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Distributions

1.1 Distributions and integral manifolds

1.1.1 Distributions

Let M be an (n + m)-dimensional smooth manifold, and let T : TM — M
be the tangent bundle. By a distribution P on M one means a smooth field
P:aeMv+— P, =P(a) C T,M of m-dimensional subspaces of the tangent
spaces. The number m is called a dimension of the distribution, m = dim P,
and n is called a codimension of P,n = codim P.

There are different ways to say that P is a smooth field, and to define a
distribution. We give the more important ones.

1. As subbundles
Let Ep = U,epP(@) C TM. Then P is a distribution if and only if zp :
Ep — M is a subbundle of the tangent bundle.

2. By local bases
We say that a vector field X € D(M) belongs (or is tangent) to P on a subset
N C M, if X, € P(a) for all a € N. Then smoothness of P means that there
are local bases for P consisting of vector fields that belong to P.

In other words, for any point a € M there exists a neighborhood O of a
and m vector fields X1, ..., X, that belong to P on O and such that vectors
Xi1p,-..,Xmp form a basis of P at any b € O. Note, that the condition
X belongs to P means that the vector field X is a section of the bundle
. Ep—> M.

We denote by D(P) the set of all vector fields that belong to P. It is clear
that D(P) is a module over the algebra C°° (M) of smooth functions on M:

X,Y € D(P) => X + Y € D(P),
feC®M), XeDP)=>fXeDP).
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4 Distributions

In the case when D(P) admits a global basis, consisting, say, of vector fields
X1,..., X we write P = F(X1,...,Xn).

3. By equations
Let Ann(P(a)) C T; M be the annihilator of P(a) C T,M, that is

Ann(P(a)) = {0, € T*M|w, = 0 on P(a)}.

In other words, Ann(P(a)) contains all linear equations for P(a), that is all
covectors w, vanishing on vectors from P(a). Note that dim Ann(P(a)) =n.

We say that a differential 1-form w € Q' (M) annihilates P on a subset
N C M if and only if w, € Ann(P(a)) for all a € N. We denote by
Ann(P) the set of all differential forms on M that annihilate P and by QL)
the C°°(M)-module of differential 1-forms on M. Obviously, Ann(P) is a
module over C*°(M):

o, B € Ann(P) = o + B € Ann(P),

feC®WM), oecAm(P) = fa € Ann(P).
In this terms the smoothness of P means that locally P can be defined by n
differential 1-forms; that is, for any pointa € M there exists a neighborhood
O of a and n differential 1-forms wy, . . ., w, that annihilate P on O and such

that covectors i p, . . . , W, » form a basis of Ann(P (b)) atany b € O. In the
case when Ann(P) admits a global basis, say, oy, ..., ®, we write

P=Flw,...,w).

For the distribution P = F(Xj,...,X,,) one can define its derivatives. The
distribution PY) on M which is generated by the vector fields X1, ..., X,, and
by all possible sorts of commutators [X;, X;] (i < j;i,j = 1,...,m) is called
the first derivative of P, i.e.,

PO = FiXi,ooo X (X1, XL X0 X X1 Xon).
Analogously one can define the higher derivatives: P*+D &ef (P(k))(l) k>1).

1.1.2 Morphisms of distributions

Let F : N — M be a smooth map and let P be a distribution on M. Then
differentials

F*’h : TbN —> TaM
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1.1 Distributions and integral manifolds 5

where a = F(b), define a family F*(P) of vector spaces on N by
F*(P)(b) = F, ' (P(a))

forallb € N.

Dimension dim F*(P)(b) is equal to dim ker F j +dim(Im F ;, N P(a)) and
therefore varies in the general case.

Note thatifw; 4, . . ., Wy 4 isabasisin Ann(P(a)) then F* (w1 4), - - -, F*(Wnq)
generates Ann(F*(P)(b)).

We say that a map F is P-regular if the dimension function b € N —
dim F*(P)(b) is locally constant.

For the case of P-regular maps F*(P) is a distribution on N. We call this
distribution the image of P under F.

The following three cases have great importance in applications.

