
Contents

Introduction to the Second Edition page viii

Introduction to the First Edition xi

Prologue xiv
� Polynomial Identity Rings � Group Algebras � Rings of

Differential Operators � Enveloping Algebras � Quantum Groups �

Notation and Terminology �

1. A Few Noetherian Rings 1
� The Noetherian Condition � Formal Triangular Matrix Rings �

The Hilbert Basis Theorem � Skew Polynomial Rings Twisted by

Automorphisms � Skew-Laurent Rings � A Skew Hilbert Basis

Theorem � Simplicity in Skew-Laurent Rings � Additional

Exercises � Notes �

2. Skew Polynomial Rings 26
� Formal Differential Operator Rings � Weyl Algebras � General

Skew Polynomial Rings � A General Skew Hilbert Basis Theorem �

Some Examples � Additional Exercises � Notes �

3. Prime Ideals 47
� Prime Ideals � Semiprime Ideals and Nilpotence � Annihilators

and Associated Prime Ideals � Some Examples from

Representation Theory � Primitive and Semiprimitive Ideals �

Prime Ideals in Differential Operator Rings � Additional Exercises
� Notes �

4. Semisimple Modules, Artinian Modules, and Torsionfree Modules 69
� Semisimple Modules � Semisimple Rings � Artinian Modules �

Artinian Rings � Torsion and Torsionfree Modules � Notes �

5. Injective Hulls 86
� Injective Modules � Essential Extensions � Injective Hulls �

Modules of Finite Rank � Uniform Rank � Direct Sums of Injective

Modules � Assassinator Primes � Additional Exercises � Notes �

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521836875 - An Introduction to Noncommutative Noetherian Rings, Second Edition
K. R. Goodearl and R. B. Warfield
Table of Contents
More information

http://www.cambridge.org/0521836875
http://www.cambridge.org
http://www.cambridge.org


vi contents

6. Semisimple Rings of Fractions 105
� Rings of Fractions � Division Rings of Fractions � Goldie’s

Theorem � Nil Subsets � Additional Exercises � Notes �

7. Modules over Semiprime Goldie Rings 123
� Minimal Prime Ideals � Torsion � Torsionfree Injective Modules
� Torsionfree Uniform Modules � Torsionfree Modules over Prime

Goldie Rings � Notes �

8. Bimodules and Affiliated Prime Ideals 136
� Noetherian Bimodules � Affiliated Prime Ideals � Artinian

Bimodules � Prime Ideals in Finite Ring Extensions � Bimodule

Composition Series � Additivity Principles � Normalizing

Extensions �

Notes �

9. Fully Bounded Rings 156
� Boundedness � Embedding Modules into Factor Rings � Artinian

Modules � Uniform Injective Modules � Notes �

10. Rings and Modules of Fractions 166
� Rings of Fractions � Modules of Fractions � Submodules of

Modules of Fractions � Ideals in Rings of Fractions � Prime Ideals

in Iterated Differential Operator Rings � Additional Exercises �

Notes �

11. Artinian Quotient Rings 187
� Reduced Rank � Applications of Reduced Rank to Finite Ring

Extensions � Small’s Theorem � Affiliated Prime Ideals � Notes �

12. Links Between Prime Ideals 198
� Links � Links and Short Affiliated Series � Links and Affiliated

Primes � Artinian Rings � Normal Elements � Additional Exercises
� Notes �

13. The Artin-Rees Property 222
� The Artin-Rees Property � Link-Finiteness � Module-Finite

Algebras � Notes �

14. Rings Satisfying the Second Layer Condition 233
� Classical Krull Dimension � Bimodule Symmetry and

Intersection Theorems � Finite Ring Extensions � Localization at a

Semiprime Ideal � Embeddings into Artinian Rings � Localization

at Infinite Sets of Prime Ideals � Notes �

15. Krull Dimension 255
� Definitions and Basic Properties � Prime Noetherian Rings �

Critical Modules � Critical Composition Series � FBN Rings �

Polynomial and Skew Polynomial Rings � Weyl Algebras �

Notes �

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521836875 - An Introduction to Noncommutative Noetherian Rings, Second Edition
K. R. Goodearl and R. B. Warfield
Table of Contents
More information

http://www.cambridge.org/0521836875
http://www.cambridge.org
http://www.cambridge.org


contents vii

16. Numbers of Generators of Modules 274
� Topologies on the Prime Spectrum � Local Numbers of

Generators � Patch-Continuity of Normalized Ranks � Generating

Modules over Simple Noetherian Rings � Generic Regularity �

Generating Modules over FBN Rings � Countability of Cliques �

Notes �

17. Transcendental Division Algebras 295
� Polynomials over Division Rings � More Variables � The

Nullstellensatz � Fully Bounded G-Rings � Primitivity and

Transcendence Degree � Quotient Division Rings of Weyl Algebras

and Quantum Planes � Finite Generation of Subfields � Notes �

Appendix. Some Test Problems for Noetherian Rings 319

Bibliography 328

Index 338

© Cambridge University Press www.cambridge.org

Cambridge University Press
0521836875 - An Introduction to Noncommutative Noetherian Rings, Second Edition
K. R. Goodearl and R. B. Warfield
Table of Contents
More information

http://www.cambridge.org/0521836875
http://www.cambridge.org
http://www.cambridge.org

