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absolute value on a field, 377

action of a group on a graph, 82

adjacent vertices of a graph, 81

adjoint of an operator, 27, 289

adjoint representation, 305

affine action associated to a cocycle, 77

affine action of a group, 423

affine isometric action of a topological
group, 75

affine real Hilbert space, 74

almost K-simple algebraic group, 58

almost having fixed points (for an affine
action), 137

almost having invariant vectors (for a
unitary representation), 28

almost having invariant vectors (for an
orthogonal representation), 87

amenable homogeneous space in the sense
of Eymard, 432

amenable topological group, 423

approximate eigenvalue, 433

archimedean order on a group, 116

asymptotically invariant sequence of
measurable sets, 266

a-T-menable group in Gromov’s sense, 104

automorphism of a graph, 82

A,-building, 246

Zz—group, 250

(ax + b)-group, 303

Banach—Ruziewicz problem, 276
barycentre of a measure, 424
Bernoulli shift, 272

bi-Lipschitz equivalence, 180
Bochner’s Theorem, 372

Borel fundamental domain, 333

Borel measure, 299

boundary of a subset of a graph, 254, 444

boundary of hyperbolic space, 100

bounded elementary generation for
SL,(R), 185

bounded generation of a group, 184

Burnside group, 282

Busemann cocycle, 101

Cartan decomposition of a semisimple Lie
algebra, 161

Cartan involution on a semisimple Lie
group, 161

Carter—Keller Theorem, 185

Cayley graph of a finitely generated
group, 438

centered random variable, 312

centre of a bounded set, 79

character of a Banach algebra, 370

character of a relatively invariant
measure, 329

Chasles’ relation, 80

coboundary, 76

cocycle, 76

cocycle relation, 76, 308

commutant of a subset of L(H), 296

compactly generated locally compact
group, 400

complex-valued kernel conditionally of
negative type, 367

complexification of an orthogonal
representation, 312

conductance in a graph, 218

conjugate Hilbert space, 293
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conjugate representation, 294

conjugation representation, 306

connected graph, 81

Connes—Weiss Theorem, 267

contained (for unitary representations), 291

continuity of induction, 408

contraction, 433

contragredient representation, 294

convolution of two functions on a locally
compact group, 352

convolution of two random walks, 221

cortex of a locally compact group, 150

coupling for two measure equivalent groups,
see measure equivalent groups, 273

Crofton formula, 97

C*-algebra, 411

cycle in a graph, 82

cyclic representation, 354

cyclic vector for a representation, 354

degree of a vertex in a graph, 218
Delorme—Guichardet Theorem, 129
density function of a random variable, 312
direct integral of Hilbert spaces, 414
direct integral of representations, 416
direct sum of groups, 86

direct sum of representations, 292
Dirichlet finite function, 221

discrete group, 299

distance in a graph, 81

distribution of a random variable, 312
dual group of an abelian group, 298

edge of a graph, 81
elementary matrix, 44, 185
elementary operation on a matrix, 185
equivalent measures, 308
equivalent representations, 290
ergodic action of a group, 265
essentially free action of a group on
a measure space, 271
expander graphs, 254
expanding constant of a family of
expanders, 254
expanding constant of a graph, 254
expectation of a random variable, 312
exponential growth, 443
extremely amenable topological group, 365

