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a . .b (integer interval), 17

d (derivative), 87

E (expectation), 113, 728, 772
J (imaginary part), 230

lg (binary logarithm), 308

m (analytic mean), 645

O (asymptotic notation), 722
o (asymptotic notation), 722
P (probability), 113, 157

R (resultant notation), 739
Rcony (radius of convergence), 230
N (real part), 230

Res (residue operator), 233

v (analytic variance), 645

V (variance), 728

A—domain, see Delta—domain
® (asymptotic notation), 723
® (pointing), 86

o (standard deviation), 728

2 (asymptotic notation), 723
[-] (nearest integer function), 43, 260
[z"] (coefficient extractor), 19
[[-Tl (Iverson’s notation), 58

= (combinatorial isomorphism), 19
= (numerically close), 7

>> (much larger), 566

<« (much smaller), 566

~ (roughly equal), 50

~ (asymptotic notation), 722
> (exponential order), 243

¢ (contour integral), 549

* (labelled product), 101

+, see disjoint union

(+) (strip of C), 763

o (substitution), 87, 136

CYC (cycle construction), 26, 103
MSET (multiset construction), 26
PSET (powerset construction), 26
SEQ (sequence construction), 25, 102
SET (set construction), 102

R (Q-restricted construction), 30

Abel identity, 733

Abel-Plana summation, 238
adjacency matrix (of graph), 336
admissibility (of function), 564-572

Index

admissible construction, 22, 100
Airy area distribution, 365, 534, 706
Airy function, 534, 598, 606, 707, 714
Airy map distribution, 713-714
alcohol, 284, 477478
algebraic curve, 495
algebraic function, 482-518, 539
asymptotics, 493-518
branch, 495
coefficient, 500-518
elimination, 739-741
exceptional set, 495-496
Newton polygon, 498-500
Puiseux expansion, 444, 498-500
singularities, 495-518
singularity perturbation, 681-684
algebraic topology, 200
algebraic—logarithmic singularity, 376, 393
algorithm
approximate counting, 313-315
balanced tree, 91, 280
binary adder, 308
binary search tree, 203, 428430, 685, 688
digital tree (trie), 356, 693
Floyd’s cycle detection, 465-466
hashing, 111, 146, 178, 534, 600
integer ged, 664
irreducible polynomials, 450
Lempel-Ziv compression, 694
paged trees, 688
Pollard’s integer factoring, 466-467
polynomial factorization, 449, 450
polynomial gcd, 662-664
shake and paint, 417
TCP protocol, 315
alignment, 119, 261, 296, 654
alkanes, 477479
allocation, see balls-in-bins model
alphabet, 49
ambiguity
context-free grammar, 82
regular expression, 316, 734
analytic continuation, 239
analytic depoissonization, 572-574, 694
analytic function, 230-238
equivalent definitions, 741-743
composition, 411-417
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differentiation, 418—-422, 741-743
Hadamard product, 422-427
integration, 418-422, 742-743
inversion, 249, 275-280, 402407
iteration, 280-283
Lindelof integrals, 237, 409
animal (lattice), 80-82, 396
aperiodic function, system, see periodicity con-
ditions
apparent singularity, see singularity, apparent
approximate counting, 313-315
area (of Dyck path), 330, 533-534, 706
argument principle, 270
arithmetical functions, 721
arithmetical semigroups, 91, 673
arrangement, 112, 113
asymptotic
algebraic, 518
expansion, 724
notations, 722-725
scale, 724-725
atom, 24, 98
autocorrelation (in words), 60, 271, 659
automaton, see finite automaton
average, see expectation

balanced tree, see tree
ballot problem, 68, 76
balls-in-bins model, 113, 177-178
capacity, 598-600
Poisson law, 177
Bell numbers, 109
asymptotics, 560-562, 762
Bell polynomials, 188
Bernoulli number, 747
Bernoulli numbers, 268, 726727, 766
Bernoulli trial, 191, 307, 774
Berry—Esseen inequalities, 624-625, 641, 777
Bessel function, 46, 332, 534, 607, 661, 753
Beta function (B), 384, 524, 601, 747
BGEF, see bivariate generating function
bibliometry, 45
bijective equivalence (£), 19
binary decision tree (BDT), 78
binary search tree (BST), 203, 428-430, 685,
688
binary tree, 738
binomial coefficient, 100
asymptotics, 380-385
central approximation, 160, 328, 588, 642,
761-762
sum of powers, 761-762
binomial convolution, 100
binomial distribution, 627, 642, 775
birth and death process, 319
birth process, 312
birthday paradox, 114-119, 192, 416
bivariate generating function (BGF), 157
Boltzmann model, 280, 566, 701
boolean function, 70, 77-78, 487-488

