra, 208
gradation, 173
graph automorphism, 628 identity component, 14
graph of a morphism, 585 image of a homomorphism, 29
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immersion, 575
closed, 575
open, 575
index
of a reductive group, 555
inn(g), 32, 373
inner automorphism, 80, 373
inner product, 611
inv, 6
involution, 524
adjoint, 525
of the first kind, 524
of the second kind, 524
of unitary type, 527
opposition, 472, 510
orthogonal type, 525
symplectic type, 525
transpose, 526
irreducible component, 572
isogenous, 126
strictly, 504
isogeny, 46, 126
central, 387
étale, 46
Frobenius, 487
multiplicative, 387
of root data, 484
central, 485
Frobenius, 485
of split reductive groups, 486
isotropy group, 140

Jacobi identity, 186

Jordan decomposition, 169, 171
additive, 376

Jordan—Chevalley decomposition, 171

k(X), 580

k-rank, 402
semisimple, 402

kernel, 23

Killing form, 476

Krull dimension, 580

L(y), 390

L(G), 188

L-group, 514

Langlands dual group, 514
lattice, 612

Index
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root, 617
weight, 617

length of an element of W, 451

Levi subgroup, 549, 554, 562

Lie algebra, 186
algebraic, 190
nilpotent, 290
semisimple, 476

Lie subalgebra, 186
central, 197

Lie(G), 188

lim;—q (), 258

linear action, 84, 190

linear structure, 43

local immersion, 107

locally finite endomorphism, 170
locally nilpotent, 170
locally unipotent, 170
semisimple, 170

log, 287

Luna map, 268

map
characteristic, 391
comultiplication, 39, 66
lives in, 172
rational, 152
regular, 571, 572
maximal torus, 363, 379
Mpy pn, 41
module, 84
Dieudonné, 228
monomial matrix, 52
monomorphism, 106, 121
Mor(X,Y), 30
Morita equivalence, 584
morphism
affine, 572
étale, 267
faithfully flat, 585
finite, 573
flat, 585
of affine algebraic schemes, 571
of algebraic schemes, 572
of flat sheaves, 116
proper, 587
realization, 277
schematically dominant, 55
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smooth, 586
surjective, 572
Verschiebung, 224

Nat, 65
neutral element, 76
norm

reduced, 523
normal, 588
normalizer, 31
normalizes, 111
Nrd, 523

object
monogenic, 175
octonion algebra, 542
special, 542
0(G), 44
Oy, 43
one-parameter subgroup, 230
open subset
basic, 570
orbit, 27, 139
orbit map, 27, 262
order
of a finite algebraic group, 44
orthogonal group, 43
Ox x» 572

P(X), 264

P(R), 617

PV), 577

p-Lie algebra, 206

perfect pairing, 612

PGL,, 111

Picard group, 588

pinned root datum, 497
isogeny of, 497

pinning, 497

pinning map, 497

P, 572

point
nonsingular, 583
regular, 582
singular, 583
smooth, 583

primitive element, 292

primitive vector, 468

product, 49

almost-direct, 49
fibred, 49
semidirect, 50
projective embedding
nondegenerate, 145

O(R), 617
quadratic form, 531
nondegenerate, 531
quadratic space, 53, 531
regular, 531
quasi-closed set of roots, 457
quasi-finite, 579
quasi-finite algebra, 107
quotient, 101, 104
quotient map
of algebraic groups, 99
of sheaves, 118
quotient object, 175

radical, 135, 397
geometric, 135
geometric unipotent, 135
unipotent, 135
rank, 141, 402
of a root system, 614
semisimple, 402
real envelope, 174
reduced, 463
geometrically, 580
reflection, 611
with vector o, 611
regular local ring, 254
regular representation, 87, 163
regular system of parameters, 254
Rep(G), 165
represent, 576
representable, 117, 576
representation
adjoint, 187, 192
diagonalizable, 234
faithful, 83
infinitesimally simple, 482
linear, 83
semisimple, 90
simple, 90
trigonalizable, 324
trivial, 83
unipotent, 280
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Reynolds operator, 249

ring
reduced, 575
regular, 581

ring of representations, 508

ringed space, 571

root
distinguished simple, 555
highest, 616
indecomposable, 613
special, 616

root datum, 427, 617
based, 497
pinned, 497
rank, 619
reduced, 617
semisimple, 618
semisimple rank, 619
toral, 622

root group, 428, 553

root system, 614
indecomposable, 616
reduced, 615
relative, 552
small, 552

roots, 551, 617
of a root system, 614
of a split reductive group, 425
simple, 613

