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Au

Co

D)
1Epeak ©)
firap (0)

Firap (0) gy

G(a

G()
G@)
h(9)

prefactor of P(z) depending on the type of distribution for P(z|p)

volume of the unit sphere in D dimensions: C; = 2, Cy, =
w, C3=4n/3

phase space density in p = O at time 6
fraction of cooled atoms (p < py) at time 6
proportion of trapped atoms (p < Prap) at time 6

proportion of trapped atoms evaluated at the time 6 for which h(6)
is optimized

multiplicative factor allowing VSCPT quantum calculations to
give the unconfined model

family of the three states {|g-) ,, 19+) . [€) p} coupled by absorp-
tion and stimulated emission in one-dimensional o /o_ VSCPT

rescaled momentum distribution: (p, 6) = h(0) G (p/pe). Case
(t) infinite and (%) finite

same definition as G(q) but with () and (7) finite
same definition as G(q) but with () and () infinite

height of the peak of cooled atoms: h(@) = P(p =0, 6)

189

33

32

74
74
60, 71

134

153

146

76
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h(©)lopt
hk
Hp
k
ks
LT(s)

L)

P12
Po
Pm(6)

Pmax
Pr
Ptrap
Po

Po,opt

P(X)

optimized height of the peak of cooled atoms

photon momentum

effective Hamiltonian describing the reduced evolution within Fp
photon wave-vector modulus

Boltzmann constant

Laplace transform of any function f (t)

completely asymmetric Lévy distribution of index

atomic mass

number of terms in a sum Ty = ZiNzl 7j; in particular,
number of trapping events during the interaction time 6

number of samples (atoms) used in quantum jump simulations
atomic momentum

modulus of the atomic momentum: p = ||p||

half-width of function t(p) when Ry £ 0: Ry = % (%)a
Doppler width: kpp/M =T'/2

median momentum of the trapped atoms at time 6

width of the dip of the jump rate R(p) in p~0

wall in momentum space (cf. effect of friction forces)

single photon recoil: pr = hk

size of the momentum trap

characteristic momentum at time 6: R(py) -6 =1

characteristic momentum p, evaluated at the time 6 for which h(6)
is optimized

probability distribution (probability density) of any variable x

134

148

45

45

44
4,23

108

25,71
95
26
73

23,25

25

23
70

133

29
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P (Px)
P(7)

O

R(p)

S(t)

S30)

KR()

t

LN

jump rate induced by the i™" pulse in Raman cooling

probability distribution of trapping times , for an atom landing
anywhere in the trap

probability distribution of the sojourn times 7 (p) at momentum p
(deterministic or exponential model)

probability distribution of recycling times 7
probability distribution of the atomic momentum vector p
probability distribution of the momentum modulus p at time 6

atomic parameter determined by the specific laser configuration
and appearing in the expression of

atomic parameter determined by the specific laser configuration
and appearing in the expression of (7)

jump rate (i.e. fluorescence rate, photon scattering rate): R(p) =
1/{z(p)

jumpratein p=0: Ry = R(p=0)

conjugate of a time variable through a Laplace transform
‘sprinkling distribution’ (renewal density)

surface of unit sphere in D dimensions: Sp = DCp

sprinkling distribution of exit times, i.e. rate of exit from the trap
sprinkling distribution of return times, i.e. rate of entry in the trap
last trapping time beforet =6

effective temperature: kg T = §p%/M

sum of any N independent positive random variables z; (in Chap-
terd): Ty = ZiNzl 7i; in particular, total trapping time during an
interaction of duration 6 (in other chapters)

164-166

5,24

30,71

5,24
69, 72
71

126, 127

127

2,20

26, 93

39, 46

55, 56
32
62
62

62

44

24
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N total recycling time during an interaction of duration : Ty = 24
ZiNzl i
Tr recoil temperature: Tr = h?k?/(Mkg) 9
Vp(p)  volume of a sphere of radius p in D dimensions: Vp(p) = Cp pP 32
w(®)  half-width at e=1/2 of the peak of cooled atoms (idem §p): #(p = 70, 73
w(®),0) =e" 27 (p=0,6)
W(r) waiting time distribution (delay function), i.e. distribution of the 14, 58
time intervals t between two successive spontaneous emissions
Y (X) Heaviside function (x < 0: Y(X) =0; x > 0: Y(x) = 1) 49,72
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v(B,X)

g, (P)