INDEX

bootstrapping, 309

bordering condition (permutation), 202
Borges’s Theorem, 61-62, 680, 683-684
Borges, Jorge Luis, 61

boson, 532

boxed product, 139-142

branch (of curve), 495

branch point (analytic function), 230, 277
branching processes, 196-198

bridge, 707

bridge (lattice path), 77, 506-513, 636
Brownian motion, 185, 360, 413, 534, 706
Biirmann inversion, see Lagrange inversion

canonicalization, 87
cartesian product construction (x), 23
Catalan numbers (Cy,), 17, 34-36, 38, 67, 73—
78,738
asymptotics, 7, 37-39, 383
generating function, 35
Catalan sum., 417
Catalan tree, 35, 173, 738
Cauchy’s residue theorem, 234
Cauchy-Riemann equations, 742
Cayley tree, 127-129, 179
Cayley tree function, see Tree function (7')
Central Limit Theorem (CLT), 593, 642-643,
696
centring (random variable), 773
characteristic function (probability), 639, 772—
774
Chebyshev inequalities, 161, 729
Chebyshev polynomial, 327
chessboard, 373
circuit (in graph), 336, 346
circular graph, 99
class (of combinatorial structures), 16
labelled, 95-149
cluster, 209, 212
coalescence of saddle-point
with other saddle-point, 606
with roots, 589
with singularity, 590-591
code (words), 62
coding theory, 38, 53, 62, 246
coefficient extractor ([z"]), 19
coin fountain, 331, 662
combination, 52
combinatorial
class, 16, 96
isomorphism (£), 19
parameter, 151-219
sums, 415-417
combinatorial chemistry, 443, 474479
combinatorial identities, 747-753
combinatorial probability, 727-729
combinatorial schema, see schema
complete generating function, 186-198
complex differentiability, 231
complex dynamics, 280, 535
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complexity theory, 77 critical composition schema, see composition
composition (of integer), 39—49 schema
Carlitz type, 201, 206, 263, 666 critical point, 607
complete GF, 188 cumulant (of random variable), 647, 774
cyclic (wheel), 47 cumulated value (of parameter), 159
largest summand, 169, 298, 300 cumulative distribution function, see distribu-
local constraints, 199-200, 263 tion function
number of summands, 44, 167—168, 654 cumulative generating function, 159
prime summands, 43, 298-300, 654 cycle construction (CYC), 26, 165, 729-730
profile, 169, 296 labe.lled, 103,174
r—parts, 168 undirected, labelled, 133
restricted summands, 297-300 cycle lemma (paths), 75
composition schema, 411417, 628, 703 cyclic permutation, 99
criticzfll', 412,416-417,707-714 A—domain, 389, 398
subcrlt140gl, 629, 634 D-finite functions, see holonomic functions
supercritical, 414416, 650-655 Daffodil Lemma, 266
computable numbers, 251 Darboux’s method, 436
computer algebra, see symbolic manipulation data compression, 274, 694
concentration (of probability distribution), 161— data mining, 315, 417
163 de Bruijn graph, 354-355
conformal map, 231 Dedekind 5 function, 577
conjugacy principle (paths), 75 degree (of tree node), 737
connection problem, 470-472, 483-505, 521, Delta—domain (A), 389, 398
525, 583 density (random variable), 771
constructible class, 250-255 denumerant, 43, 257-258
construction dependency graph, 33, 250, 340, 483
cartesian product (x), 23 depoissonization, 572-574
cycle (CYQ), 26, 165, 729-730 derangement, 122, 207, 261, 368, 448, 671, 760
labelled, 103, 174 derivative (9), 87
disjoint union (+), 25 devil’s staircase, 352-353
implicit, 88-91 dice games, 587
labelled product (x), 100-102 Dickman function, 675
multiset (MSET), 26, 165 difference equation, see g—calculus
pointing(®), 86-88, 198 differential equations, 518-532, 581-585, 684—
powerset (PSET), 26, 165, 174 ~690,748-753
sequence (SEQ), 25, 165 d}fferent}aliﬁeld,VSZZ
labelled, 102, 174 differentiation (singular), 418—422
set (SET), 102 d@gital tree (trie), 356, 693
substitution (o), 86-88, 198-201 digraph, see graph

