
CAMBRIDGE TRACTS IN MATHEMATICS

General Editors

b. bollobas, w. fulton, a. katok, f. kirwan,
p. sarnak, b. simon

163 Linear and Projective Representations of Symmetric Groups

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-83703-3 - Linear and Projective Representations of Symmetric Groups
Alexander Kleshchev
Frontmatter
More information

http://www.cambridge.org
http://www.cambridge.org/9780521837033
http://www.cambridge.org


Cambridge Tracts in Mathematics
All the titles listed below can be obtained from good booksellers or from
Cambridge University Press. For a complete series listing visit
http://publishing.cambridge.org/stm/mathematics/ctm/

142. Harmonic Maps between Rienmannian Polyhedra. By J. Eells and
B. Fuglede

143. Analysis on Fractals. By J. Kigami
144. Torsors and Rational Points. By A. Skorobogatov
145. Isoperimetric Inequalities. By I. Chavel
146. Restricted Orbit Equivalence for Actions of Discrete Amenable Groups.

By J. W. Kammeyer and D. J. Rudolph
147. Floer Homology Groups in Yang–Mills Theory.

By S. K. Donaldson
148. Graph Directed Markov Systems. By D. Mauldin and

M. Urbanski
149. Cohomology of Vector Bundles and Syzygies. By J. Weyman
150. Harmonic Maps, Conservation Laws and Moving Frames.

By F. Hélein
151. Frobenius Manifolds and Moduli Spaces for Singularities.

By C. Hertling
152. Permutation Group Algorithms. By A. Seress
153. Abelian Varieties, Theta Functions and the Fourier Transform.

By Alexander Polishchuk
156. Harmonic Mappings in the Plane. By Peter Duren
157. Affine Hecke Algebras and Orthogonal Polynomials.

By I. G. MacDonald
158. Quasi-Frobenius Rings. By W. K. Nicholson and M. F. Yousif
159. The Geometry of Total Curvature on Complete Open Surfaces.

By Katsuhiro Shiohama, Takashi Shioya and Minoru Tanaka
160. Approximation by Algebraic Numbers. By Yann Bugeaud
161. Equivalence and Duality for Module Categories with Tilting and

Cotilting for Rings. By R. R. Colby and K. R. Fuller

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-83703-3 - Linear and Projective Representations of Symmetric Groups
Alexander Kleshchev
Frontmatter
More information

http://www.cambridge.org
http://www.cambridge.org/9780521837033
http://www.cambridge.org


Linear and Projective Representations
of Symmetric Groups

ALEXANDER KLESHCHEV
University of Oregon

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-83703-3 - Linear and Projective Representations of Symmetric Groups
Alexander Kleshchev
Frontmatter
More information

http://www.cambridge.org
http://www.cambridge.org/9780521837033
http://www.cambridge.org


©  Cambridge University Press 2005

First published 2005

ISBN 978-0-521-83703-3 
ISBN 978-1-107-47164-1 Paperback

University Printing House, Cambridg nited Kingdom 

Cambridge University Press is part of the University of Cambridge.  

It furthers the University’s mission by disseminating knowledge in the pursuit of  
education, learning and research at the highest international levels of excellence. 

UeiCB2 8BS,i

This digitally printed paperback version 2014

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written

permission of Cambridge University Press.

A catalogue record for this publication is available from the British Library

www.cambridge.org
Information on this title: www.cambridge.org/9781107471641

C©

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party internet websites referred to

in this publication, and does not guarantee that any content on such
websites is, or will remain, accurate or appropriate.

Hardback

Digitally Printed in Korea at Kyobo Book Centre

www.cambridge.org© in this web service Cambridge University Press

Cambridge University Press
978-0-521-83703-3 - Linear and Projective Representations of Symmetric Groups
Alexander Kleshchev
Frontmatter
More information

http://www.cambridge.org
http://www.cambridge.org/9780521837033
http://www.cambridge.org


Contents

Preface page ix

PART I: LINEAR REPRESENTATIONS 1

1 Notation and generalities 3

2 Symmetric groups I 7
2.1 Gelfand–Zetlin bases 7
2.2 Description of weights 12
2.3 Formulas of Young and Murnaghan–Nakayama 17

3 Degenerate affine Hecke algebra 24
3.1 The algebras 25
3.2 Basis Theorem 26
3.3 The center of �n 27
3.4 Parabolic subalgebras 28
3.5 Mackey Theorem 29
3.6 Some (anti) automorphisms 31
3.7 Duality 31
3.8 Intertwining elements 34

