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asymptotic stability, 29
asymptotic-suction boundary layer,
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atmosphere, static stability of, 60
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free–free, 98, 99, 112
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rigid–rigid, 99

boundary layer
asymptotic-suction, 197
instability of, 169, 219
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boundary layer (continued)
on a plate, instability of, 158, 166, 170

Boussinesq approximation, 95, 193, 194
Boussinesq equations, 95, 114
Boussinesq fluid, 95, 117
breaking, symmetry, 13, 21, 51, 210, 211,

221, 226, 232
broken-line jet, instability of, 187
Brunt–Väisäla frequency, 194
buoyancy, 42
buoyancy frequency, 107, 135, 194
Burgers equation, 85, 90
nonlinear modes for, 90
spatial mode for, 86

bypass transition, 5, 176, 177, 211, 212

calculus of variations, 114
capillary instability
of gas jet, 66
of plane jet, 66

cat’s-eye pattern, 147, 190
nonlinear solution for, 190
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hexagonal, 112
rectangular, 112
roll, 100, 112, 115

centre mode, 170, 181
chaos, 1, 4, 7, 116, 130, 210, 212
Ruelle–Takens–Newhouse route to, 213

characteristics, stability, 34
clear-air turbulence, 54
closed flow, 69
clouds, 54, 105
Coanda effect, 226
coherent structure, 221
completeness of normal modes, 30, 31, 38
complex Landau equation, 36
condition, solvability, 80, 87, 199
condition for instability
Fjørtoft’s necessary, 145, 146
Rayleigh’s necessary, 144–146

condition for stability, Miles–Howard, 194,
195

conditions
at a discontinuity of the basic flow, 149,

202
jump, 149, 182, 183, 202

constant
complex Landau, 87
Landau, 21, 78

convection
double-diffusive, 119, 122
Lapwood, 117
Marangoni, 121
nonlinear thermal, 116
Rayleigh–Bénard, 99
Rayleigh–Darcy, 117

convection cells
hexagonal, 112
rectangular, 112
roll, 100, 112, 115

convection driven by variation of surface
tension with temperature, 121

convection of energy, 82
convection in a porous medium, 117
convective instability, 69, 85, 99
Couette flow, 136
plane, 14

criterion, Schwarzchild’s, 60
criterion for instability of swirling flow,

Rayleigh’s, 124, 135, 137
critical layer, 143, 147, 148, 150, 157,

164–168, 170, 171, 183
critical Rayleigh number, 98, 214
critical Reynolds number, 3, 4, 31, 158, 214
Poiseuille pipe flow, 3

cross-flow, instability of, 192, 205
crossing, avoided, 42
crystal growth, 105
curve
marginal, 98, 200
neutral, 200

cycle, limit, 26
cylinder, instability of flow past a, 220

Darcy’s law, 61, 117
Dean equation, 40, 229
Dean problem, 40, 229
deck, triple, 166
degree theory, Leray–Schauder, 208
diffusion, double, 119, 120
diffusion equation, 111
nonlinear, 76

discriminant, Rayleigh, 135, 136
dispersion relation, 70, 73, 85, 86, 200
dissipation of energy, 82
distinguished limit, 78
disturbance, 4, 22
double diffusion, 119, 120
double-diffusive convection, 119, 122
double-diffusive instability, 122
double-diffusive nonlinear wave, 120
doubling, period, 103, 210, 213

eN method, 177
effect
Coanda, 226
Gibbs–Thomson, 105
Marangoni, 105, 121
Soret, 105

elevation of a material surface, 48, 183
elliptical flow, instability of, 42
elliptical instability, 42, 176
energy, kinetic, 43, 82, 83
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energy budget, 82
energy convection, 82
energy dissipation, 82
energy equation, 91, 162, 196
Reynolds–Orr, 83, 147, 149

energy method, 83, 113, 162
energy perturbation, 82
energy transfer, 82
equation(s)
adjoint, 183
Boussinesq, 95, 114
Burgers, 85, 90
complex Landau, 36
Dean, 40, 229
diffusion, 111
energy, 91, 162, 196
Euler’s, 44, 138, 179, 184, 192
Euler–Lagrange, 92, 114
Ginzburg–Landau, 81
Helmholtz’s, 97, 100, 112
Landau, 21, 35, 36, 75, 78, 80, 82, 102,

