
Index

∼π, 135
0n, 144
1n, 144
0P , 145
1P , 145
∧, 144
∨, 144

distr−→, 116, 126
∗−distr−→ , 126

�, 195
�, 224

� , 273
∨
� , 295

�̃ , 330

∗i∈IGi, 67
∗i∈IAi, 82
∗i∈I (Ai, ϕi), 84, 101

|π|, 135
#(σ), 366
#(α), 382
|α|, 382

A(ε), 315
ao, 70
|α|, 382
α ≤ β, 390
αn, 188
(A, ϕ), 3
∗i∈I (Ai, ϕi), 84, 101
∗i∈IAi, 82
A+, 38
B(ε), 315

Cn, 24
C〈X1, X

∗
1 , . . . , Xs, X

∗
s 〉, 53

C〈X1, . . . , Xs〉, 49
C〈X, X∗〉, 14
CG, 6
C

(k)
n , 151

Cf(i1,...,in)(f), 259
Cf(i1,...,in);π(f), 260
Cfπ(f), 287
C∗

red(G), 41
d(α, β), 390
∆, 275
δ(π, σ), 157
E[ · ], 359
ε, 315
Fn, 66
F(f), 293
F(H), 103
f ◦ Dα, 286
f ◦ L, 264
f ◦ Sq, 281
F ∗ G, 156
f ∗ G, 156
Gµ, 30
Gd, 325
∗i∈IGi, 67
Γ, 293
γn, 382
Hd, 325
(i1, . . . , in)|V , 260
Jq, 288
κa

n, 185
κπ, 118, 175
K(π), 147
Kσ(π), 289
Λ(T ), 110
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412 INDEX

λ(g), 41
L∞−(Ω, P ), 5
L2(A, ϕ), 95
Lt, 265
Luk(n), 138
l(ξ), 103
l(ξ)∗, 103
Ma1,...,as

, 260
Md(C), 5
Md(A), 16, 322
Möb, 280
µ�t, 232
µ(π, σ), 158
µP , 158
NCE(2n), 153
NCE(S), 316
NC(n), 135
NCO(S), 316
NC(S), 135
NC2(n), 122
Ω, 103
Orb(α), 300
P, 190
P(n), 135
P(S), 135
Φ(f), 36
φ, 381
ϕπ, 175
ϕα, 374
ϕn, 175
|π|, 135
π ≤ σ, 144
π1 ∪ π2, 137
π|W , 137
[π, σ], 148
π ∨ σ, 144
π ∧ σ, 144
P (k), 151
Pπ, 300, 375, 392
R

(even)
a , 304, 310

Ra1,...,as
, 260

Rµ, 199
Sa, 294
Sµ, 294
Sn, 382
SNC(γn), 390
Sp(a), 35
[s]∗, 341

σ
(n)
a,b , 319

Θs, 259
Θ(inv)

1 , 293
τG, 6
τH, 103
τ̂ , 179
t(ε), 315
TF , 156
tr, 5
tr ⊗ E, 361
U(N), 379
Var, 15
Wg(N,α), 380
Wg, 393
Wi1,...,in

, 82
Zeta, 274
ζ(π, σ), 158
ζP , 158

almost-rising path, 138
alternating (arguments), 240
annihilation operator

left, 103
arcsine law, 13, 201
asymptotically free, 369
averaged eigenvalue distribution, 10,

362

Bell number, 206, 210
Bernoulli variable, 193, 251
bicyclic semigroup, 20
block (of partition), 135
Boolean independence, 64
boxed convolution, 273

canonical factorization, 149
uniqueness, 152

Catalan number
and Möbius function of NC, 163
as moment of semicircle, 28
counting

Dyck paths, 24
non-crossing pairings, 123
non-crossing partitions, 137

definition, 24
recurrence relation, 24

Cauchy–Schwarz inequality, 4, 15
Cauchy transform, 198

definition, 30
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INDEX 413

Stieltjes inversion, 31
c.c.w., 234
centering of random variable, 70
central limit theorem

classical, 120
free, 124

multi-dimensional version, 129
general version, 119

chain in poset, 171
circular element, 187

generalized, 255
of radius r, 324

classical cumulant, 191
coloring, 370
complement (Kreweras), 147
complementation map, 147
complex Gaussian family, 360
compound free Poisson distribution,

