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absorbing set, 117
almost bi-Lipschitz embeddings into
Euclidean spaces, 97
for metric spaces, 100
analytic function, see real analytic function
approximate inertial manifold, 143
Assouad dimension, 81, 83, 85
almost bi-Lipschitz embeddings into Hilbert
spaces, 94
bi-Holder embeddings into Euclidean
spaces, 94
bounds upper box-counting dimension, 85
embedding into Euclidean spaces when
da(X — X) < 00,97
ill-behaved for difference sets, 89
monotonicity, 85
not sufficient for bi-Lipschitz embeddings
into Euclidean spaces, 92
of orthogonal sequences, 88-91
of products, 86
of R, 85
of unions, 85
attracting set, 115
attractor, see global attractor
Auerbach basis, 79, 127
existence, 74

By = By(0, 1) (unit ball in RV), 42
Bz(0, r) (r-ball in the space Z), 123
backwards uniqueness, 136, 144
Baire Category Theorem, 13, 17, 177
ball, image under a linear map, 133, 146
bi-Lipschitz embedding
finite Assouad dimension not sufficient, 92
finite box-counting dimension not sufficient,
81

bi-Lipschitz mapping, 84
Borel-Cantelli Lemma, 43, 45, 77, 98
bounded linear maps, 41
decomposition in: Banach spaces, 78;
Hilbert spaces, 57
box-counting dimension, 31
lower, see lower box-counting dimension
non-existence in general, 31
of products, 35
upper, see upper box-counting dimension
Brouwer Fixed Point Theorem, 10, 12
Brunn-Minkowski inequality, 54, 56

C2°(R2) (C* functions with compact support
in ), 106
Cantor set, 31, 58
CAT(0) space, 182
covering, 8
Lebesgue number, 13, 18
mesh size, 10
order, 8
refinement, 8
covering dimension, 7, 8
bounded by Hausdorff dimension, 27
characterised in terms of: Assouad
dimension, 85; box-counting dimension,
39; Hausdorff dimension, 29
embedding into Euclidean spaces, 17
monotonicity, 8
of compact sets, 13
of products, 9, 40
of unions, 9
covering lemma, 30

dp, see Assouad dimension
dg, see upper box-counting dimension
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dy, see Hausdorff dimension
di B, see lower box-counting dimension
decomposition of bounded linear maps
Banach spaces, 78
Hilbert spaces, 57
degrees of freedom, 168
density of prevalent sets, 48
determining nodes, 167
diameter of a set, 10
difference set, 41, 161
for metric spaces, 100
ill-behaved with Assouad dimension, 89
differential inequality
a version of Henry’s Lemma 7.1.1, 132
Ghidaglia’s Lemma, 143
Uniform Gronwall Lemma, 121
dim, see covering dimension
dist (Hausdorff semi-distance), 10
doubling space, 84
if and only if homogeneous space, 84
dual thickness, 65, 69
bounded by Lipschitz deviation in a Hilbert
space, 72
bounded by the upper box-counting
dimension, 71
is zero when thickness exponent is zero, 73

e-mapping, 13
eigenvalues, asymptotics, 137, 139, 143, 164
embedding into Euclidean spaces
for metric spaces, 100
when da(X — X) is finite, 97
when dg(X) is finite, 43, 75
when dy(X — X) is finite, 60
when dim(X) is finite, 17
Euclidean space, see R"

fractal, 29
fractional power spaces, 107
and Sobolev spaces, 108
compact embeddings, 108, 113
interpolation inequality, 141, 143, 164
Frostman’s Lemma, 25

G5 (countable intersection of open sets), 17
general position, 14
generic, 17
geometric independence, 15
global attractor, 105, 115
bound on upper box-counting dimension:
for semilinear parabolic equations, 130;

general method, 124; when Df has finite
rank, 132; when Df € £}, 130; when
Df € %, s <1},129

contains unstable sets, 121

dimension and degrees of freedom, 168

existence for: Navier—Stokes equations,
119; semilinear parabolic equations, 118;
necessary and sufficient condition, 117

is connected, 121

is the maximal compact invariant set, 115,
121

is the minimal closed attracting set, 115, 121

is union of all globally bounded solutions,
118

of Navier—Stokes equations: has zero
Lipschitz deviation when f € L2, 142;
is bounded in D(A) when f € H, 122;
is real analytic when f is real analytic,
168

parametrised by point values, 160

uniqueness, 115

graph of a function, Hausdorff dimension, 29
Gromov—Hausdorff metric, 92

H*(R2), see Sobolev spaces
Haar null, 47
Hahn-Banach Theorem, 60, 71, 79, 95
Hausdorff dimension, 23
bounded by box-counting dimensions, 34
bounds covering dimension, 27
embedding into Euclidean spaces when
dy(X — X) < o0, 60
impossibility of general linear embedding,
58
Maiié’s embedding result, 57
monotonicity, 24
of a graph, 29
of products, 25, 35, 40
under Holder continuous maps, 24
Hausdorff measure, 21
and Lebesgue measure, 22
spherical, 30
Hausdorff semi-distance, 10
Heisenberg group, 91
Holder continuity, 24, 34, 43, 149
Holder continuous inverse
of linear embedding map, 75
homogeneity, 83
if and only if doubling, 84
of subsets of Euclidean spaces, 83
under bi-Lipschitz maps, 84
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I, (unit cube in R"), 10
inductive dimensions, 7, 17, 18
equal to covering dimension in a separable
metric space, 19
inertial manifold, 167
interpolation inequality in fractional power
spaces, 141, 143, 164
invariant set, 115
isometric embedding of metric spaces
£%°,101
L*°(X), 100