116, 119
Liouville’s, 190
Navier–Stokes, 7, 10, 11, 28, 41, 42, 198
nonlinear diffusion, 76
nonlinear Poisson, 191
nonlinear Schrödinger, 87
Orr–Sommerfeld, 157, 198, 201, 202
parabolized stability, 159
Poisson’s, 44
Rayleigh stability, 142, 182
Reynolds–Orr energy, 83, 91, 147, 149,

196
Taylor–Goldstein, 194, 195

equations of motion of a fluid
Euler’s, 44, 123, 134, 138, 179, 184, 192
Navier–Stokes, 10, 11, 41, 42

equivalence, principle of, 51
Euler’s equations of motion, 186
of a fluid, 44, 123, 134, 138, 179, 184, 192

Euler–Lagrange equations, 92, 114
exchange of stabilities, 27
principle of, 97, 107, 121, 126, 134, 209

first harmonic, 76
Fjørtoft’s necessary condition for instability,

145
flat plate, instability of flow past a, 216
Floquet theory, 209, 234
flow
basic, 28
closed, 69
Couette, 136
Jeffery–Hamel, 16, 39–41, 228, 235
laminar, 3
open, 69
plane Couette, 14

plane Poiseuille, 5, 14, 40
Poiseuille pipe, 5, 34
primary, 27, 210
secondary, 27, 210
Stokes, 41, 84, 208, 219, 221, 225
uniform, 91
uniformly rotating, 91

flow past a cylinder, instability of, 220
flow past a flat plate, instability of, 216
flow past a sphere, instabilities of, 225
fluid, Boussinesq, 95, 117
fold bifurcation, 12
form, normal, 82
Fredholm alternative, 80, 89
Fredholm operator, 89
free shear layer, 53, 69, 187
instability of, 187

free–free boundary conditions, 98, 99, 112
free–rigid boundary conditions, 99
frequency
Brunt–Väisäla, 194
buoyancy, 107, 135, 194

function, Airy, 137, 165, 201
functional, Liapounov, 84, 162
fundamental, 76

Galilean transformation, 53, 69, 73, 87, 147
gas jet, capillary instability of, 66
Gaster’s transformation, 200
generation of waves by wind, 46
Gibbs–Thomson effect, 105
Ginzburg–Landau equation, 81
global asymptotic stability, 35
global mode, 219
globally asymptotic stability, 84, 91, 92
Görtler instability, 131
Görtler number, 134
Görtler vortices, 131
gravity wave
internal, 50, 192
surface, 50

group velocity, 70, 72, 73, 86, 87, 200

harmonic, 211
first, 76
second, 76

Heisenberg’s solutions of Orr–Sommerfeld
equation, 164

Helmholtz’s equation, 97, 100, 112
hexagonal cells, 112
Hopf bifurcation, 26, 27, 209, 221, 232
Howard’s semicircle theorem, 147

identity, Lagrange’s, 88
incompleteness of normal modes, 31, 38
inflection-point condition for instability,

Rayleigh’s, 144
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instabilities of flow past a sphere, 225
instability, 1
absolute, 69, 85
convective, 69, 85, 99
cross-flow, 192, 205
double-diffusive, 122
elliptical, 42, 176
Fjørtoft’s necessary condition for, 145,