Fglner sequence, 443

Fglner’s Property, 440

Fell’s topology, 33, 403

field of Hilbert spaces over a measure
space, 413

final space of a partial isometry, 290

finite range for a random walk, 218

finitely additive measure, 276

first cohomology group, 77

Fixed point property (for an amenable
group), 423

Fourier Inversion Theorem, 371

Fourier transform, 370

function conditionally of negative type
on a group, 122, 357

function of positive type, 351

function of positive type associated to a
representation, 352

function vanishing at infinity on a topological
space, 353

functional calculus, 296

fundamental domain, 225

fundamental family of measurable vector
fields over a measure space, 414

Gaussian Hilbert space, 313

Gaussian random variable, 313

Gelfand pair, 151

Gelfand transform, 370

Gelfand—Raikov Theorem, 364

geodesic current, 112

geometric property, 179

geometric edge of a graph, 81

GNS construction, 341, 346, 354

GNS triple associated to a function of
positive type, 355

graph, 81, 217

graph associated to a generating set, 242

growth of a finitely generated group, 443

Haagerup Property, 104

Haar measure, 300

half-space in real hyperbolic space, 95
Hamilton quaternions, 337

harmonic function, 221, 229
harmonic mapping, 159

Heisenberg group, 69, 172, 304
Hilbert space, 27, 289
Hilbert—Schmidt operators, 294
Hulanicki—Reiter Theorem, 430
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hyperbolic space, 100
hyperplane in real hyperbolic space, 94

I-sequence of measurable sets, 267

incidence graph of a projective plane, 245

independent random variables, 312

induced affine isometric action, 91

induced representation, 274, 388

induction by stages, 390

infinitely small representation, see cortex
of a locally compact group, 150

initial space of a partial isometry, 290

intertwining operator, 290

interval in a tree, 82

invariant mean, 42, 421, 422

invariant vector, 28

irreducible, 292

irreducible random walk, 217

isolated point in a topological space, 33

Iwasawa decomposition, 58, 180

Jacobson topology, 412

Kazhdan constant, 29

Kazhdan constant associated to a
representation, 29

Kazhdan group, 29

Kazhdan pair, 29

Kazhdan pair for (G, H), 42

Kazhdan set, 29

Kazhdan’s Property (T), 29

kernel conditionally of negative type, 345

kernel of positive type, 340

Kesten’s Theorem, 436

K-rank of an algebraic group, 58

Laplace operator for a random walk, 221

Laplace operator for an equivariant random
walk, 229

Laplacian, 159

lattice, 60, 246, 332

law of a random variable, 312

left regular representation, 28, 305

left-right regular representation, 306

lemma of the centre, 78

linear part of an affine action, 75

link of a vertex in a graph, 237

local Property (T), 71

local criterion for Property (T), 238

local criterion for groups acting on a
simplicial complex, 241

local field, 40, 377

locally almost everywhere, 359
locally Borel set, 359

locally measurable function, 359
locally null set, 359

loop group of a topological group, 210

mapping class group, 282

Markov kernel, see random walk, 217

Markov operator for a random walk, 221

Markov operator for an equivariant random
walk, 229

Markov—Kakutani Theorem, 424

matrix coefficient of a representation, 290

Mautner’s Lemma, 45

maximal C*-algebra of a locally compact
group, 412

Mazur—Ulam Theorem, 74

mean on a set, 421

mean on a space of functions, 421

mean value of random variable, 312

measurable field of Hilbert spaces over a
measure space, 414

measurable field of operators over a measure
space, 415

measurable field of unitary representations
over a measure space, 415

measurable group action, 307

measurable vector field over a measure
space, 414

measure algebra of a probability space, 316

measure equivalent groups, 273

measure preserving transformation, 316

measure space, 307

mock discrete series representations of
SL,(R), 410

modular function of a locally compact
group, 301

modular group, 336

non-abelian free group, 39

non-archimedean absolute value, 378

non-degenerate representation of LY (G), 411

non-trivial asymptotically invariant sequence,
see asymptotically invariant sequence of
measurable sets, 266

normalised function of positive type, 396

orbit equivalent actions of a group, 271
order of a projective plane, 245
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orderable group, 116

oriented edge of a graph, 81

orthogonal representation, 75, 311
orthogonal group of real Hilbert space, 74
outer automorphisms, 282