I'(x)

[e23)

p
Ap

A

Aopt(0)

=

7(p,0)

exponent of p (< po) in R(p): R(p) = % (p_%)
incomplete Gamma function: y (8, X) = fox e Uuf—1du

natural width of the excited state e. "1 is the radiative lifetime of
e

decay rates of states [g+) ,

decay rates of the three eigenmodes of I:|p: F3(p) ~ T, I'i(p) =
Fc(p), I'2(p) = Inc(p)

gamma function: I'(x) = [~ t*~le~tdt

effective detuning between the laser frequency w_ and the atomic
frequency wa, including the recoil frequency Qr: 6§ = o — wa +
QR

half-width at e=1/2 of the peak of cooled atoms (idem w(6))
root mean square (rms) step length of the momentum random walk
duration of the interaction between the atoms and the laser beams

optimization parameter appearing in the expressions of t, and (7):
A = (Q1/T)? for VSCPT, A = 1/(I"tp,1) for Raman cooling

wavelength associated with the atomic transition with frequency
WA ﬂ.A = 27TC/0)A

value of A optimizing the height h(9) of the momentum distribution
after an interaction time 6

exponent of a power-law probability distribution P(z) =~

T—>00

mg‘/(r”“); in particular, exponent of the probability
distribution of trapping times: © = D/«

exponent of the probability distribution of recycling times (when
power-law distributed)

reduced momentum distribution, more precisely one-dimensional
section of the three-dimensional momentum distribution

25
31
148

152

148-152

31, 59

148

8
22,28
3,12

126-127

148

131

43

33
41

72

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org
http://www.cambridge.org
http://www.cambridge.org/0521808219

Cambridge University Press
0521808219 - Levy Statistics and Laser Cooling: How Rare Events Bring Atoms to Rest - Francois Bardou,
Jean-Philippe Bouchaud, Alain Aspect and Claude Cohen-Tannoudji

Index
More information

194

Index of main notation

Notation

Definition

Page

N (Tn)

o (p)

o (Px)

70

Tb

T(p)

Tp’i

Tret(6) |opt

Ttrap

[Wnc(p))
[We(p))
¥(z|p)

191

Ql, opt

QR

probability distribution of a sum Ty

probability density for an atom entering the trap to land at a
momentum of modulus p

probability density for an atom entering the trap to land at mo-
mentum py

any positive random variable distributed as a power law for large
T

in particular: trapping time, i.e. (random) sojourn time in the trap
recycling time, i.e. first return time
inverse of the jump rate R(p) at saturation

scale of random variable t distributed as a power law for large
i P(r) =~ prlt/@tt
T

—00
in particular: scale of trapping times
scale of recycling times (when power-law distributed)

sojourn time at momentum p: (z(p)) = 1/R(p)

duration of the i™ pulse used in Raman cooling with square
pulses

average return time to the peak of half-width pg, opt for the opti-
mum condition 4 = Agpt(6)

average sojourn time at p = Prrap: Ttrap = 1/ R(Ptrap)
non-coupled state of H p associated with the decay rate I'>(p)
coupled state of I3|p, associated with the decay rate I'1(p)

probability that the trapping time exceeds t for an atom with
momentum p: v (z|p) = [, d/P(z'| p)

Rabi frequency (defined for a transition with a Clebsch-Gordan
coefficient equal to one)

Rabi frequency optimized for an experiment of duration 6

angular frequency associated with the recoil kinetic energy
h?k?/2M: Qr = hk%/2M

46

32

29

43

5,23
5,23
26

43

33
41
12

164, 165

135

29
151
151

71

148

133

148
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absorbing wall, see wall
aging, 59
anomalous

diffusion, 1

random walks, 1
Arrhenius law, 43

broad distributions, 42-59, see power-law
distribution, sprinkling distribution
connection with non-ergodicity, 97
generalized Central Limit Theorem, 44
broadband Doppler cooling on a narrow transition,
141