dilogarithm, 238, 410, 749-750

dimensioning heuristic (saddle point), 554, 555,
566

diophantine inequalities (linear), 46

directed graph, 336

context-free
asymptotics, 440, 482-484
language, 82-83, 482
specification, 78-83, 482-488

cont%nuan.t polynom?al, 321 Dirichlet generating function (DGF), 664, 721,
continuation (analytic), 239 763

continued fraction, 195, 216, 283, 318-336, 663 disc of convergence (series), 230, 726
continuity theorems (probability), 623-627, discrete random variable, 620-628, 771

639-641, 776777

. ' discriminant (of polynomial), 495, 741
continuous random variable, 638-644, 771

disjoint union construction (+), 25, 100

contour integral (f), 549 distribution, see probability distribution
convergence distribution function (random variable), 621,
in law, 620-623, 638-639 638, 641, 771
speed (probability), 624-625, 641 divergent series, 89, 138, 731
convexity (of GFs), 280, 550 DLW Theorem, see Drmota-Lalley—Woods
correlation, see autocorrelation Theorem
coupon collector problem, 114-119, 192 dominant singularity, 242
cover time (walk), 363 double exponential distribution, 118, 308
covering (of interval), 27 Drmota—Lalley—Woods Theorem, 443, 482-493

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/9780521898065
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press
978-0-521-89806-5 - Analytic Combinatorics
Philippe Flajolet and Robert Sedgewick

Index

More information

804 INDEX

drunkard problem, 90, 425-427

Dyck path, see also excursion, 77, 319, 511
area, 330, 533-534, 706-707
height, 326-330
initial ascents, 635

dynamical system, 318, 664, 716

EGF, see exponential generating function
Ehrenfest urn model, 118, 336, 530
eigenvalue, see matrix

EIS (Sloane’s Encyclopedia), 18

Eisenstein’s lemma (algebraic functions), 505
elimination (algebraic function), 739-741
elliptic function, 330, 531

entire function, 243

entropy, 587

error function (erf), 638

Euclid’s algorithm, see greatest common divisor

(ged)
Euler numbers, 144, 268-269
Euler’s constant (y), 117, 726, 746, 747

Euler-Maclaurin summation, 238, 268, 726—

727, 766
Eulerian numbers, 210, 658, 697-698, 702
Eulerian tour (in graph), 354
exceedances (in permutations), 368
exceptional set (algebraic function), 495-496
excursion (lattice path), 77, 319, 506-513
exp-log schema, 441-442, 445452, 670-676

asymptotics, 247, 562-563
free group, 206
free tree, see tree, unrooted
function (of complex variable)
analytic, 230-238
differentiable, 231
entire, 231, 243
holomorphic, 231
meromorphic, 233
functional equation, 33, 275-285
Dedekind n function, 577
difference equation, see g—calculus
elliptic theta function, 330
Gamma function, 744
kernel method, 508
quadratic method, 515
zeta function, 747
functional graph, 129-132, 480, 673
Fundamental Theorem of Algebra, 270, 546

Galton—Watson process, 197

gambler ruin sequence, 76

gamma constant (), see Euler’s constant
Gamma function (I"), 378, 743-747
Gaussian binomial, 45

Gaussian distribution, 593-594, 638, 776
Gaussian integral, 744

general tree, 738

generating function

exp-log transformation, 29, 85 algebraic, see also algebraic function, 518
expectation (or mean, average), E, 113, 158, complete, 186-198
728,772 exponential, 95-149
exponential families (of functions), 197, 701 holonomic, see holonomic functions
exponential generating function (EGF) horizontal, 153
definition, 97 multivariate, 151-219

multivariate, 156 ordinary, 15
product, 100 rational, see rational function
exponential growth formula, 243-249 vertical, 153

geometric distribution, 775
Gessel’s calculus, 752-753

exponential order (><), 243
exponential-polynomial, 255, 290-293, 319—

326 GF, see generating function
golden ratio (¢), 42, 91
Faa di Bruno’s formula, 188 graph

factorial moment, 158, 728
factorial, falling, 520, 751
Ferrers diagram, 39
Fibonacci numbers (F,), 42, 59, 256, 363 bipartite, 138