206
compression, 229
conditionally positive definite, 216
constant matrix, 372
convergence

in distribution, 116, 126
in ∗-distribution, 126

convolution
boxed, 273
free, 195
incomplete boxed, 295
multiplicative free, 224
of functions in poset, 156

couple in a cyclic way, 234
couple the blocks, 181
covariance matrix

of Gaussian family, 360
of semicircular family, 128

covers, 159
creation operator

left, 103
crossing partition, 135
C∗-algebra

definition, 35
functional calculus, 36
of semicircular system, 102
positive element, 38
reduced C∗-algebra of group, 41
reduced free product, 102
rotation algebra, 58

spectral mapping theorem, 37
spectrum, 35

cumulant
classical, 191
free, 173
vanishing of mixed cumulants, 183

Cuntz relations, 340
cycle decomposition of permutation,

382
cyclic permutation trick, 141
cyclic vector, 97

determined by moments, 117
determining sequence

of even element, 188
of R-diagonal element, 241

determining series
of entries of R-cyclic

family of matrices, 329
matrix, 322

of even element, 282, 304
of R-diagonal element, 263
of R-diagonal pair, 304

direct product of posets, 149
distance on Sn, 390
distribution

convergence in, 116, 126
joint, 50

∗-distribution
and norm, 45
convergence in, 126
in algebraic sense, 14
in analytic sense, 14
joint, 54
of classical random variable, 9
of matrix, 10
of normal element, 8

in C∗-algebra, 43
of random variable, 14
of selfadjoint element, 9

Dyck path, 22
irreducible, 25

eigenvalue distribution
of matrix, 10, 362
of random matrix, 10, 362

element, see also random variable
even element, 188

determining sequence, 188
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414 INDEX

faithful, 5
family

Gaussian, 129, 360
semicircular, 128

family of Cuntz isometries, 340
family of matrix units, 233
Fourier transform, 194
free, 66

asymptotically, 369
∗-free, 66
free binomial distribution, 201, 209
free convolution, 195
free cumulant, 173, 175

of random variables, 185
free family of Cuntz isometries, 340
free group, 66
free independence, 66
free Levy process, 222
free limit theorem

central limit theorem, 124
multi-dimensional version, 129

compound Poisson limit, 206
for triangular array, 211
Poisson limit, 203

free Poisson distribution, 204
compound, 206

free product
of ∗-probability spaces, 88
of C∗-probability spaces, 101
of groups, 67
of non-commutative probability

spaces, 84
of unital algebras, 81
reduced (of C∗-algebras), 102

freely independent, 64
∗-freely independent, 65
freeness, 66

of subgroups, 66
full Fock space, 103
functional

faithful, 5
positive, 4
selfadjoint, 4
vacuum-state, 21
vector-state, 7

functional calculus in C∗-algebra, 36
Fuss–Catalan number, 151

gauge operator, 110

Gaussian family, 129, 360
complex, 360
covariance matrix, 360
moments of, 360
Wick formula, 129, 360

Gaussian random matrix
non-selfadjoint, 364
orthogonal ensemble, 364
selfadjoint, 363

genus expansion, 366
moments of, 366

symplectic ensemble, 364
unitary ensemble, 364

genus expansion, 366
geodesic, 390
GNS representation, 96
GOE, 364
graded poset, 171
group algebra, 6
grow faster than exponentially, 218
GSE, 364
GUE, 364

Haar measure, 379
(α, β)-Haar partial isometry, 255
Haar unitary, 11
Haar unitary random matrix, 379

incomplete boxed convolution, 295
independence

Boolean, 64
classical, 63
concept of, 75
free, 66
tensor, 63

infinitely divisible, 215
interval in poset, 148
interval partition, 154
isometry, 19, 109

join, 144
joint

distribution, 50
∗-distribution, 54
moment, 50
∗-moment, 53

jump distribution (of compound free
Poisson), 206

jump size (of free Poisson), 204
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INDEX 415

Kreweras complement, 147
relative, 288

Lagrange inversion formula, 270
lattice, 144
left annihilation operator, 103
left creation operator, 103
left regular representation, 41
length function on Sn, 382
length of inverval in poset, 159
Levy–Khintchine formula, 220
Lukasiewicz path, 138