Central Limit Theorem, 3, 24-25, 43
generalized, 24, 28, 33, 43-49
proof, 45
change of variable as origin of broad distribution, 43
characteristic momentum, 69
CLT, see Central Limit Theorem
coefficient of variation, 52
coherence length, 13
confined model (of recycling)
definition, 26
distribution of recycling times, 39-40
for Raman cooling, 168, 169
for Velocity Selective Coherent Population
Trapping, 159, 163
tests of the statistical approach, 111, 113, 116
cooled atoms, see height (width) of the peak of cooled
atoms, momentum distribution, trapped atoms
cooled atoms fraction, see momentum distribution
(important features), trapped atoms proportion
definition, 74
optimization, 135
relation to non-ergodicity, 97, 98
cooling, see laser cooling

damping (of momentum), see friction

dark state, 2, 3, 10, 11, 165, 166

delay function, 14-20, see Monte Carlo simulations,
quantum jump simulations, stochastic wave
functions

in Velocity Selective Coherent Population
Trapping, 146
method, 14, 104
deterministic model (for trapping times), 29-30, 33
devil’s staircase, 54
diffusion, 2, 8, 9, see anomalous diffusion, random
walk, spatial diffusion
dimensionality
influence on recycling time distribution, 39
influence on trapping time distribution, 32
role in subrecoil cooling: tests of the statistical
approach, 120-122
discrete Laplace transform, see Laplace transform
dissipation, 8
distributions, see broad, exponential, Lévy, narrow,
power law, sprinkling distributions
domination of rare events, see Lévy sum (hierarchy
in)
Doppler cooling, 2, 8, 25
broadband, see broadband Doppler cooling
narrow transition, see broadband Doppler cooling
Doppler effect, 8, 152
Doppler model (of recycling)
definition, 26
distribution of recycling times, 37-38, 172-176
for Velocity Selective Coherent Population
Trapping, 157, 158, 162
tests of the statistical approach, 106
Doppler shift, 11, 148, 150

elementary step of the momentum random walk, 22,
28, 160, 169
ensemble average, 61
versus time average, 60-62, 67, 99
ergodicity, see ensemble average, time average,
non-ergodicity
experiments on subrecoil cooling
comparison with optimized cooling conditions, 134
overview, 102-103
role of friction in higher dimensions, 121
role of friction in one dimension, 120
width and shape of the peak of cooled atoms,
116-120

195
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exponential distribution, 43, 52
exponential model (for trapping times), 30-31, 33

Feynman path integral, 174-175
first return time, see recycling time
fluctuations, 8, see Lévy sum
fluorescence, see spontaneous emission
rate, 2, 147, see jump rate
friction, 25, see confined model
in standard laser cooling, 2, 7
in subrecoil cooling, 10, 11, 25-26, 140, 159
role in subrecoil cooling: tests of the statistical
approach, 120-122, see Fig. 8.9

Gaussian distribution, 4, 44
generalized CLT, see Central Limit Theorem
generalized momentum, 11
Generalized Optical Bloch Equations, 13, see Velocity
Selective Coherent Population Trapping
for the Doppler model, 107, 109
for the unconfined model, 110
tests of the role of friction in two dimensions, 121
trapped atoms proportion, 107, 109, 110
width and height of the cooled peak, 116
glasses, 59
GOBE, see Generalized Optical Bloch Equations

half-width, see width of the peak of cooled atoms
Hamiltonian, effective, 14, 147
exact diagonalization, 149
harmonic oscillator, 174
height of the peak of cooled atoms, see momentum
distribution (important features)
definition, 73
for finite (z) and (7), 81
for infinite (z) and (), 85
for infinite (z) and finite (), 76
in optimized conditions, 134
optimization, see optimization of the peak of
cooled atoms
physical interpretation and connection with the
sprinkling distribution, 74, 92
relation to non-ergodicity, 99
heuristic arguments on subrecoil cooling, 69-70
hierarchical structure, see Lévy sum
hypergeometric function, 76