146
Görtler, 131
Jeans, 44
Kelvin–Helmholtz, 46, 57, 58, 60, 125,

151, 224
of Bickley jet, 170, 188
of Blasius’s boundary layer, 158, 166,

169, 170
of boundary layer, 169, 219
of boundary layer on a plate, 170
of broken-line jet, 187
of cross flow, 205
of elliptical flow, 42
of flow past a cylinder, 220
of flow past a flat plate, 216
of jet, 169, 182
of Landau–Squire jet, 182
of parallel flow of stratified fluid, 193–195
of plane Couette flow, 169
of plane Poiseuille flow, 5, 169, 170
of sech jet, 189
of sech2 jet, 170, 188
of self-gravitating gas, 44
of shear layer, 53, 152, 169
of tanh shear layer, 170
of top-hat jet, 187
of triangular jet, 153
of unbounded shear layer, 170
of vortex sheet, 47, 53, 151
of wake, 169, 219
parametric, 210
primary, 27, 36, 210
Rayleigh’s necessary condition for,

144–146
Rayleigh–Bénard, 99
Rayleigh–Taylor, 51, 59–61, 193
Saffman–Taylor, 61
secondary, 27, 36, 210
subcritical, 22, 212
thermohaline, 122

interaction of modes, nonlinear, 76, 86
intermittent transition, 213
internal gravity wave, 50, 192, 193
inviscid solution of Orr–Sommerfeld

equation, 163
irrotational flow, stability of, 43

Jeans instability, 44
Jeffery–Hamel flow, 16, 39–41, 228, 235

jet
Bickley, 170, 188
capillary instability of plane, 66
instability of, 169, 170, 187, 188
Landau–Squire, 182
marginal curve for, 170
sech, 189
sech2, 170, 188

jet of gas, capillary instability of, 66
jump conditions, 149, 182, 183, 202

Kármán’s vortex street, 233
Kelvin’s cat’s-eye pattern, 147, 190
Kelvin’s minimum energy principle, 43
Kelvin–Helmholtz instability, 46, 57, 58, 60,

125, 151, 224
kinetic energy, 43, 82, 83

Lagrange’s identity, 88
lambda vortices, 174
laminar flow, 3
Landau constant, 21, 78, 87
Landau equation, 21, 35, 36, 75, 78, 80, 82,

102, 116, 119
complex, 36

Landau–Squire jet, instability of, 182
Laplace’s law of surface tension, 57, 59, 62
lapse rate, 60
Lapwood convection, 117
law, Darcy’s, 117
layer, critical, 143, 147, 148, 150, 157,

164–168, 170, 171, 183
Leray–Schauder degree theory, 208
Liapounov functional, 84, 162
Liapounov’s direct method, 8, 84, 162
Liapounov’s sense of stability, 29
lift-up mechanism of instability, Orr’s, 184
limit, distinguished, 78
limit cycle, 26
linear resonance, instability due to, 41
linearized problem, 30
Liouville’s equation, 190
local mode, 160, 219
Lorenz system, 114, 115
lower branch of marginal curve, 166, 170

mackerel sky, 54
Marangoni convection, 121
Marangoni effect, 105, 121
Marangoni number, 121
marginal curve, 98, 200
Bickley jet, 170
Blasius’s boundary layer, 170
jet, 170
lower branch of, 166, 170
plane jet, 170
plane Poiseuille flow, 170
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unbounded shear layer, 170
upper branch of, 166, 170
wake, 170

marginal stability, 27, 31
material surface, elevation of, 48, 183
mean, stability in the, 29, 84, 91
mechanism of instability
Orr’s lift-up, 184
Venetian-blind, 184

method
eN , 177
energy, 83, 113
Liapounov’s direct, 8, 84, 162
numerical, 171, 172, 204
of normal modes, 5, 24, 27, 32
shooting, 190

