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SERIES EXPANSION METHODS FOR STRONGLY
INTERACTING LATTICE MODELS

Perturbation series expansion methods are sophisticated numerical tools used to
provide quantitative calculations in many areas of theoretical physics. This book
gives a comprehensive guide to the use of series expansion methods for investigating
phase transitions and critical phenomena, and lattice models of quantum magnetism,
strongly correlated electron systems and elementary particles.

Early chapters cover the classical treatment of critical phenomena through high-
temperature expansions, and introduce graph theoretical and combinatorial algo-
rithms. The book then discusses high-order, linked cluster perturbation expansions
for quantum lattice models, finite temperature expansions, and lattice gauge models.
Numerous detailed examples and case studies are also included, and an accompa-
nying resources website, www.cambridge.org/9780521842426, contains programs
for implementing these powerful numerical techniques.

A valuable resource for graduate students and postdoctoral researchers working
in condensed matter and particle physics, this book will also be useful as a reference
for specialized graduate courses on series expansion methods.
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Preface

The past 50 years have seen much progress in our understanding of the behaviour
of complex physical systems, made up of large numbers of strongly interacting
particles. This includes a rather detailed, if not complete, understanding of such
phenomena as phase transitions of various kinds, macroscopic quantum phenomena
such as magnetic order and superconductivity, and the response of such systems
to external probes, vital for the interpretation of experimental results. Such unify-
ing concepts as scaling and universality, long-range order (including off-diagonal,
long-range order), and spontaneous symmetry breaking have led to a unified under-
standing of diverse and complex phenomena.

Central to this endeavour has been the detailed and systematic study of lattice
models of various genera; models which are precisely defined mathematically,
which are believed to embody the essential physics of interest, and which are, to a
greater or lesser extent, mathematically tractable. Exact analytic treatment of these
models is rarely possible. Series expansion techniques, the subject of this book,
provide one of the main systematic and powerful approximate methods to treat
such lattice models.

Our decision to write this book arose from a request from a journal editor to
write a review of our group’s work over the last decade on series studies of quantum
lattice models. On reflection, we came to the view that it would be more useful to
write a book covering the entire field, at a level which would be accessible to
graduate students and other researchers wishing to learn about these methods.
We were also strongly influenced by the appearance of another book, A Guide to
Monte Carlo Simulations in Statistical Physics by Landau and Binder (Cambridge
University Press, 2000), which provides an excellent introduction to Monte Carlo
methods. We felt there was a need for a book, with the same general approach,
for the series expansion field. The response of the physics community will show
whether we were justified in this belief.

viii
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Preface ix

Our archetypal reader, then, is a graduate student or young researcher who wishes
to use series expansion methods for some particular project and who is not overly
familiar with the subject and does not have access to a local expert. As with any
technical area, there are many skills to learn and pitfalls to be avoided. Many of
the computational algorithms needed are heavily combinatorial in nature and wise
or unwise programming can make orders of magnitude difference in both time and
memory demands. In this book we provide examples of efficient computer programs
to do the most commonly needed tasks — there is no need for every worker in the
field to reinvent these things from scratch.

Our approach is to demonstrate results, wherever possible, by means of specific
calculations for simple models, which are worked out in some detail. We hope
that these will provide useful examples and checks for researchers building their
own programs in these areas. We do not attempt to give formal proofs of results,
although an outline proof is sketched in a few basic cases: in general, the reader
must consult the listed references if a more rigorous approach is required.

The choice of content is, as in any book, partly a reflection of our interests.
The later chapters, in particular, are influenced by our own work, over the last 10—
15 years, on series studies of quantum spin models and electronic models. However
we wish to explain rather than to expound and the early chapters, in particular, are
intended to be largely pedagogical. While much of this material is well known (to
those who know it well) and well documented in volume 3 of the Domb and Green
series (Domb, 1974) and in a number of books (e.g. Baker, 1990), it has not, to our
knowledge, been presented in a unified hands-on way with supporting computer
programs.

Inevitably some interesting and important topics have had to be curtailed: for
example the large field of series analysis, where other good sources exist, and the
area of disordered systems, which is treated very briefly. Very little has been included
on those lattice models which are primarily of interest in mathematical physics,
such as Potts models, random walks, and lattice polygons. We have concentrated
primarily on models with more direct physical applications.

The chapters are relatively self contained and some may be skipped at first
reading. In particular Chapter 3 (the free graph method) and Chapter 5 (quantum
antiferromagnets at 7 = () are not prerequisites for chapters which come after
them. A comment on referencing is appropriate. While we have tried to be true to
history, and to acknowledge the pioneers on particular topics by name, we have not
attempted to cite every source. It seemed appropriate to cite in the book only those
sources which, in our view, readers may benefit from following up, or more recent
articles, which give references to earlier work. We can only apologize to any of our
fellow workers whose work has not been fully referenced.
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