outer tensor product of representations, 294

p-adic absolute value on Q, 377

p-adic integers, 378

p-adic numbers, 377

partial isometry, 290

Peter—Weyl Theorem, 307

Plancherel Theorem, 371

Poincaré disc, 111

Poincaré half-plane, 331

Poincaré inequality, 234

polar decomposition of an operator, 291
polynomial growth, 305, 443

Pontrjagin Duality Theorem, 371
positive linear functional on £(H), 40
positive matrix, 344

primitive ideal space of a C*-algebra, 412
principal series of SL; (R), 388
projection valued measure, 374
projective plane, 245

proper cocycle on a group, 103

Property (Fp) for a Banach space B, 135
Property (Tp) for a Banach space B, 72
Property (FA), 84

Property (FH) for a group, 75

Property (FH) for a pair (G, H), 80
Property (T), see Kazhdan’s Property (T), 29
Property (T) for a pair (G, H), 41

pure function of positive type, 358

(Q, e)-invariant vector, 28
quasi-invariant measure, 308
quasi-isometric groups, 180
quasi-isometric metric spaces, 179
quasi-regular representation, 37, 331

radial function on a symmetric space, 164
Radon measure, 300

Radon-Nikodym derivative, 308
Raikov’s Theorem, 362

random variable, 312

random walk, 217

range of an edge, 218

real hyperbolic space, 93

reduced 1-cohomology, 137

reduced C*-algebra of a locally compact
group, 413

regular Borel measure, 299

regular projection valued measure, 375

Reiter’s Property (P1), 427

Reiter’s Property (P}), 428

relatively invariant measure on G/H, 328

residual field, 246

reversible random walk, 217

rho-function for a pair (G, H), 328

Riemann-Lebesgue Lemma, 371

Riesz Representation Theorem, 300

right regular representation, 306

ring of sets, 421

Schoenberg Theorem, 350, 357

Schreier graph, 255

Schur product of two matrices, 344

Schur’s Lemma, 297

Schwarz’ group, 85

Shalom’s Theorem, 141

o-algebra generated by random variables, 312

o -finite measure, 308

simple graph, 82

simple random walk on a graph, 218

SNAG Theorem, 375

source of an edge, 218

special linear group, 40

spectral radius formula, 370

spectral radius of an element in a Banach
algebra, 370

spectrum of an element in a Banach
algebra, 369

spectrum of an operator, 296

spherical principal series representations, 389

spherical representation, 152

square-integrable vector field over a measure
space, 414

stably orbit equivalent group actions, 273

standard Borel space, 416

standard embedding of SL;,(K), 46

standard Gaussian measure on R, 314

stationary measure for a random walk, 217

strongly contained, see contained, 291

strongly continuous, 27, 289

strongly ergodic action of a group, 266

strongly mixing action of a group, 281

subexponential growth, 323, 443

subrepresentation, 28, 290

support of a measure, 300
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support of a representation, 404

symmetric difference, 310

symmetric Fock space of a Hilbert space, 315

symmetric tensor powers of a Hilbert
space, 315

symmetric tensor powers of a representation,
320

symplectic group, 50

tensor product of representations, 294

Thompson group, 118

translation on an affine Hilbert space, 74

tree, 82

triple associated to a function conditionally
of negative type, 138

uniform Property (T), 284

uniformly continuous mapping on a
topological group, 301

unimodular locally compact group, 303

unit character, 293

unit representation, 28, 293

unitary character, 293

unitary dual of a group, 33, 292

unitary group of a Hilbert space, 27, 289

unitary operator, 289

unitary representation, 27, 289

universal representation of a locally compact
group, 412

variance of a random variable, 312
vector field over a measure space, 414
vector valued integral, 384

vertex of a graph, 81

weak containment for representations, 28, 395
weak containment in the sense of

Zimmer, 397
weak operator topology, 445
weakly equivalent representations, 396
weakly mixing action of a group, 266
word metric on a finitely generated group, 443
wreath product of two groups, 105

Zuk’s criterion for Property (T), 244
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