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Talet är tänkandets början och slut.
Med tanken föddes talet.
Utöfver talet når tanken icke.

Numbers are the beginning and end of thinking.
With thoughts were numbers born.
Beyond numbers thought does not reach.

Magnus Gustaf Mittag-Leffler, 1903
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Preface

Our object is to introduce the interested student to the techniques, results, and
terminology of multiplicative number theory. It is not intended that our discus-
sion will always reach the research frontier. Rather, it is hoped that the material
here will prepare the student for intelligent reading of the more advanced re-
search literature.

Analytic number theorists are not very uniformly distributed around the
world and it possible that a student may be working without the guidance of an
experienced mentor in the area. With this in mind, we have tried to make this
volume as self-contained as possible.

We assume that the reader has some acquaintance with the fundamentals of
elementary number theory, abstract algebra, measure theory, complex analysis,
and classical harmonic analysis. More specialized or advanced background
material in analysis is provided in the appendices.

The relationship of exercises to the material developed in a given section
varies widely. Some exercises are designed to illustrate the theory directly
whilst others are intended to give some idea of the ways in which the theory can
be extended, or developed, or paralleled in other areas. The reader is cautioned
that papers cited in exercises do not necessarily contain a solution.

This volume is the first instalment of a larger project. We are preparing a
second volume, which will cover such topics as uniform distribution, bounds for
exponential sums, a wider zero-free region for the Riemann zeta function, mean
and large values of Dirichlet polynomials, approximate functional equations,
moments of the zeta function and L functions on the line σ = 1/2, the large
sieve, Vinogradov’s method of prime number sums, zero density estimates,
primes in arithmetic progressions on average, sums of primes, sieve methods,
the distribution of additive functions and mean values of multiplicative func-
tions, and the least prime in an arithmetic progression. The present volume was

xi
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xii Preface

twenty-five years in preparation—we hope to be a little quicker with the second
volume.

Many people have assisted us in this work—including P. T. Bateman, E.
Bombieri, T. Chan, J. B. Conrey, H. G. Diamond, T. Estermann, J. B. Friedlan-
der, S. W. Graham, S. M. Gonek, A. Granville, D. R. Heath-Brown, H. Iwaniec,
H. Maier, G. G. Martin, D. W. Masser, A. M. Odlyzko, G. Peng, C. Pomerance,
H.–E. Richert, K. Soundararajan, and U. M. A. Vorhauer. In particular, our
doctoral students, and their students also, have been most helpful in detecting
errors of all types. We are grateful to them all. We would be most happy to hear
from any reader who detects a misprint, or might suggest improvements.

Finally we thank our loved ones and friends for their long term support
and the long–suffering David Tranah at Cambridge University Press for his
forbearance.
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Notation

Symbol Meaning Found on page
C The set of complex numbers. 109
Fp A field of p elements. 9
N The set of natural numbers, 1, 2, . . . 114
Q The set of rational numbers. 120
R The set of real numbers. 43
T R/Z, known as the circle group or

the one-dimensional torus, which is
to say the real numbers modulo 1.

110

Z The set of rational integers. 20
B constant in the Hadamard product

for ξ (s)
347, 349

Bk Bernoulli numbers. 496ff
Bk(x) Bernoulli polynomials. 45, 495ff
B(χ ) constant in the Hadamard product

for ξ (s, χ )
351, 352

C0 Euler’s constant 26
cq (n) The sum of e(an/q) with a running

over a reduced residue system
modulo q; known as Ramanujan’s
sum.

110

cχ (n) = ∑q
a=1 χ (a)e(an/q). 286, 290

d(n) The number of positive divisors of n,
called the divisor function.

2

dk(n) The number of ordered k-tuples of
positive integers whose product
is n.

43

E0(χ ) = 1 if χ = χ0, 0 otherwise. 358

xiii
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xiv List of notation

Symbol Meaning Found on page
Ek The Euler numbers, also known as

the secant coefficients.
506

e(θ ) = e2π iθ ; the complex exponential
with period 1.

64, 108ff

L(s, χ ) A Dirichlet L-function. 120
Li(x) = ∫ x

0
du

log u with the Cauchy
principal value taken at 1; the
logarithmic integral.

189

li(x) = ∫ x
2

du
log u ; the logarithmic

integral.
5

M(x) = ∑
n≤x µ(n) 182

M(x ; q, a) The sum of µ(n) over those n ≤ x
for which n ≡ a (mod q).

383

M(x, χ ) The sum of χ (n)µ(n) over those
n ≤ x .

383

N (T ) The number of zeros ρ = β + iγ
of ζ (s) with 0 < γ ≤ T.

348, 452ff

N (T, χ ) The number of zeros ρ = β + iγ
of L(s, χ ) with β > 0 and
0 ≤ β ≤ T.

454

P(n) The largest prime factor of n. 202
Q(x) the number of square-free numbers

not exceeding x
36

S(t) = 1
π

argζ ( 1
2 + i t). 452

S(t, χ ) = 1
π

argL( 1
2 + i t, χ ). 454

si(x) = − ∫ ∞
x

sin u
u du; the sine integral. 139

Tk The tangent coefficients. 505
w(u) The Buchstab function, defined by

the equation (uw(u))′ = w(u − 1)
for u > 2 together with the initial
condition w(u) = 1/u for
1 < u ≤ 2.