interaction time, 12, 23
isotropic random walk, see random walk (isotropic)

jump
momentum, see momentum (jumps)
quantum, see quantum jump
jump rate, 3, 9-12, 20-21, 147
calculation for Raman cooling, 164-168
in p = 0, seenon-vanishing jump rate at p =0
inhomogeneous, 9-11, 22
models, 25-28, see models
non-quadratic, 32
quadratic, 28-31
quantum calculations for Velocity Selective
Coherent Population Trapping, 146-154

simplified, 20-21
Kundt tube, 10

Laplace transform, 36
discrete, 36
notation, 45
of a Lévy distribution, 45
of a power-law distribution, 47
largest term, see Lévy sum
laser cooling, see Doppler, non-ergodic, Raman,
Sisyphus, standard, subrecoil cooling, VSCPT
experiments, see experiments on subrecoil cooling
introduction to, 1-2
laser wavelength, 13
law of large numbers, 4, see Lévy sum
(N-dependence)
Lévy distribution, 4, 45
Laplace transform, 45
properties, 48
Lévy statistics, 4, 42-59
Lévy sum, 44
N-dependence, 49
definition, 44
fluctuations, 52
hierarchy in, 50, 54, 55, 70
largest term, 51
numerical illustration, 53
predictability, 53
properties, 49-55
repeatability, 53
logarithmic corrections when p = 1, 86, 177-179

many-atom effects, 142
MCWF, see Monte Carlo (Wave Function)
median momentum, 73, see momentum distribution
(important features)
models
of recycling, see recycling (region), unconfined,
confined, Doppler models
of the inhomogeneous random walk, see Section
3.2
of trapping, see trapping region, trapping time
(deterministic, exponential models)
molasses, 8
momentum
confinement, see friction
damping, see friction
diffusion, see diffusion
generalized, see generalized momentum
jumps, 28
median, see median
of a single photon, 2
random walk, see random walk
trapping, see dark state
momentum distribution, 69-87, see heuristic
arguments on subrecoil cooling
along a given axis, 72-73
characteristic momentum, see characteristic
momentum
cooled atoms fraction, see cooled atoms fraction
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explicit forms, 75, 80, 84

expressions of, 71-75

flatness around p = 0, 76, 81, 96, 119, see Fig. 8.8

for finite (z) and finite (), 79

for infinite (7), 83

for infinite () and finite (), 75

height, see height of the peak of cooled atoms

important features, 77, 82, 85, 86

median, see median momentum

modulus distribution, 71

overview of main results, 86

rate equation, see rate equation

self-similarity, 77, 82, 85, 118, seeFig. 8.7

shape, see shape of the peak of cooled atoms

tails, seeftails of the peak of cooled atoms

tests of the statistical approach, seetests (of the
statistical approach)

trapped atoms, see trapped atoms

width, see width of the peak of cooled atoms

Monte Carlo

simulations, 14-16, see delay function, quantum
jump simulations, Raman cooling, stochastic
wave functions

Wave Function, 16

narrow distribution, see sprinkling distribution
Central Limit Theorem, 44
non-ergodic cooling, 3, 100, see subrecoil cooling
non-ergodicity, 24, 67, 96-100, 122, see steady-state
connection with broad distributions, 97
cross-over between non-ergodic and steady-state
behaviour with non-vanishing jump rate at
p=0,96
fraction-limited, 97, 98, 100
global, 97, 98, 100
non-ergodic versus ergodic histories, 98, 99
various degrees, 97
with non-vanishing jump rate at p = 0, 96
non-stationarity, 96-100
momentum distribution flatness as a signature of
non-stationarity and non-ergodicity, 96
non-vanishing jump rate at p = 0, 93-96
normal distribution, see Gaussian distribution

optical molasses, 8
optimization of the peak of cooled atoms, 124-136
comparison with experiments, 134
cooled atoms fraction, 135
features of the optimized cooling, 133-135
intuitive explanation of the existence of an
optimum, 128-129
optimization parameter, 126, 127
parametrization, see parametrization of the cooling
process
possible improvements, 140
random walk interpretation of the optimized
solution, 135-136
using Lévy sums, 131-132
using the expression of the height, 130-131
order statistics, see Lévy sum (hierarchical structure)