Fibonacci polynomial, 327 circuit, 336, 346

finite automaton, 56, 339-356 circular, 99

finite field, 90 colouring, 513

finite language, 64 connected, 138-139

finite state model, 350, 358-367 de Bruijn, 354-355

forest (of trees), 68, 128, 737 directed, 336

formal language, see language enumeration, 105-106

formal power series, see power series excess, 133, 406

formal topology (power series), 731 functional, 129-132, 480
four-colour theorem, 513 labelled, 96-97, 105-106, 132—-136
Fourier transform, 639, 772 map, 513-518

fractals, 282 non-crossing, 485-487, 502-503
fragmented permutation, 125 path, 336-356

acyclic, 132, 406
adjacency matrix, 336
aperiodic, 341
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periodic, 341 analytic, 275
planar, 517 inversion (analytic), 249, 402-407
random, 134-136 inversion table (permutation), 146
regular, 133, 189, 379, 395-396, 449, 583— involution (permutation), 122, 333, 558-560,
585, 671, 752 691-692
spanning tree, 339 irregular singularity (ODE), 519, 581-585
strongly connected, 341 isomorphism (combinatorial, =), 19
unicyclic, 133 iteration (of analytic function), 280-283
unlabelled, 105-106 iterative specification, 31-34, 250-255
greatest common divisor (gcd), 662-664 Iverson’s notation ([[-]]), 58
Green’s formula, 742
Grobner basis, 80, 739 Jacobi trace formula, 339
group Jacobian matrix, determinant, 483, 491, 755
free, 206
symmetric, 139 kangaroo hops, 373 . -
kernel method (functional equation), 508
Hadamard product, 303, 422-427, 748 kings, 373
Hamlet, 54 kitten, 517
Hankel contour, 382, 745 Knuth-Ramanujan function, see Ramanujan’s
Hardy—Ramanujan expansion, 579 Q-function
harmonic function, 742
harmonic number (Hy,), 117, 161, 389, 724 labelled class, object, 95-149, 174-181
asymptotics, 723-724, 726, 766 labelled construction, 100-106
generating function, 160 labelled product (+), 101
harmonic sum, 763 Lagrange inversion, 66—70, 126, 194, 732-733
Hartogs’ Theorem, 767 Lambert W-function, 128
hashing algorithm, 111, 146, 178, 600 language, 733
Hayman admissibility, 564—572 context-free, 82-83, 482
heap of pieces, 81, 308 formal, 49
Heaviside function, 763 regular, 373, 733-735
height of tree, see tree, height Laplace transform, 639, 750, 772-774
Hermite polynomial, 334 Laplace’s method, 601, 755-762
hidden pattern, 54, 315-318 for sums, 761-762
hierarchy, 128, 280, 472-474, 479 Laplacian, 742
Hipparchus, 69 of graph, 339
histograms, 157 large deviations, 587, 699-703
holomorphic functions, 231 large powers, 585-594
holonomic functions, 445, 494, 518, 581-585, largest components, 300
747-753 Latin rectangle, 752
homotopy (of paths), 233 lattice path, 76-77, 318-336, 506-513
horizontal generating function, 153 decompositions, 320
horse kicks, 627 initial ascents, 635-637
hypergeometric function, 423, 525, 750-751 lattice points, 49, 589
basic, 315 Laurent series, 507
law of large numbers, 158, 162, 728
implicit construction, 88-91, 137-139, 203-206 law of small numbers, 627
Implicit Function Theorem, 753-755 leader, 103, 136, 141, 142
implicit-function schema, 467-475 leaf (of tree), 182, 737
inclusion—exclusion, 206-214, 367-373 Lebesgue measure, integral, 770
increasing tree, 143-146, 202-203, 526-528, letter (of alphabet), 49
684-685 light bulb, 655
Indo-European languages, 473 limit law, 611-718, 776-778
inheritance (of parameters), 163, 174 Lindelof integrals, 237, 409
integer composition, see composition (of inte- linear fractional transformation, 323
ger) Liouville’s theorem, 237
integer partition, see partition (of integer) local limit law, 593, 615, 694-699
integration (singular), 418—422 localization (of zeros and poles), 269
interconnection network, 333 logarithm, binary (lg), 308
inverse-function schema, 452-467 logarithmic-series distribution, 297
inversion logic (first-order), 467
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logistic map, 536 Motzkin numbers, 68, 77, 81, 88
longest run (in word), 308-312 asymptotics, 396, 502, 589
loop (in complex region), 233 Motzkin path, 77, 319, 326, 330, 511
Fukasiewicz codes, 75, 511 multi-index convention, 165, 767
Lyndon words, 85 multinomial coefficient, 100, 187
multiset construction (MSET), 26, 165