4 First results on �n-modules 35
4.1 Formal characters 36
4.2 Central characters 37
4.3 Kato’s Theorem 38
4.4 Covering modules 40

5 Crystal operators 43
5.1 Multiplicity-free socles 44
5.2 Operators ẽa and f̃a 47
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Preface

The subject of this book is representation theory of symmetric groups. We
explain a new approach to this theory based on the recent work of Lascoux,
Leclerc, Thibon, Ariki, Grojnowski, Brundan, Kleshchev, and others. We
are mainly interested in modular representation theory, although everything
works in arbitrary characteristic, and in case of characteristic 0 our approach is
somewhat similar to the theory of Okounkov and Vershik [OV], described in
Chapter 2 of this book. The methods developed here are quite general and they
apply to a number of related objects: finite and affine Iwahori–Hecke algebras
of type A, cyclotomic Hecke algebras, spin-symmetric groups, Sergeev alge-
bras, Hecke–Clifford superalgebras, affine and cyclotomic Hecke–Clifford
superalgebras, � � � . We concentrate on symmetric and spin-symmetric groups
though.
We now outline some of the ideas which lead to the new approach. Let

us concentrate on the modular case, as this is where things get really inter-
esting. So let F be a field of characteristic p > 0, and Sn be the symmetric
group. Irreducible FSn-modules were classified by James. His approach is as
follows (see [J] for details). Let S� be the Specht module corresponding to
a partition � of n (the Specht construction works over any field and even
over �). This module has a canonical Sn-invariant bilinear form. The form
is non-zero if and only if � is p-regular, that is no non-zero part of � is
repeated p or more times. In this case the radical of the form, call it Q�, is a
maximal proper submodule. Thus D� �= S�/Q� is an irreducible FSn-module.
Finally, 	D� � � is a p-regular partition of n
 is a complete set of irreducible
FSn-modules.
The main unsolved problem in modular representation theory of symmetric

groups is to find (Brauer) characters and in particular dimensions of irreducible
modules. These will be known if any of the following two equivalent problems

ix
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x Preface

can be solved (see [K6] for the proof of equivalence). Denote by ��n� (resp.
�p�n�) the set of all partitions (resp. p-regular partitions) of n.

Decomposition numbers problem. Find the composition multiplicities

�S� � D� (0.1)

for any � ∈ ��n� and � ∈ �p�n�.

Branching problem. Determine the composition multiplicities of the restric-
tion

�resSnSn−1
D� � D� (0.2)

for any � ∈ �p�n� and � ∈ �p�n−1�.

Motivated by the second problem, the author [K1] obtained certain partial
branching rules, including an explicit description of the socle of the restriction
resSnSn−1

D�, which is equivalent to the description of the spaces

HomFSn−1
�D�� resSnSn−1

D��
(
� ∈ �p�n�� � ∈ �p�n−1�

)
� (0.3)

Another result from [K1] describes the spaces

HomFSn−1
�S�� resSnSn−1

D��
(
� ∈ �p�n�� � ∈ �p�n−1�

)
� (0.4)

It turns out that the spaces in (0.3) and (0.4) are at most 1-dimensional, which
gives two different generalizations of the multiplicity freeness of the branch-
ing rule in characteristic 0. The solution is in terms of delicate combinatorial
notions of a normal node and a good node of a Young diagram (see Chap-
ter 11): the space (0.3) (resp. (0.4)) is non-trivial if and only if � is obtained
from � by removing a good node (resp. normal node). As observed in [K2],
it follows from this description that all irreducible modules appearing in the
socle of resSnSn−1

D� belong to different blocks, the fact sometimes referred to
as the strong multiplicity freeness of the branching rule. A number of further
results on the modular branching problem was established in [K5, K4, BK1].
For example, in [K4] we have described the multiplicity (0.2) when � is
obtained from � by removing a node. It turns out that this multiplicity is
non-zero if and only if the node is normal, but it can be arbitrarily large.
Many applications of the branching rules were obtained, see for example

[K2, FK, BO1, BK4]. But the most important consequence was that they led
to a discovery of deep connections between modular representation theory
and the theory of crystal bases. The link was first made by Lascoux, Leclerc,
and Thibon [LLT]. The nodes of Young diagrams come with residues, which
are elements of �/p�, and we obtain a structure of a directed colored graph
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Preface xi

on the set of all p-regular partitions: by definition, there is an arrow from
� to � of color i ∈ �/p� if and only if � is obtained from � by removing
a good node of residue i. Lascoux, Leclerc, and Thibon made the startling
combinatorial observation that this “branching graph” coincides with the
crystal graph of the basic representation of the affine Kac–Moody algebra �=
A