1. F is a diffeomorphism, then the image F*(P) is well defined for any
distribution P.

2. F is a surjection, or a smooth bundle. Then the image F*(P) is well defined
for any distribution P also.

3. Fis an embedding. Thus N is a submanifold of M. Then regularity F means
that the intersection T, N N P(b) has a constant dimension for all » € N. In
this case we call F*(P) the restriction of P on N.

1.1.3 Integral manifolds

Let P be a distribution on M. A submanifold i : N < M is said to be integral
for P if the restriction of P to N is equal to the tangent bundle, that is,

T,N C P(a) (1.1)

for any pointa € N.

This definition implies that the dimension of an integral manifold cannot
exceed the dimension of a distribution.

If we define distributions in terms of differential 1-forms, say, locally P =
Flwi,...,wy,) then condition (1.1) takes the form

wilyn =0,...,0,n =0

of the so-called Pfaff system.
An integral manifold N is called a maximal integral manifold if for any point

a € N one can find a neighborhood O of a such that there is no integral mani- 43

fold N’ such that N D N N O.
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6 Distributions

From this it is clear that the dimension of maximal integral manifolds does
not exceed the dimension of the distribution. The distributions which have
integral manifolds of the dimension equal to the dimension of the distribu-
tion are the simpler ones. They are called completely integrable distributions,
or CIDs.

A smooth function H € C*°(M) is called first integral for P if dH € Ann(P).

As we will see later on a distribution P, is completely integrable if and only if
it has (locally) n = codim P first functional independent integrals Hy, . .., H,;
that is, (locally) P = F(dH\,...,dH,).

Note that any distribution has at least one-dimensional integral manifolds
(integral curves). Indeed, any integral curve of a vector field X € D(P) is an
integral curve of the distribution P. To find this curve one should solve some
ordinary differential equations (ODEs). This observation has a general nature;
namely, the problem of finding integral manifolds of a distribution implies a
solution of some differential equation, and vice versa, the problem of finding
solutions of differential equations is equivalent to finding integral manifolds of
some distributions.

Let us look at a few examples.

Example 1.1.1 The simplest non-trivial distribution is a one-dimensional dis-
tribution on the plane M = R2. Let x, y be coordinates on M, and let P = F(w)
where w = a(x,y) dx + b(x,y) dy, and a*> + b* # 0. Let N C M be an integral
curve. Assume, for example, that x can be chosen as a (local) coordinate on N.
Then N is a graph of a function h(x),

N = {(x,h(x)),x € R}

and the Pfaff equation w|y = 0 takes the form of the first-order differential
equation

a(x, h(x)) + b(x,y(x))y' (x) = 0.
Note also that P = F(X) where
] a
X = — - —
b(x,y) ™ a(x,y) PR

and therefore to find integral curves of the distribution one should solve the
system of differential equations:

X=bkxy), y=—ax,y).

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521824761
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-0-521-82476-7 - Contact Geometry and Non-linear Differential Equations
Alexei Kushner, Valentin Lychagin and Vladimir Rubtsov

Excerpt

More information

1.1 Distributions and integral manifolds 7

The existence theorem shows that these equations have smooth solutions and
therefore the distribution has integral manifolds of dimension 1. Thus P is a CID.

We observe from this example that integration of a first-order ODE, say,
Y =Fx.y)
is equivalent to finding integral curves of the distribution P = F(w) where
w =dy — F(x,y)dx.

In this case we also have

where

D 0 + F( )8
= — X, -
dx yay

The next example generalizes this observation for ODEs of arbitrary order.

Example 1.1.2 (Cartan distribution) Let M = R**!. Denote the coordinates e

in M by x,po,p1,...,pr and given a function F (x,py, ... ,pr—1) consider the "’%f{
following differential 1-forms:

wo = dpo — p1 dx,
w1 = dp1 — padx,

wk—2 = dpy_2 — pr—1 dx,

wk—1 = dpi—1 — F(x,po,...,pr—1)dx

and the distribution P = F{wo,...,wk—1). This is the one-dimensional
distribution, called the Cartan distribution.