parametrization of the cooling process, 126-128

parameters of the statistical models
correspondence with atomic and laser parameters,
145-171
for Raman cooling, 168-170
for Velocity Selective Coherent Population
Trapping, 155-160
peak of the momentum distribution
contribution to the sprinkling distribution, see
sprinkling distribution
height, see height of the peak of cooled atoms
tails, see momentum distribution, sprinkling
distribution
width, see width of the peak of cooled atoms
phase space density, 74
Poisson process, 59
power-law distribution, 42-44, see broad distribution
Laplace transform, 47
random generator, 53
power-law tails, 43
predictability, see Lévy sum
proportion of trapped atoms, see trapped atoms

quadratic jump rate, see jump rate
quantum jump, 14
description, 14-15, see delay function, Monte
Carlo, stochastic wave function
quantum jump simulations, see delay function,
Velocity Selective Coherent Population Trapping
for the confined model, 112
for the Doppler model, 107
for the unconfined model, 109
tests of the role of friction in one dimension, 120
trapped atoms proportion, 107, 109, 112
width and shape of the peak of cooled atoms, 113
quasi-steady-state
for the tails, seetails of the peak of cooled atoms

Raman cooling, 2, 10-11, 25, 28, 34
correspondence between statistical parameters and
atomic and laser parameters, 164-171
experiments, see experiments on subrecoil cooling
jump rate, 164-168
Monte Carlo simulations, 105
optimization parameter, 127
sequence of pulses, 165-168
single pulse excitation, 164-165
random generator, see power-law distribution
random recoil, 9
random walk, see diffusion
anomalous, see anomalous random walks
in Hilbert space, 16-19, 142
in standard cooling, 8
in subrecoil cooling, 9-12, 16
inhomogeneous, 9-12, 16, 22, see models
interpretation of optimum cooling, 135-136
isotropic, 25
of the momentum, 2, 8, 9, 19-22, see elementary
step of the momentum random walk
rare events, see Lévy sum (hierarchy in)
rate equation for the momentum distribution, 88-91
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198

recoil
limit, 9, 12
random, 8, 9
single photon, 2
temperature, see temperature
recycling, 22-28, 34-41, see friction; confined,
unconfined and Doppler models
region, 22-23, 26
time, 23-25
time distribution, 34-41, 162, 171
versus trapping, see trapping
renewal density, 58, see sprinkling distribution
renewal process, 58, 138
in quantum optics, 58
repeatability, see Lévy sum
return time, see recycling (time)

scaling, 4, see law of large numbers, Lévy sum
(N-dependence)
scattering rate, 2, see jump rate
second-order correlation function, 58, 59
self-similarity, see momentum distribution
in Lévy sums, 55
shape of the peak of cooled atoms, see momentum
distribution (important features), quantum jump
simulations (tests)
for finite (z) and (7), 81
for infinite (z) and (t), 85
for infinite () and finite (), 76
results of the statistical approach for VSCPT
(confined), 113
tests of the statistical approach, 113-120, see
figures 8.4, 8.7 and 8.8
Sisyphus cooling, 2, 8, 159
sojourn time, 12
spatial diffusion, 74
spontaneous emission, 8, 14
sprinkling distribution, 55-59

Index

steady-state
absence of, 11, see non-ergodicity
case of a non-vanishing jump rate at p = 0, 94
for the tails, seetails of the peak of cooled atoms
stochastic wave functions, 17
subrecoil cooling, see non-ergodic cooling, Raman
cooling, Velocity Selective Coherent Population
Trapping
as a momentum random walk, 19-21
experiments, see experiments on subrecoil cooling
introduction to, 2-3, 9-12
quantum description, 12-19, see Generalized
Optical Bloch Equations, quantum jump
simulations
various approaches (other than statistical), 102-105
with non-vanishing jump rate at p = 0, 95