�1�
p−1, determined explicitly by Misra and Miwa [MiMi]. It turned out later that

the same observation applies to the branching graph for the associated complex
Iwahori–Hecke algebras at a primitive ��+1�th root of unity and the crystal
graph of the basic representation of the affine Kac–Moody algebra �= A

�1�
� ,

see [B]. In this latter case, Lascoux, Leclerc, and Thibon conjectured moreover
that the coefficients of the canonical basis of the basic representation coincide
with the decomposition numbers (0.1) for the Iwahori–Hecke algebras.
This conjecture was proved by Ariki [A1] (see also Grojnowski [G1]). More

generally, Ariki established a similar result connecting the canonical basis of
an arbitrary integrable highest weight module of � to the representation theory
of the corresponding cyclotomic Hecke algebra, as defined in [Ch, AK, BM].
Note that Ariki’s work is concerned with the cyclotomic Hecke algebras
over the ground field �, but Ariki and Mathas [A2, AM] were later able
to extend the classification of the irreducible modules, but not the result on
decomposition numbers, to arbitrary fields. For further developments related
to the LLT conjecture, see [LT1, VV, Sch, A3].
Subsequently, Grojnowski and Vazirani [G2, G3, GV, V2] have developed

a powerful new approach to (among other things) the classification of the
irreducible modules of the cyclotomic Hecke algebras. The approach is valid
over an arbitrary ground field, and is entirely independent of the “Specht
module theory” that plays an important role in Ariki’s work. Branching rules
are built in from the outset, resulting in an explanation and generalization of
the link between modular branching rules and crystal graphs. The methods are
purely algebraic, exploiting affine Hecke algebras in the spirit of [BZ, Z1] and
others. On the other hand, results on decomposition numbers do not follow,
since that ultimately depends on the geometric work of Kazhdan, Lusztig,
and Ginzburg.
In this book, we explain Grojnowski’s approach to the theory in the case

of degenerate affine Hecke algebra. In particular, we obtain an algebraic
construction purely in terms of the representation theory of degenerate affine
Hecke algebras of the positive part U+

� of the enveloping algebra of �=A
�1�
p−1,

as well as of Kashiwara’s highest weight crystals B��� and B��� for each
dominant weight �. These emerge as the modular branching graphs of the
appropriate algebras. As a consequence, a parametrization of irreducible FSn-
modules, classification of blocks (“Nakayama’s conjecture”), and some of
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xii Preface

the modular branching rules mentioned above follow from the special case
�=�0 of the main results.
Part II of the book deals with representation theory of Schur’s double

covers of symmetric groups. This is equivalent to studying projective (or
spin) representations of symmetric groups. The spin theory in characteristic
p was developed in [BK3] (cf. [BMO, ABO1, ABO2, MoY2])–it is parallel
to the theory of linear representations described above, but with the role of
the Kac–Moody algebra �= A

�1�
p−1 played by the twisted Kac–Moody algebra

� = A
�2�
p−1. We note that the modular irreducible spin representations of Sn

were first classified in [BK2], following a conjecture in [LT2], using a more
classical approach via “Specht modules”. However, that approach did not
allow us to obtain any branching rules.
We hope that having both linear and spin theory under one cover will be

useful for the reader. The two theories are actually very similar, if devel-
oped from the new point of view adopted in this book. In fact, a glance at
the contents shows that many sections of Part II are exactly parallel to the
corresponding sections of Part I.
Let us now describe the contents of the book in more detail. We note that

each chapter has its own introduction where the results of the chapter are
motivated and described, sometimes informally. Chapter 1 contains notation
and some basic preliminary results. Chapter 2 is a presentation of the beautiful
theory of Okounkov and Vershik in characteristic 0. It is not directly related
to the rest of the book. However, it is a nice introduction to some ideas
employed further on, and might be a good place to start for less-advanced
readers. Also, it is perhaps the shortest way to some key results of the
classical representation theory of symmetric groups in characteristic 0, such
as classification of irreducible representations, Young’s formulas, and the
Murnaghan–Nakayama formula.
Degenerate affine Hecke algebras �n are introduced in Chapter 3. Basis

Theorem for �n is proved and the center of �n is described. We intro-
duce parabolic subalgebras �� ⊂ �n and the corresponding induction and
restriction functors indn� and resn�. “Mackey Theorem” is a result describing a
filtration of resn�ind

n
� by certain induced modules. An important result relating

induction and duality is proved in Section 3.7.
In Chapter 4, we introduce the formal characters of finite dimensional