Marchenko–Pastur distribution, 368
matrices over non-commutative

probability space, 321
matrix

constant, 372
random, 361

matrix units, 233
mean, 15
meet, 144
Möbius function, 155, 158

of P(n), 172
of NC(n), 163

Möbius inversion, 155, 158
partial, 160

Möbius series, 280
moment, 15

determined by moments, 117
joint, 50

∗-moment
joint, 53
of random variable, 13

moment-cumulant formula, 173, 176
moment series, 260
morphism, 7
multi-chain in poset, 151
multiplicative family

of functionals on NC, 174
of functionals on P, 190
of functions on NC, 166
of functions on NC(2), 165

multiplicative free convolution, 224

Narayana number, 144
NE-SE path, 22
non-commutative

probability space, 3

random variable, 3
non-crossing

pairing, 122
partition, 135

normal, 4
not grow faster than exponentially,

218
number

Catalan, 24
Fuss–Catalan, 151
Narayana, 144

number of
multi-chains in NC(n), 151
non-crossing pair partitions, 123
non-crossing partitions, 137

with given block sizes, 143
with k blocks, 144

pairings, 120, 206
partitions, 206, 210

odd-marked interval, 318
one-sided shift, 21
orbit, 300

pair partition, 119
pairing, 119

non-crossing, 122
parity-alternating block, 318
partial isometry, 109

(α, β)-Haar, 255
partial Möbius inversion, 160
partial summation condition, 331
partially ordered set, 144, see also

poset
partition, 118, 135

interval, 154
non-crossing, 135

path
almost-rising, 138

rise-vector, 138
Dyck, 22
Lukasiewicz, 138
NE-SE, 22

p-Haar unitary, 11
Poisson limit theorem

classical, 209
free, 203

polar decomposition, 247
of circular element, 248
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416 INDEX

of R-diagonal element, 248
poset, 144

chain in, 171
length of, 171
saturated, 171

direct product of, 149
graded, 171
interval in, 148

length of, 159
Möbius function, 158
multi-chain in, 151
rank in, 171
zeta function, 158

positive
element of C∗-algebra, 38
functional, 4
matrix, 87

positive definite, 216
probability space

non-commutative, 3
matrices over, 321
topological, 344

of random matrices, 361
C∗-probability space, 39
*-probability space, 4
process with free increments, 222
projection, 109

quarter-circular distribution, 248

radial series, 277
random matrix, 6, 361

Gaussian
non-selfadjoint, 364
selfadjoint, 363

Haar unitary, 379
Wishart, 368

random variable
p-Haar unitary, 11
circular, 187

of radius r, 324
classical, 5
compound free Poisson, 206
even, 188
free cumulant, 185
free ∗-cumulant, 185
free Poisson, 204
Haar unitary, 11
isometry, 109

matrix, 5
non-commutative, 3
normal, 4
partial isometry, 109
projection, 109
quarter-circular, 248
random matrix, 6, 361
R-diagonal, 241
selfadjoint, 4
semicircular, 29
symmetric Bernoulli, 193, 251
unitary, 4

random variables
free, 66
R-cyclic matrix, 322
R-diagonal pair, 304

Raney’s lemma, 141
rank in poset, 171
rate (of compound free Poisson), 206
rate (of free Poisson), 204
R-cyclic family of matrices, 329
R-cyclic matrix, 322
R-diagonal pair, 304
R-diagonal element, 241

tracial, 241
refinement order, 144
relative Kreweras complement, 288
representation, 7

GNS, 96
respect the coloring, 370
reversed refinement order, 144
right regular representation, 42
rise vector, 138
rotation algebra, 54, 58
R-transform, 260
R-transform, 199

saturated chain in poset, 171
Schur product, 87
selfadjoint

functional, 4
Gaussian random matrix, 363
random variable, 4

self-duality of NC(n), 147
semicircle law, 368
semicircular

family, 128
random variable, 29
system
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INDEX 417

C∗-algebra of, 102
definition, 102

semi-invariant, 191
separating vector, 98
spectral mapping theorem, 37
spectrum, 35
Stieltjes inversion formula, 31
stochastic process, 209
S-transform, 294

tensor independence, 63
Toeplitz algebra, 20
topological non-commutative

probability space, 344
trace, 3
tracial R-diagonal element, 241
transform

Cauchy, 198
Fourier, 194
F-, 293
R-, 260
R-, 199
S-, 294

transposition, 382
triangle inequality for permutations

for distance, 390
for length function, 382

unitary, 4
Haar, 11
p-Haar, 11

unitary random matrix, 379

vacuum
expectation state, 103
vector, 103

vacuum-state, 21
vanishing of mixed cumulants, 183
variance, 15
vector

cyclic, 97
separating, 98

vector-state, 7

Weingarten function, 380
asymptotics, 381, 384

Wick formula, 129, 360
analog for unitary matrices, 380

Wigner’s semicircle law, 367, 368
Wishart matrix, 368

zeta function, 158
zeta series, 274
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