MacMahon’s Master Theorem, 338 multivariate generating function (MGF), 151—
magic duality, 238 219
majorant series, 250, 753
map, 414, 513-518, 713-714 naming convention, 19, 98
mapping, 129-132, 462-467, 708, 733 Narayana numbers, 182
connected components, 129-136, 449, 671 natural boundary, 249
idempotent, 571 nearest integer function ([-]), 43, 260
regressive, 145 necklace, 18, 64
mapping pattern, see functional graph negative binomial distribution, 451, 621, 627,
marking variable, 19, 164, 167 775
Markov chain, 56, 339, 666 Neptune, 339
Markov—Chebyshev inequalities, 161, 729 nested sequences, 290, 291, 318-336
Master Theorem (of MacMahon), 338 network, 333
matrix neutral object, 24, 98
aperiodic, 341 Newton polygon, 498-500
irreducible, 341 Newton’s binomial expansion, 35
non-negative, 342 Newton—Puiseux expansion, see Puiseux expan-
Perron—Frobenius theory, 340-342, 345 sion
positive, 342 Newton—Raphson iteration, 88
spectrum, 290 nicotine, 21
stochastic, 339, 352 non-crossing configuration, 485-487, 502-503
trace, 339 non-plane tree, 71-72, 127
transfer, 358-367, 664, 666 non-recursive specification, see iterative specifi-
tridiagonal, 367 cation
matrix integrals, 517 Norlund-Rice integrals, 238
Matrix Tree Theorem, 339 normal distribution, see Gaussian distribution
Maximum Modulus Principle, 545 normalization (of random variable), see stan-
mean, see expectation dardization
meander (lattice path), 77, 506-513, 637 numerology, 318
meander (topology), 525
measure theory, 769-771 O (asymptotic notation), 722
Meinardus’ method (integer partitions), 578— o (asymptotic notation), 722
580 ODE (ordinary differential equation), see differ-
Mellin transform, 311, 329, 409, 537, 576, 664, ential equations
762-767 OGEF, see ordinary generating function
ménage problem, 368 order constraints (in constructions), 139-146,
meromorphic function, 233 201-203
coefficient asymptotics, 289 ordinary generating function (OGF), 19
singularity perturbation, 650-666 ordinary point (analytic function), 543
MGF, see multivariate generating function orthogonal polynomials, 323, 332
mobile (tree), 454 oscillations (of coefficients), 264, 283, 384
Mobius function (), 721 outdegree, see degree (of tree node)
Mobius inversion, 89, 722
model theory, 467 P-recurrence, 748-749
modular form, 331, 577 Painlevé equation, 532, 598
moment generating function, see Laplace trans- pairing (permutation), 122
form parallelogram polyomino, 660-662
moment inequalities, 161-163, 729 parameter (combinatorial), 151-219
moment method, 318, 777-778 cumulated value, 159
moment pumping, 532-535 inherited, 163-165
moments (of random variable), 158, 727, 772 recursive, 181-185
monkey saddle, 542, 545, 600-606 parenthesis system, 77
monodromy, 498 parking, 146, 534
Morera’s Theorem, 743 parse tree, 82
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partially commutative monoid, 307-308
partition (of integer), 3949
asymptotics, 248, 574-581
denumerant, 43, 257-258
distinct summands, 579
Durfee square, 45
Ferrers diagram, 39
Hardy—-Ramanujan—Rademacher expansion,
579
largest summand, 44
Meinardus’ method, 578-580
number of summands, 44, 171, 581, 666
plane, 580
prime summands, 580
profile, 171
r—parts, 172
partition of set, see set partition
path (in graph), 336
path (in complex region), 233
path length, see tree
patterns
in permutations, 211, 689
in trees, 213-214, 680-681
in words, 54-56, 58-62, 211, 271-274, 315-
318, 659-660, 666
pentagonal numbers, 49
periodicity conditions
coefficients, 264, 266, 302
Daffodil Lemma, 266
generating function, 294, 302
graph, 341
linear system, 341
polynomial system, 483
permutation, 17, 98, 119-124
alternating, 143-144, 269
ascending runs, 209-211, 658-659, 697-698
avoiding exceedances, 368
bordering condition, 202
cycles, see also Stirling numbers (1st kind),
119-124, 155, 175-177, 448, 644-645,
671
cycles of length m, 625-627
cyclic, 99
derangement, 122, 207, 261, 368, 448, 671,
760
exceedances, 368
fixed order, 569
increasing subsequences, 596-598
indecomposable, 89, 139
inversion table, 146
involution, 122, 248, 333, 558-560, 596,
691-692
local order types, 202-203
longest cycle, 122, 569
longest increasing subsequence, 211, 596—
598, 716, 752-753
ménage, 368
pairing, 122
pattern, 211, 689