tails of the peak of cooled atoms, see momentum
distribution (important features)
p-dependence, 92
0-dependence, 92
adiabatic following of the sprinkling distribution,
91
contribution to the sprinkling distribution, see
sprinkling distribution
for finite (r) and (7), 83
for infinite (z) and (t), 85
for infinite (z) and finite (), 79
physical discussion, 91-92
quasi-steady-state, 91
steady-state, 91
steady-state versus quasi-steady-state, 91
temperature, see width of the peak of cooled atoms
effective, 8
recoil, 9
tests of the statistical approach
shape of the peak of trapped atoms, see shape

as a source term for the momentum distribution rate trapped atoms proportion, see trapped atoms

equation, 89
contributions of the peak and of the tails, 89
definition, 55
examples, 57
for infinite (r) and (7), 66
for infinite (z) and finite (z), 65
interpretation of the time dependence, 90
Laplace transform, 55
logarithmic corrections when . = 1, 178
of a broad distribution, 59
of a narrow distribution, 58
of exit events, 62
of return events, 61, 62
role in the height of the peak of cooled atoms, see
height of the peak of cooled atoms (physical
interpretation)
role in the momentum distribution expressions, 75
slowing down, 90
spurious mechanisms, 26
standard cooling, 7-9
statistical approach
tests, see tests of the statistical approach
validity, exactness, 122, 158

proportion (statistical approach versus
quantum jump simulations)

Velocity Selective Coherent Population Trapping
(experiments), see experiments on subrecoil
cooling

Versus experiments, see experiments on subrecoil
cooling

versus Generalized Optical Bloch Equations, see
Generalized Optical Bloch Equations

versus quantum jump simulations, see quantum
jump simulations

width of the peak of trapped atoms, see width of the
peak of trapped atoms

thermal activation, 43
time
interaction, see interaction time
sojourn, see sojourn time
time average, 60
versus ensemble average, see ensemble average
trap size, 23, 74
trapped atoms
ensemble average, 60, 61
time average, 60
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trapped atoms proportion, 60-68, see cooled atoms
fraction
and non-ergodicity, 67
calculation, 62
for finite () and (7), 64
for infinite (z) and (7), 66
for infinite (z) and finite (), 64
in optimized conditions, 134
Laplace transform, 63
relation to momentum distribution, 71
results of the statistical approach for VSCPT
(confined), 111
results of the statistical approach for VSCPT
(Doppler), 106, 107
results of the statistical approach for VSCPT
(unconfined), 109
statistical approach vs. quantum jump simulations
(and GOBE), 105-113, seefigures 8.1, 8.2 and
8.3
trapping, 22-34
in position space, 141
of the momentum, 2
region, 22-23, 25-26
state, 151, see dark state
versus recycling, 61, 130
trapping time, 23-25
deterministic model, see deterministic model
distribution, 28-34, 161, 170
exponential model, see exponential model

unconfined model (of recycling)
definition, 26
distribution of recycling times, 35-37
for Velocity Selective Coherent Population
Trapping, 153, 158, 163

tests of the statistical approach, 109, 116

variable change, see change of variable
Velocity Selective Coherent Population Trapping, 2,
10-11, 25, 28, 34, see shape of the peak of
cooled atoms, trapped atoms proportion
correspondence between statistical parameters and
atomic and laser parameters, 145-163
experiments, see experiments on subrecoil cooling
Generalized Optical Bloch Equations treatment,
103
optimization parameter, 126
quantum jump simulations, 104
guantum optics calculations, 103-105, 146-154
VSCPT, see Velocity Selective Coherent Population
Trapping

waiting time distribution, 58, see delay function,
trapping time distribution, recycling time
distribution
wall
absorbing, 27, 140
confining, 25, see confined model, friction
width of the peak of cooled atoms, see momentum
distribution (important features), quantum jump
simulations
definition, 73
heuristic argument, 70
in optimized conditions, 133
result of the statistical approach for VSCPT
(confined), 115
tests of the statistical approach, 113-120, see
figures 8.4, 8.5 and 8.6
wings of the momentum distribution, see tails of the
peak of cooled atoms
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