Satake diagram, 555
schematically dense, 11
scheme
concentrator, 261, 277
semilinear action, 76
semisimple element, 171
semisimple part, 169
semisimple, 171
series
characteristic, 124
composition, 127
derived, 132
descending central, 133
nilpotent, 133
normal, 124
subnormal, 124
central, 133
set of zeros, 29

Index

sheaf, 116
associated with, 116
invertible, 588
simple root, 616
simply connected covering, 389
simply laced, 629
singular locus, 582
SL1(A), 527
SLy, 6
socle, 472
solvable series, 131
SOy, 43
Sp(V,¢), 42
Spyy,, 42
space
primary, 167
special orthogonal group, 43
spinor norm, 535
split a filtration, 550
Spm, 571
spm, 569
stabilizer, 31, 85, 196
stabilizes, 85
strong identity component, 127
strongly connected, 126
subgroup variety, 7
subobject, 175
generated by, 175
subscheme, 575
closed, 575
open, 574
subtorus
largest, 241
subvariety
abelian, 151
Sym(V), 40
symmetric set of roots, 456
symmetry
with respect to B, 448
symplectic group, 42
system of positive roots, 552, 615
attached to B, 435

Ta, 428
tangent space, 13
Tgt, (X), 13
theorem
Barsotti—Chevalley, 154
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648 Index
Biatynicki-Birula decomposition, trigonalizable, 168
273
Borel fixed-point, 353 U@), 264
Bruhat decomposition, 437, 450 Uy, 428
Cartan—Killing, 505 Uq, 428
Cartier, 71 Up, 42
Chevalley, 94, 371 unipotent element, 171

correspondence, 113 unipotent part, 169

existence, 503 unipotent, 171

existence of quotients, 120 unipotent radical, 399
fixed-point, 343 unipotent set of roots, 445

full isogeny, 494 universal covering, 389

fundamental, 464, 497 universal element, 576
homomorphism, 28, 75. 108, 120 universal enveloping algebra, 200
%sogeny, 488 Va, 40

isomorphism, 1?2, 120, 494 variety

Kostant—Rosenlicht, 373 abelian, 45

Lazard, 346 flag, 146

Lie—Kolchin, 335
normalizer, 367

Grassmann, 146
pseudo-abelian, 149

PBW, 200 Vecy., 165
reconst'ruction, 165 vector bundle, 271
Rosenlicht, 345 vector group, 43
Rosenlicht decomposition, 153
Skolem, Noether, 522 wo, 448
smoothness of centralizers, 313 weight, 236
Zariski’s main, 107 weight space, 236
Tits algebra, 558 Weil restriction, 57
Tits class, 558 Weyl chamber, 433, 613
Tits index, 555 dominant, 435
Ty, 42 Weyl group, 364, 424, 617, 622
topology relative, 552
Zariski, 569 Witt decomposition, 548
torsor, 60, 161 Witt index, 536, 548
trivial, 60 Witt vectors, 227
torus, 43, 236 ¥y 1
anisotropic, 253 <~ )5’ 75
induced, 251 ;((’G77230
isotropic, 253 (@),
. X(Z2), 261
maximal, 363 N
. X*(G), 239
quasi-split, 251
o X«(G), 253
quasi-trivial, 251 G
. X¥,138
split, 236
. . XR,30
totally isotropic
flat, 354 Yoneda lemma, 576, 577
subspace, 354
transcendence degree, 581 Z(A), 264
transporter, 30 Zariski closure, 20
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