Johnson—Lindenstrauss Lemma, 74

K(Z) (compact linear maps from 4 into A),
125
Kuratowski embedding, 100

Lfm(Q, R?) (periodic functions in
L2(2, RY)), 160
%, (sums of compact maps and contractions),
125
£" (n-dimensional Lebesgue measure), 22
Lebesgue covering dimension, see covering
dimension
Lebesgue Covering Theorem, 10
Lebesgue number of a covering, 13, 18, 171
linear operator
fractional powers, 107
Lipschitz deviation, 65, 68
bounded by the thickness exponent, 68
bounds the dual thickness in a Hilbert space,
72
is zero for the attractors of certain
semilinear parabolic equations, 139
lower box-counting dimension, 32, 77
bounded by upper box-counting dimension,
32
bounds Hausdorff dimension, 34
in general no embeddings with Holder
inverse, 81
of orthogonal sequences, 36
of products, 35
Z(X) (space of bounded linear maps from X
into X), 41
Z(X,Y) (space of bounded linear maps from
X into Y), 41

measurable set, 21, 22
measure, 21
mesh size, 10

metric outer measure, 21
modified upper box-counting dimension, 40,
63
equal to packing dimension, 40
multi-index, 107, 161, 169

Navier—Stokes equations, 30, 109-113, 139,
144
as a semilinear parabolic equation, 113
attractor: existence, 119; has zero Lipschitz
deviation when f € L2, 142; has zero
thickness when f is smooth, 138; is
‘smooth” when f is smooth, 138; is
bounded in D(A) when f € H, 122;1is
real analytic when f is real analytic, 168
determining nodes, 167
generate a semigroup, 110
heuristic theories of turbulence, 169
in functional form, 111
orthogonality properties of nonlinear term,
111
negatively invariant set, 123
nonlinear semigroup, see semigroup

2, (volume of unit ball in R"), 22

omega limit set, 116, 121

order of a covering, 8

order of vanishing, 162
and zero set, 163

orthogonal projection, 81
rank, 62

orthogonal sequence, 25, 63, 78, 82, 99
Assouad dimension, 88-91
box-counting dimensions, 36
dual thickness, 80
thickness exponent, 67

outer measure, 20

packing dimension, 40
equal to modified upper box-counting
dimension, 40
periodic orbit
minimal period: for ODEs, 153; for
semilinear parabolic equations, 156
obstruction to the Takens Time-Delay
Theorem, 152
periodic point, 150
Poincaré inequality, 112, 114, 120
polyhedron, 15
prevalence, 46, 47, 48
implies density, 48
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preserved under: countable unions, 49; finite  thickness exponent, 46, 64, 65

unions, 49 alternative definition, 73
probability measure, 21 bounded by the upper box-counting
probe space, 48 dimension, 66
products of sets bounds the Lipschitz deviation, 68
Assouad dimension of, 86 in two spaces, 65
box-counting dimensions of, 35 of an orthogonal sequence, 67
covering dimension of, 9, 40 of set of real analytic functions, 163
Hausdorff dimension of, 25, 35, 40 related to bounds in Sobolev spaces, 137
projection, see also orthogonal projection zero for: ‘smooth’ sets, 67, 137; the
rank in £7, 78 Navier—Stokes attractor when f is
smooth, 138
quadrilateral inequality, 93, 100 zero implies zero dual thickness, 73
zero thickness implies zero dual thickness,
rank 70
of orthogonal projection, 62 turbulence, 169

of projection in £7, 78

real analytic function, 160, 161
bounds on derivatives, 169
has finite order of vanishing, 162
zero set, 163

refinement of a covering, 8

Uniform Gronwall Lemma, 121
unit ball, volume, 22
unit cube, hyperplane slices of, 52
unstable set, 121
contained in global attractor, 121
upper box-counting dimension, 32
alternative definitions, 39
bounded by Assouad dimension, 85
bounds: Hausdorff dimension, 34; the dual
thickness, 71; the thickness exponent, 66
can be calculated through a geometric
sequence, 33
embedding into: R¥ for subsets of RV, 43;
Euclidean spaces, 75

semigroup, 105

generated by: a semilinear parabolic
equation, 109; the Navier-Stokes
equations, 110

semilinear parabolic equation, 108
existence of global attractor, 118
finite-dimensional attractor, 130
generates a semigroup, 109
minimal period of periodic orbits, 156 finite for attractors of semilinear parabolic

shyness, 47 equations, 130
for subsets of R”, 48 impossibility of bi-Lipschitz embeddings in
general, 81

in two spaces, 35

modified, see modified upper box-counting
dimension

monotonicity, 33

of an invariant set, 124

of orthogonal sequences, 36

of products, 35

of set of real analytic functions, 163

of unions, 33

of unit cube in R”, 34

under Holder continuous maps, 34

preserved under finite unions, 48
simplex, 15
singular values of a matrix, 146, 158
Sobolev spaces, 106

and continuous functions, 107, 113

and fractional power spaces, 108
spherical Hausdorff measure, 30
squeezing property, 143
Stokes operator, 111

eigenvalues on [0, 27'[]2, 143

Takens Time-Delay Embedding Theorem

N
}n RN, 149 variation of constants formula, 108, 113, 130,
in a Banach space, 154 156
obstrqctlon from existence of periodic Vitali Covering Theorem, 23
orbits, 152
7(X), see thickness exponent weak derivative, 106
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