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Introduction

Thisbook isabout risk and derivative securities. In our opinion, no

one hasdescribed the issue more eloquently than Jorge LuisBorges,

an intrepid Argentinian writer. He tellsa fictional story of a lottery in

ancient Babylonia. The lottery ispeculiar because it iscompulsory. All

subjectsare required to play and to accept the outcome. If they lose,

they stand to lose their wealth, their lives, or their loved ones. If they

win, they will get mountainsof gold, the spouse of their choice, and

other wonderful goodies.

It iseasy to see how thisstory isa metaphor of our lives. We are

shaped daily by dosesof randomness. Thisiswhere the providen-

tial financial engineer intervenes. The engineer’sthoughtsare along

the following lines: to confront all thisrandomness, one needsartifi-

cial randomnessof opposite sign, called derivative securities. And the

engineer callsthe ratio of these two random quantitiesa hedge ratio.

Financial engineering isabout combining the Tinker Toysof capital

marketsand financial institutionsto create custom risk-return profiles

for economic agents. An important element of the financial engineering

processisthe valuation of the Tinker Toys; thisisthe central ingredient

thisbook provides.

We have written this book with a view to the following two

objectives:

� to introduce readerswith a modicum of mathematical background

to the valuation of derivatives
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2 Introduction

� to give them the toolsand intuition to expand upon these results

when necessary

By and large, textbookson derivativesfall into two categories: the

first istargeted toward MBA studentsand advanced undergraduates,

and the second aimsat finance or mathematicsPhD students. The

former tend to score high on breadth of coverage but do not go in

depth into any specific area of derivatives. The latter tend to be highly

rigorousand therefore limit the audience. While thisbook iscloser to

the second category, it strivesto simplify the mathematical presentation

and make it accessible to a wider audience. Conceptssuch asmeasure,

functional spaces, and Lebesgue integralsare avoided altogether in the

interest of all those who have a good knowledge of mathematicsbut

yet have not ventured into advanced mathematics.

The target audience includesadvanced undergraduatesin math-

ematics, economics, and finance; graduate studentsin quantitative fi-

nance master’sprogramsaswell asPhD studentsin the aforementioned

disciplines; and practitionersafflicted with an interest in derivatives

pricing and mathematical curiosity.

The book assumeselementary knowledge of finance at the level

of the Brealey and Myerscorporate finance textbook. Notionssuch

asdiscounting, net present value, spot and forward rates, and basic

option pricing in a binomial model should be familiar to the reader.

However, very little knowledge of economicsisassumed, aswe develop

the required utility theory from first principles.

The level of mathematical preparation required to get through this

book successfully comprisesknowledge of differential and integral cal-

culus, probability, and statistics. In calculus, readersneed to know ba-

sic differentiation and integration rulesand Taylor seriesexpansions,

and should have some familiarity with differential equations. Readers

should have had the standard year-long sequence in probability and

statistics. Thisincludesconventional, discrete, and continuousproba-

bility distributionsand related notions, such astheir moment generat-

ing functionsand characteristic functions.

The outline runsasfollows:

1. Chapter 1 providesreaderswith the mathematical background

to understand the valuation conceptsdeveloped in Chapters2

and 3. It provides an intuitive exposition of basic random
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Introduction 3

calculus. Conceptssuch asvolatility and time, random walks, ge-

ometric Brownian motion, and Itô’slemma are exposed heuris-

tically and given, where possible, an intuitive interpretation. This

chapter also offersa few appetizersthat we call paradoxesof fi-

nance: these paradoxesexplain why forward exchange ratesare

biased predictorsof future rates; why stock investing lookslike

a free lunch; and why successin portfolio management might

have more to do with luck than with skill.

2. Chapter 2 developsgeneric pricing techniquesfor assetsand

derivatives. The chapter startsfrom basic conceptsof utility

theory and buildson these conceptsto derive the notion of

a stochastic discount factor, or pricing kernel. Pricing kernels

are then used asthe basisfor the derivation of all subsequent

pricing results, including the Black-Scholes/Merton model. We

also show how pricing kernelsrelate to the hedging, or dynamic

replication, approach that isthe origin of all modern valuation

principles. The chapter concludeswith several applicationsto

equity derivativesto demonstrate the power of the toolsthat

are developed.