Miles–Howard sufficient condition for
stability, 194, 195

minimum energy principle, Kelvin’s, 43
mixing layer, 53, 69
mode
A (Airy), 170
antisymmetric, 153, 189
centre, 170, 181
global, 219
local, 160, 219
nonlinear, 90
normal, 5, 24, 27, 30, 32, 85
Orr–Sommerfeld, 206
P (Pekeris), 170
S (Schensted), 170
sinuous, 153, 168, 169, 187–190, 199,

218, 221
spatial, 70, 72, 86, 159, 171, 200, 201,

204, 229
Squire, 206
symmetric, 153, 189
temporal, 200
varicose, 66, 153, 168, 169, 187–189
wall, 170, 182

modes, nonlinear interaction of, 86

narrow-gap approximation, 126, 128–130,
134, 136

Navier–Stokes equations, 7, 10, 11, 28, 41,
42, 198

nearly parallel flow, stability of, 131, 159,
218, 219, 226, 228, 231, 232

necessary condition for instability
Fjørtoft’s, 145, 146
Rayleigh’s, 144–146

neutral curve, 200
neutral stability, 31
nonlinear diffusion equation, 76
nonlinear interaction of modes, 76, 86
nonlinear Poisson equation, 191
nonlinear Schrödinger equation, 87

nonlinear stability, 74
nonlinear thermal convection, 116
nonparallel flow, stability of, 159
normal form, 82
normal mode, 5, 24, 27, 30, 32, 85
exact nonlinear solution, 42

normal modes
completeness of, 30, 31, 38
incompleteness of, 31, 38
method of, 5, 24, 27, 32, 38

number
Görtler, 134
Marangoni, 121
Nusselt, 100, 113
Prandtl, 96, 115, 120
Rayleigh, 96, 115, 120
Reynolds, 3, 11
Schmidt, 120
Strouhal, 224
Taylor, 126

numerical method, 171, 172, 204
Nusselt number, 100, 113

open flow, 69
operator, adjoint, 88, 89
Orr’s ‘lift-up’ mechanism of instability, 184
Orr–Sommerfeld equation, 157
adjoint, 203
Heisenberg’s solutions of, 164
inviscid solution of, 163
solution of, 198, 201, 203
Tollmien’s solutions of, 165
viscous solution of, 164

Orr–Sommerfeld mode, 206
Orr–Sommerfeld problem, 40, 205
over-reflection, 161

P-mode, 170
packet, wave, 75, 87
parabolized stability equations, 159
parallel flow
axisymmetric, 178
of stratified fluid, instability of, 193–195

parametric instability, 210
pattern
formation, 105
Kelvin’s cat’s-eye, 147

peaks and valleys, 174
Pekeris mode, 170
perfect gas, 60
period doubling, 103, 210, 213
for Rayleigh–Bénard convection, 213

permeability of a porous medium, 61
perturbation, 4, 22, 28
phase condition, 118
phase turbulence, 212
phase velocity, 50, 51
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pipe flow, Poiseuille, 3–5, 28
pitchfork bifurcation, 13, 19, 20, 102, 116,

119, 209
plane Couette flow, 14, 185, 186
instability of, 169, 187
stability of, 150, 170, 184, 185, 196, 201

plane Couette–Poiseuille flow, 13
plane jet
capillary instability of, 66
marginal curve for, 170
sech2, 170, 188

plane Poiseuille flow, 5, 14, 40
instability of, 5, 169, 170
marginal curve for, 170

plane wake, marginal curve for, 170
plate, instability of flow past a flat, 216
point
bifurcation, 12
turning, 209

Poiseuille flow
pipe, 5
plane, 5, 14

Poiseuille pipe flow, 4, 5, 28, 34, 41
critical Reynolds number, 3
stability of, 5, 34

Poisson’s equation, 44
nonlinear, 191

porous medium
convection in, 117
flow in a, 61

potential flow, stability of, 43
Prandtl number, 96, 115, 120
primary flow, 27, 210
primary instability, 27, 36, 210
primary solution, 36
principle of equivalence, 51
principle of exchange of stabilities, 27, 97,