profile, 175
records, 140-141, 644-645
rises, 209-211
shortest cycle, 122, 261-262
singletons, 622-623
succession gap, 373
tree decomposition, 143-144
Perron—Frobenius theory, 340-342, 345
perturbation theory, 11-12, 591, 612, 617-618,
650-694, 703
PGEF, see probability generating function
phase transition, 704-714
diagram, 704
phylogenetic trees, 129
Picard approximants, 754
Plana’s summation, 238
planar graph, 517
plane partition (of integer), 580
plane tree, 65-70
pointing construction (®), 86-88, 136-137, 198
Poisson distribution, 176, 451, 572-574, 627,
643, 775
Poisson—Dirichlet process, 676
poissonization, 572-574
political (in)correctness, 146
Pélya operators, 34, 252, 447, 475-482
Pélya theory, 83, 85-86
Pélya urn process, see urn model
Pélya—Carlson Theorem, 253
Pélya—Redfield Theorem, 85
polydisc, 767
polylogarithm, 237, 408411, 749-750
polynomial
primitive, 358
polynomial (finite field), 90-91, 449450, 662—
664, 672-673
polynomial system, 488, 494
polyomino, 45, 201, 331, 363, 365-367, 535,
660-662
power series, 15, 19,97, 153, 164, 187, 730-731
convergence, 731
divergent, 89, 138, 731
formal topology, 731
product, 731
quasi-inverse, 731
sum, 731
powerset construction (PSET), 26, 165
preferential arrangement numbers, 109
preorder traversal (tree), 74
prime number, 228, 721
Prime Number Theorem, 91
principal determination (function), 230
Pringsheim’s theorem, 240
prisoners, 124, 176
probabilistic method, 729
probability (P), 113, 157
probability distribution
Airy area, 365, 707
Airy map, 713-714
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arcsine law, 705 regular
Bernoulli, 775 expression, 373, 733-735
binomial, 627, 642, 775 language, 300-308, 373, 733-735
double exponential, 118, 308-311 specification, 300-308
Gaussian, 593-594, 638, 776 regular graph, see graph, regular
geometric, 775 regular point (analytic function), 239
geometric-birth, 314 regular singularity (ODE), 519-525
logarithmic series, 296, 775 relabelling, 100
negative binomial, 451, 621, 627, 775 removable singularity, see singularity, apparent
Poisson, 451, 572-574, 627, 643, 775 renewal process, 300, 655
Rayleigh, 116, 708 Res (residue operator), 233
stable laws, 413, 707-714 residue, 233-238
theta function, 328, 360, 538 Cauchy’s theorem, 234
Tracy—Widom, 598 resultant (R), 80, 739-741
Zipf laws, 711 Riccati differential equation, 689
probability generating function (PGF), 157, Rice integrals, see Norlund-Rice integrals
623,728,773 Riemann surface, 239
probability space, 769 Rogers—Ramanujan identities, 331
profile (of objects), 169, 451-452 rotation correspondence (tree), 73
pruned binary tree, 738 Rouché’s theorem, 270
psi function (), 725, 746 round (children’s), 397
Puiseux expansion (algebraic function), 444, RV, see random variable
498-500
SA (amenable to singularity analysis), 401
g—calculus, 45, 49, 315, 331, 661 saddle-point
quadratic method (functional equation), 515 analytic function, 543-546
quadtree, 522-525, 687-688 bounds, 246, 546-550, 586
quasi-inverse, 34,291, 731 depoissonization, 572-574
matrix, 349 dimensioning heuristic, 554, 555, 566
quasi-powers, 11, 586, 612, 644—-690 large powers, 585-594
generalized, 690-694 method, 541-608
large deviations, 699-703 multiple, 545, 600-606
local limit law, 694—-699 perturbation, 690-694
main theorem, 645-648 scaling (random variable), 773
schema (combinatorial-analytic), see also com-
Rabin-Scott Theorem, 57-59, 735 position schema, context-free specifica-
radioactive decay, 627 tion, exp-log schema, implicit-function
radius of convergence (series), 230, 243-244 schema, inverse function schema, nested
Radon-Nikodym Theorem, 771 sequences, regular specification, simple
Ramanujan’s Q-function, 115, 130, 416417 variety (of trees), supercritical sequence
random generation, 77, 300 schema, 12, 170-171, 178-181, 289
random matrix, 597, 674 Schroder’s problems, 69, 129, 474
random number generator, 465 section (of sequence), 302
random variable, 727, 769-778 self-avoiding configurations, 363-365
continuous, 638—644, 771 semantics of recursion, 33
density, 771 sequence construction (SEQ), 25, 165
discrete, 157, 620-628, 771 labelled, 102, 174
random walk, see walk series—parallel network, 69, 72
rational function, 236, 255-258, 269-271 set construction (SET), 102, 174
positive, 356, 357 set partition, see also Bell numbers, Stirling
Rayleigh distribution, 116, 708 numbers (2nd kind), 62-64, 106-119, 179
record asymptotics, 247, 560-562
in permutation, 140-141 block, 108
in word, 189 largest block, 569
recurrence number of blocks, 179, 594-596, 692-693
tree, 427-433 several complex variables, 767-768
recursion (semantics of), 33 shifting of the mean, 700, 701
recursive parameter, 181-185 shuffle product, 306
recursive specification, 32-34 sieve formula, see inclusion—exclusion
region (of complex plane), 229 Simon Newcomb’s problem, 192—193
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simple variety (of trees), 66, 128, 194, 452
singular expansion (function), 393
singularity, 239-243
algebraic—logarithmic, 376, 393
apparent, 243, 743
dominant, 242
irregular (ODE), 581, 585
perturbation, 650-690
regular (ODE), 519-525
removable, 243, 743
singularity analysis, 375-438
applications, 439-540
perturbation, 650-690
uniform expansions, 668-669
singularity perturbation, 703-707
size (of combinatorial object), 16, 96
size-biased (probability), 461
Skolem-Mahler-Lech Theorem, 266
slicing, 199, 366, 508
slow variation, 434
Smirnov word, 204, 262, 312, 350
society (combinatorial class), 571
spacings, 52
span (of sequence, GF), 266
spanning tree, 339
special functions, 747-753
species, 30, 94, 137, 149
specification, 33
iterative, 31-34, 250-255, 280
recursive, 32-34
spectrum, see matrix
speed of convergence (probability), 624-625,
638-639
squaring of the circle, 758
stable laws, see probability distribution
standard deviation, (o), 728
standardization (random variable), 614, 638,
773
star-continuable function, 398
statistical physics, 46, 81, 201, 362-363, 440,
525,704
steepest descent, 544, 547, 607
Stieltjes integral, 770-771
Stirling numbers, 735-737
cycle (Ist kind), 121, 155, 644-645, 654, 698
partition (2nd kind), 62-64, 109, 179, 653—
654, 692-694
Stirling’s approximation, 37, 407, 410, 555—
558, 747, 760-761, 766
Stokes phenomenon, 582-583
string, see word
strip ((-)), 763
subcritical composition schema, see composi-
tion schema
subexponential factor, 243
subsequence statistics, see hidden patterns,
words
substitution construction (o), 86-88, 136137,
198-201
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supercritical composition schema, see composi-
tion schema
supercritical cycle, 414
supercritical sequence, 293-300, 652-655
supernecklace, 125
supertree, 412-414, 503, 714
support (of probability measure), 769
support (of sequence, GF), 266
surjection, 106-119, 296, 653-654
asymptotics, 259
complete GF, 188
surjection numbers, 109, 268
symbolic manipulation, 253
symbolic method, 15, 22, 33, 92, 104
symmetric functions, 189, 752-753