3. Chapter 3 specializesthe pricing conceptsof Chapter 3 to in-

terest rate markets; namely bonds, swaps, and other interest

rate derivatives. It startswith elementary conceptssuch asyield-

to-maturity, zero-coupon rates, and forward rates; then moves

on to naı̈ve measuresof interest rate risk such asduration and

convexity and their underlying assumptions. An overview of in-

terest rate derivativesprecedespricing modelsfor interest rate

instruments. These modelsfall into two conventional families:

factor models, to which the notion of price of risk iscentral, and

term-structure-consistent models, which are partial equilibrium

modelsof derivativespricing. The chapter endswith an inter-

pretation of interest ratesasoptions.

4. Chapter 4 is an expansion of the mathematical results in

Chapter 1. It dealswith a variety of mathematical topicsthat

underlie derivativespricing and portfolio allocation decisions. It

describesin some detail random processessuch asrandom walks,

arithmetic and geometric Brownian motion, mean-reverting

processesand jump processes. Thischapter also includesan ex-

position of the rulesof Itô calculusand contrastsit with the
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4 Introduction

competing Stratonovitch calculus. Related toolsof stochastic

calculussuch asKolmogorov equationsand martingalesare also

discussed. The last two sectionselaborate on techniqueswidely

used to solve portfolio choice and option pricing problems:

dynamic programming and partial differential equations.

We think that one virtue of the book is that the chapters are

largely independent. Chapter 1 isessential to the understanding of

the continuous-time sectionsin Chapters2 and 3. Chapter 4 may be

read independently, though previouschaptersilluminate the concepts

developed in each chapter much more completely.

Why Chapter 4 isat the end and not the beginning of thisbook is

an almost aesthetic undertaking: Some finance expertsthink of math-

ematicsasa way to learn finance. Our point of view isdifferent. We

feel that the joy of learning isin the processand not in the outcome.

We also feel that finance can be a great way to learn mathematics.
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Preliminary Mathematics

Thischapter presentsa brief overview of the technical language of

modern finance. In the apparatusthat we shall use, expressionssuch as

Random Walk, Brownian Motion, and Itô Calculus may carry a shroud

of mystery in the readers’ minds. In an attempt to lift thisshroud, we

will be guilty of oversimplification and make no apology for that. Topics

discussed in thischapter will be revisited and fleshed out in more detail

in Chapter 4.

1.1 random walk

Picture a particle moving on a line. Define Xt asthe position of the

particle at time t , with X0 = 0. The particle movesone step forward

(+1) or backward (21) with equal probability at each instant of time,

and successive stepsare independent. At t = 1

Pr [X1 = 21] = Pr [X1 = 1] = 1/2

See Figure 1.1.

Similarly at t = 2, the particle can be at the positions22, 0, 2 with

probabilities1/4, 1/2, and 1/4 respectively (see Figure 1.2). At t = 3,

the valuesfor X and their respective probabilitiesare
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6 Preliminary Mathematics

x Pr [X3 = x]

23 1/8

21 3/8

+1 3/8

+3 1/8

We can calculate the expected value, variance, and standard devi-

ation for Xt asof time zero. For example:

E [X1] =
�

1
2

× (21)
�

+
�

1
2

× 1
�

= 0

Var [X1] = E [X1 2 EX1]2 =
�

1
2

× (21 2 0)2 �

+
�

1
2

× (1 2 0)2 �

= 1

SD[X1] =
�

Var [X1] = 1

Similarly,

E [X2] =
�

1
4

× (22)
�

+
�

1
2

× 0
�

+
�

1
4

× 2
�

= 0

Var [X2] = E [X2 2 EX2]2

= 1
4

× (22 2 0)2 + 1
2 (0 2 0)2 + 1

4
× (2 2 0)2 = 2

SD[X2] =
�

Var [X2] =
:

2

t = 0

X0 = 0

1
2

1
2

X1=1

X1=21

Figure 1.1
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Figure 1.2
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1.1 Random Walk 7

Using a similar logic, we can find the expected value, variance, and

standard deviation of Xt , conditional on X0 = 0, for any t > 0:

X1 X2 X3 . . . Xn

Expected Value E0 [Xt ] 0 0 0 . . . 0

Variance Var0 [Xt ] 1 2 3 n

Standard Deviation
�

Var0 [Xt ] 1
:

2
:

3
:

n

We can generalize the above example. Now the variable X can go up a

step with probability p or down a step with probability q = 1 2 p. The

step size isÃ .