216

Z (t) Hardy’s function. The function
Z (t) is real-valued, and
|Z (t)| = |ζ ( 1

2 + i t)|.

456ff

β The real part of a zero of the zeta
function or of an L-function.

173

�(s) = ∫ ∞
0 e−x xs−1 dx for σ > 0;

called the Gamma function.
30, 520ff
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List of notation xv

Symbol Meaning Found on page
�(s, a) = ∫ ∞

a e−wws−1 dw; the incomplete
Gamma function.

327

γ The imaginary part of a zero of the
zeta function or of an L-function.

172


N (θ ) = 1 + 2
∑N−1

n=1 (1 − n/N ) cos 2πnθ ;
known as the Fejér kernel.

174

ε(χ ) = τ (χ )/
(
iκq1/2

)
. 332

ζ (s) = ∑∞
n=1 n−s for σ > 1, known as the

Riemann zeta function.
2

ζ (s, α) = ∑∞
n=0(n + α)−s for σ > 1; known

as the Hurwitz zeta function.
30

ζK (s)
∑

a N (a)−s ; known as the Dedekind
zeta function of the algebraic number
field K .

343

� = sup � ρ 430, 463
ϑ(x) = ∑

p≤x log p. 46
ϑ(z) = ∑∞

n=−∞ e−πn2z for �z > 0. 329
ϑ(x ; q, a) The sum of log p over primes p ≤ x

for which p ≡ a (mod q).
128, 377ff

ϑ(x, χ ) = ∑
p≤x χ (p) log p. 377ff

κ = (1 − χ (−1))/2. 332
�(n) = log p if n = pk , = 0 otherwise;

known as the von Mangoldt Lambda
function.

23

�2(n) = �(n) log n + ∑
bc=n �(b)�(c). 251

�(x ; q, a) The sum of λ(n) over those n ≤ x
such that n ≡ a (mod q).

383

�(x, χ ) = ∑
n≤x χ (n)λ(n). 383

λ(n) = (−1)�(n); known as the Liouville
lambda function.

21

µ(n) = (−1)ω(n) for square-free n, = 0
otherwise. Known as the Möbius mu
function.

21

µ(σ ) the Lindelöf mu function 330
ξ (s) = 1

2 s(s − 1)ζ (s)�(s/2)π−s/2. 328
ξ (s, χ ) = L(s, χ )�((s + κ)/2)(q/π )(s+κ)/2

where χ is a primitive character
modulo q , q > 1.

333
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xvi List of notation

Symbol Meaning Found on page
�(x) = ∑

n≤x �(n)/ log n. 416
π (x) The number of primes not exceeding x . 3
π (x ; q, a) The number of p ≤ x such that p ≡ a

(mod q),.
90, 358

π (x, χ ) = ∑
p≤x χ (p). 377ff

ρ = β + iγ ; a zero of the zeta function or
of an L-function.

173

ρ(u) The Dickman function, defined by the
equation uρ ′(u) = −ρ(u − 1) for u > 1
together with the initial condition
ρ(u) = 1 for 0 ≤ u ≤ 1.

200

σ (n) The sum of the positive divisors of n. 27
σa(n) = ∑

d|n da . 28
τ = |t | + 4. 14
τ (χ ) = ∑q

a=1 χ (a)e(a/q); known as the
Gauss sum of χ .

286ff

�q (z) The q th cyclotomic polynomial, which is
to say a monic polynomial with integral
coefficients, of degree ϕ(q), whose roots
are the numbers e(a/q) for (a, q) = 1.

64

�(x, y) The number of n ≤ x such that all prime
factors of n are ≥ y.

215

�(y) = 1√
2π

∫ y
−∞ e−t2/2 dt ; the cumulative

distribution function of a normal random
variable with mean 0 and variance 1.

235

ϕ(n) The number of a, 1 ≤ a ≤ n, for which
(a, n) = 1; known as Euler’s totient
function.

27

χ (n) A Dirichlet character. 115
ψ(x) = ∑

n≤x �(n). 46
ψ(x, y) The number of n ≤ x composed entirely

of primes p ≤ y.
199

ψ(x ; q, a) The sum of �(n) over n ≤ x for which
n ≡ a (mod q).

128, 377ff

ψ(x, χ ) = ∑
n≤x χ (n)�(n). 377ff

�(n) The number of prime factors of n,
counting multiplicity.

21

ω(n) The number of distinct primes dividing n. 21
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List of notation xvii

Symbol Meaning Found on page
[x] The unique integer such that

[x] ≤ x < [x] + 1; called the integer
part of x .

15, 24

{x} = x − [x]; called the fractional part of x . 24
‖x‖ The distance from x to the nearest

integer.
477

f (x) = O(g(x)) | f (x)| ≤ Cg(x) where C is an absolute
constant.

3

f (x) = o(g(x)) lim f (x)/g(x) = 0. 3
f (x) 	 g(x) f (x) = O(g(x)). 3
f (x) 
 g(x) g(x) = O( f (x)), g non-negative. 4
f (x) � g(x) c f (x) ≤ g(x) ≤ C f (x) for some positive

absolute constants c, C .
4

f (x) ∼ g(x) lim f (x)/g(x) = 1. 3
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