Tauberian theory, 434, 572
Taylor expansion, 201, 723, 726, 742
theory of species, see species
theta function, 328-330, 360, 538
threshold phenomenon, 211
tiling, 360-363, 665
total variation distance (probability), 623
totient function (¢), 27, 721
trace monoid, see partially commutative monoid
trains, 253-255, 398
transcendental function, 506
transfer matrix, 358-367, 664—666
transfer operator, 664
transfer theorem, 389-392
tree, 31, 64-72, 125-136, 737
additive functional, 457-462
balanced, 91, 280-283
binary, see also Catalan numbers, 67, 738
branching processes, 196—198
Catalan, 35
Cayley, see also Tree function (7'), 127-129
degree profile, 194, 459-460
exponential bounds, 277-280
forests, 68
general, 31, 738
height, 216, 327-330, 458-459, 535-538
increasing, 143-146, 202-203, 526-528,
684-685
leaf, 182, 473, 678, 737
level profile, 194-195, 458-459, 711-712
Lukasiewicz codes, 75
mobile, 454
non-crossing, 485-487, 502-503
non-plane, 71-72, 462, 475-482
non-plane, labelled, 127
parse tree, 82
path length, 184-185, 195, 461, 534-535,
706-707
pattern, 213-214, 680-681
plane, 65-70, 738
plane, labelled, 126
quadtree, 522525, 687-688
regular, 68
root subtrees, 633
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root-degree, 173, 179, 456-457, 632
rooted, 737
search, 203
simple variety, 66, 128, 194, 404-407, 452—
467, 589-590, 633, 683, 711-712
supertree, 412-414, 503, 714
t—ary, 68
unary-binary, see also Motzkin numbers, 68,
88, 396, 501
unrooted, 132, 480482
valuated, 414
width, 359-360, 666, 712
tree concepts, 737-738
Tree function (T'), 127-128, 403-407
tree recurrence, 427-433
triangulation (of polygon), 17, 20, 35-36, 79
tridiagonal matrix, 367
trinomial numbers, 588
trivial bound (integration), 547
truncated exponential, 111