We can calculate the mean, variance, and standard deviation of X1

asbefore. We now have

E [X1] = (p 2 q) Ã = ¿

E
�

X2
1

�

= pÃ 2 + qÃ 2 = Ã 2

Var [X1] = EX2
1 2 (EX1)2 = 4Ã 2 pq

SD[X1] =
�

Var [X1] = 2Ã
:

pq

Define ¿ = (p 2 q) Ã. The variable ¿ iscalled the drift of X. X is

said to follow a random walk with drift when p �= q, and a driftless

random walk when p = q = 1/2. In general we have

E [Xn] = n (p 2 q) Ã = n¿

Var [Xn] = 4Ã 2npq

SD[Xn] =
�

Var [Xn] = 2Ã
:

npq

If the particle takesone step per unit of time then n = t , where t is

the number of unitsof time. We see that the mean of a random walk is

proportional to time, whereasthe standard deviation isproportional to

the square root of time. The latter result stemsfrom the independence

of the incrementsin a random walk. In a financial context, stock returns

are often modeled asrandom walks. If Rt21,t representsthe return on

a stock between t 2 1 and t, then the return over T periodsis

R0,T = R0,1 + R1,2 + · · · + RT21,T
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8 Preliminary Mathematics

Returnsin successive periodsare assumed to be independent. This

meansthat

Var [R0,T] = Var [R0,1 + R1,2 + · · · + RT21,T]

= Var [R0,1] + Var [R1,2] + · · · + Var [RT21,T]

Additionally, if the return in each period hasa constant variance of Ã 2,

then

Var [R0,T] = Ã 2T

and

SD[R0,T] = Ã
:

T

In finance, the standard deviation of a stock’sreturnsisreferred to

asitsvolatility.

1.2 another take on volatility and time

We now give another perspective of volatility and time (Figure 1.3). X

followsa two-dimensional random walk. The step size isÃ . The angle

»i at step i israndom. After two steps, the distance D between the

departure point X0 and X2 isgiven by

D2 = (X0C)2 + (X2C)2

x2

σ

x1

σ

D

x0 = 0 C

θ1

θ2

A

B

Figure 1.3
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1.3 A First Glance at Itô’s Lemma 9

But

X0C = X0A + AC = X0A + X1B = Ã cos»1 + Ã cos»2

and

X2C = X2B + BC = X2B + X1A = Ã sin »2 + Ã sin »1

It followsthat

D2 = Ã 2[(cos»1 + cos»2)2 + (sin »1 + sin »2)2]

= Ã 2[cos2 »1 + sin2
»1 + cos2 »2 + sin2

»2

+ 2(sin »1 sin »2 + cos»1 cos»2)]

Recall the equalities

cos2 »1 + sin2
»1 = 1

cos»1 cos»2 + sin »1 sin »2 = cos(»1 2 »2)

Using these equalitiesyields

D2 = Ã 2[2 + 2 cos(»1 2 »2)]

Because the cosine term equalszero on average, we get

E(D2) = 2Ã 2

SD(D) = Ã
:

2

1.3 a first glance at itô’s lemma

Recall the experiment discussed in the previous section (see

Figure 1.4). It iseasy to check that if we represent the processfor

X asshown in Figure 1.5, where ¿ c (p 2 q)Ã , we get the same drift

and volatility for each process.

X0

p

q

X1=X0+Ã

X1=X02Ã

Figure 1.4
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10 Preliminary Mathematics

X0

1
2

1
2

X1=X0+¿+Ã

X1=X0+¿2Ã

Figure 1.5

X0

1
2

1
2

X�t =X0+¿�t+Ã
:

�t

X�t =X0+¿�t2Ã
:

�t

Figure 1.6

f (X0)

1
2

1
2

f (X�t )= f (X0)+(¿�t+Ã
:

�t) f �(X0)+ 1
2

(¿�t+Ã
:

�t)2 f ��(X0)

f (X�t )= f (X0)+(¿�t2Ã
:

�t) f �(X0)+ 1
2

(¿�t2Ã
:

�t)2 f ��(X0)

Figure 1.7

The second processcan be expressed as

X1 = X0 + ¿ ± Ã

or

�X = ¿ + Ã·

where �X = X1 2 X0 and · = 1 or 21 with probability 1/2 for each

outcome.

We now represent the binomial tree for a change in X given a time

interval �t (see Figure 1.6). The processfor the binomial tree can be

written as

�X = X�t 2 X0 = ¿�t + Ã·
:

�t

where the random variable · keepsthe same propertiesasabove. Now,

how can the variation on a function f (X) be expressed? Thisisthe ques-

tion solved by Itô’slemma. A simple Taylor expansion to the second

order givesthe result shown in Figure 1.7.

For a small �t , we may choose to neglect termsin (�t)n (with n > 1)

to get the outcome shown in Figure 1.8. In shorthand notation,
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