�n-modules, discuss central characters and blocks, and then study in detail
a remarkable irreducible �n-module, called Kato module, as well as its
“covering modules”.
The functors ea and their versions �a and �am , which are affine analogues

of Robinson’s a-restriction functors for symmetric groups, are studied in
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Preface xiii

Chapter 5. The (affine version of the) strong multiplicity freeness of the
branching rule is established in Corollary 5.1.7. This allows us to define the
crystal operators ẽa and f̃a in Section 5.2 as the socle and the head of a certain
direct summand of restriction and induction, respectively. We then prove that
the formal characters of irreducible modules are linearly independent and
use the crystal operators f̃a to label the irreducible �n-modules. Section 5.5
contains some further branching results.
In Chapter 6 we establish a sufficient condition for the irreducibility of

the module, induced from an irreducible module over a parabolic subalge-
bra (this condition is far from necessary–see for example [LNT] for results
on the subtle problem of finding necessary and sufficient condition). Then
we calculate characters of some irreducible �n-modules for n ≤ 4. These
calculations provide the reader with concrete examples to play with, but also
are important for the theory, as they will imply that the operators ei on
the Grothendieck group satisfy Serre relations. Finally, some higher crystal
operators are introduced in Section 6.3–these play only a technical role.
Integral representations and (degenerate) cyclotomic Hecke algebras are

treated in Chapter 7. We explain why it is enough to study integral repre-
sentations and reveal their relations with cyclotomic Hecke algebras � �

n . We
introduce Lie theoretic notation related to the Kac–Moody algebra � of type
A

�1�
p−1, which will be used until the end of Part I. The main results of the chap-

ter are Basis Theorem for cyclotomic Hecke algebras, Cyclotomic Mackey
Theorem, and the fact that �-duality commutes with induction for cyclotomic
Hecke algebras.
In Chapter 8 we study the cyclotomic analogues e�i of the functors ei and

introduce the “dual” functors f�
i and related notions. We also introduce the

divided powers functors which generalize e�i and f�
i . The main goal of the

Chapter is to get the f�
i -analogues of the results on ei obtained in Chapter 5,

that is to get the results on induction similar to our previous results on
restriction. This turns out to be quite a bit harder.
Key Chapter 9 begins by defining a Hopf algebra structure on the

Grothendieck group K��� of integral �n-modules for all n ≥ 0, operations
coming from induction and restriction. We prove in Theorem 9.5.3 that the
dual algebra K���∗ can be identified with the universal enveloping algebra of
the positive part of the Kac–Moody algebra �. We also obtain a natural action
of K���∗ on the Grothendieck group K��� of finite dimensional� �

n -modules
for all n≥ 0–under this action the Chevalley generators ei act as operators e

�
i ,

which come from representation theory of � �
n . This action is extended with

the operators f�
i and h�

i to give the action of the full Kac–Moody algebra �,
and the module K��� is identified with the irreducible high weight module
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xiv Preface

V���. Finally, the weight spaces of V��� are interpreted in terms of blocks of
� �

n -modules, see Section 9.6.
In Chapter 10 we identify the crystal graph of V��� as the socle branching

graph of the cyclotomic Hecke algebras� �
n . The consequences for symmetric

groups are deduced in Chapter 11, where we specialize to the case � = �0

and use the explicit description of the corresponding crystal graph to label
the irreducible modules by p-regular partitions, to describe the blocks, and
to deduce some of the branching rules. We also get useful results on formal
characters.
Part II starts with Chapter 12, which is a review on superalgebras and

their representations. This will be needed for the spin theory, as it turns out
extremely convenient to consider the twisted group algebra 	n of Sn as a
superalgebra and then work in the category of 	n-supermodules. In fact, it
is even more convenient to work with the Sergeev superalgebra 
n, which
is defined in Chapter 13. We also prove in this Chapter that 
n is “almost
Morita equivalent” to 	n. Chapters 14–22 are all parallel to the corresponding
chapters of Part I, as indicated in the beginning of each of them, so we do
not review them here in detail.
I have benefited greatly from collaboration with Jon Brundan. I was greatly

influenced by the work of Jantzen and Seitz; Lascoux, Leclerc, and Thibon;
Ariki; and, especially, Grojnowski. The idea to write this book appeared
when I lectured on the topic at the University of Wisconsin-Madison during
my sabbatical leave from Oregon. I am very grateful to Georgia Benkart,
Ken Ono, and especially Arun Ram for their hospitality. I should also thank
the editors–without their repeated (patient) emails I would never have finished.
Most of all, I am indebted to my family (without whom this book might have
been written faster, but that’s not the point...).
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