unambiguous, see ambiguity

unary-binary tree, see tree, unary—binary and
Motzkin numbers

undirected cycle construction (UCYC), 86, 133

undirected sequence construction (USEQ), 86

vertical generating function, 153
Vitali’s theorem (analytic functions), 624

w.h.p. (with high probability), 135, 162
walk, 367
birth type, 312-315
cover time, 363
devil’s staircase, 352-353
in graphs, 336-356
integer line, 319-324
interval, 319-330
lattice path, 76-77, 318-336, 506-513
self-avoiding, 363-365
Wallis integral, 747, 758
weak convergence (probability distributions),
621
Weierstrass Preparation Theorem (WPT), 754—
755
wheel, 47
width (of tree), 359-360, 666, 712
winding number, 270
word, 49-64, 111-119
aperiodic, 85
code, 62
excluded patterns, 355
language, 49, 733

uniform expansions

asymptotics, 725-726

singularity analysis, 668—669, 676
uniform probability measure, 727
uniformization (algebraic function), 497
universality, 7, 12, 440-443, 455, 606
unlabelled structures, 163-174
unrooted tree, see tree, unrooted
urn (combinatorial class), 99
urn model, 118, 336, 529-531

local constraints, 349

longest run, 308-312

pattern, 54-56, 58-62, 211, 271-274, 315-
318, 659-660, 666

record, 189

runs, 51-54, 204

Smirnov, 204, 262, 312, 350

Young tableau, 752

zeta function of graphs, 346

zeta function, Riemann (&), 228, 269, 408, 721,
746747, 752

Zipf laws, 711

Vallée’s identity, 30
valley (saddle-point), 544
variance (V), 728
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