This distribution can also be described by a single vector field D, P = F (D),
where

0 0 d
D=_—+pi—+pr—+- - +pi-1 + F(x,po,....Pk—1) .
dx apo op1 0pk—2 0pr—1
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8 Distributions

If N is an integral curve of the distribution then x can be chosen as a
coordinate on N, and therefore

N = {(x,ho(x), h1 (x), ..., hk—1(x)), x € R}.

Conditions
woly =0, ..., wr2ln=0
imply that
hi=hy, h=Hh, ..., h=h_,
or that

N = {(x,h(x),h/(x), . ,h“‘*“(x)) X € R}

for some function h(x).
The last equation wi—1 |y = 0 gives us an ordinary differential equation

WO (x)y = F (x,h(x),h’(x), .. .,h<k—1>(x)) .
The existence theorem shows us once more that the integral curves do exist, and
therefore the Cartan distribution is a CID.

Note that three is the lowest number of dimensions where one can encounter
a non-CID.

Example 1.1.3 (Contact distribution, see Figure 1.1) Ler M = R*'t! and
let P = F{w) where

n
w=du—) pidg

i=1

in the coordinates (q1, . . ., qn, U,P1,- - ->Pn) ON R2n+1,
Then P is a 2n-dimensional distribution, but there are no 2n-dimensional
integral manifolds of P. Let us assume, for example, that n = 1, and that

N is a two-dimensional integral manifold such that q and p, say, are (local)
coordinates on N. Then N given by u = h(q, p) for some function h(q, p) and
w|n = 0 imply contradictory differential equations for h:

hg =p, hy=0.
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Figure 1.1. The contact distribution in R3.
On the other hand, every smooth function f(qi,...,q,) determines an

n-dimensional submanifold

9 9
Ly = {u=f(q),p1 = 8—;,'-.,19" = a; }

which is integral because of

ol =0.

Note that this distribution can also be defined by 2n vector fields

xio 00 o0
1 = 8q1 pl au7 L] n — 8qn pnau’
a a
Yi=—, ... Y, = .
apl 8pn

This example introduces the special case of a contact distribution, which is
of great importance throughout this book.

Example 1.1.4 (Oricycle distribution) Let M = R x Rt x S! be a three-
dimensional manifold. The following differential form

w=(1—cosp)dx+singpdy—ydp

determines the so-called oricycle distribution on M.
Here x,y > 0 are coordinates on R x R* and ¢ is the angle on S'.
Integral curves of this distribution are oricycles.

Example 1.1.5 Let M be a Mobius strip (see Figure 1.2). Define a one-
dimensional distribution P on M where P(a) is the line perpendicular to the

© Cambridge University Press www.cambridge.org



http://www.cambridge.org/0521824761
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-0-521-82476-7 - Contact Geometry and Non-linear Differential Equations
Alexei Kushner, Valentin Lychagin and Vladimir Rubtsov

Excerpt

More information

10 Distributions

Figure 1.2. The distribution on the Mobius strip.

central circle of the strip. Both modules D(P) and Ann(P) associated with the
distribution are not free because the fibering of the Mobius strip over its central
circle is non-trivial. But both modules become free as soon we cut the bundle
in such a way that it becomes trivial. Integral curves of this distribution are the
fibres of the bundle M — S.

Example 1.1.6 (Overdetermined system of PDEs) Consider the following
overdetermined system of partial differential equations (PDEs):

¢ =A(X,y,0,.9),
¢y =B, y, ¢, %),
Ux = C(x,y, 0, %),
Yy = D(x,y,9,¥),

with respect to functions ¢ (x,y) and ¥ (x,y).
Define two differential 1-forms

w; =du—A(x,y,u,v)dx — B(x,y,u,v) dy
and
w =dv— C(x,y,u,v)dx — D(x,y,u,v)dy

on the space R* with coordinates x, y, U, V.
Then the pair of functions (¢ (x,y), ¥ (x,y)) is a solution of the system if and
only if the surface

F={u=¢@xy),v=1yy}cR

is an integral manifold of the distribution F (w1, ®2).
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