107, 121, 126, 134, 209
problem
Dean, 40, 229
linearized, 30
Orr–Sommerfeld, 40, 205
Rayleigh stability, 143
Squire, 205
Sturm–Liouville, 135, 193
toy, 12

quasi-periodic flow, 210

Rayleigh discriminant, 135, 136
Rayleigh number, 96, 115, 120
critical, 98, 214

Rayleigh stability equation, 142
adjoint, 183
derivation of, 182

Rayleigh stability problem, 143, 183

Rayleigh’s criterion for instability of
swirling flow, 124, 135, 137

Rayleigh–Bénard convection, 99
hexagonal cells, 112
period doubling for, 213
rectangular cells, 112
roll cells, 100, 112, 115

Rayleigh–Bénard instability, 99
Rayleigh–Darcy convection, 117
Rayleigh–Taylor instability, 51, 59–61, 193
rectangular cells, 112
relation, dispersion, 70, 73, 85, 86, 200
resonance, instability due to, 41
Reynolds number, 3, 11, 14, 17
critical, 3, 31, 158, 214

Reynolds stress, 83, 147–149, 172
Reynolds’s experiment, 2
Reynolds–Orr energy equation, 83, 91, 147,

149, 196
ribbon, vibrating, 159, 173
rigid–rigid boundary conditions, 99
roll cells, 100, 112, 115
rotating fluid, stability of, 91
route to chaos, 7, 212
route to turbulence, 7, 11, 212, 224
Ruelle–Takens–Newhouse route to chaos,

213, 224

S-mode, 170
saddle-node bifurcation, 12
Saffman–Taylor instability, 61
salt fingers, 122
Schensted mode, 170
Schmidt number, 120
Schwarzchild’s criterion, 60
sech jet, 189
instability of, 189

sech2 jet, 170, 188
instability of, 170, 188

second harmonic, 76
secondary flow, 27, 210
secondary instability, 36, 210
secondary solution, 36
self-gravitating gas, instability of, 44
semicircle theorem, 147
sense of Liapounov, stability in the, 29
Serrin’s theorem, 8, 84, 91, 208, 224, 226
shear-flow turbulence, 212
shear layer, 187
instability of, 53, 152, 169, 187

sheet, vortex, 202
shooting method, 190
short waves, stability to, 202
sinuous mode, 153, 168, 169, 187–190, 199,

218, 221
sky, mackerel, 54
solar granulation, 105
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solution
primary, 36
secondary, 36

solution of Orr–Sommerfeld equation
inviscid, 163
viscous, 164

solvability condition, 80, 87, 119, 199
Soret effect, 105
spatial mode, 70, 72, 159, 171, 200, 201,

204, 229
Burgers equation, 86

spatial stability, 85, 229
sphere, instabilities of flow past a, 225
spot, turbulent, 4
Squire mode, 206
Squire problem, 205
Squire’s theorem, 156
Squire’s transformation, 141, 156, 197
stability, 1, 29
absolute, 69
asymptotic, 29
convective, 69
global asymptotic, 35
globally asymptotic, 84, 91, 92
in the mean, 29, 84, 91
in the sense of Liapounov, 29
marginal, 27, 31
neutral, 31
nonlinear, 74
of atmosphere, 60
of irrotational flow, 43
of nearly parallel flow, 159, 218, 219, 226,

228, 231, 232
of non-parallel flow, 159
of plane Couette flow, 150, 170, 184, 196,

201
of Poiseuille pipe flow, 5, 34, 41
of potential flow, 43
of uniform flow, 198
of uniform flow in a channel, 167
of uniformly rotating fluid, 91
spatial, 85, 229
structural, 33
supercritical, 21
to short waves, 202

stability characteristics, 34
stability equations, parabolized, 159
stability problem, Rayleigh, 183
static stability of atmosphere, 60
Stokes flow, 41, 84, 208, 219, 221, 225
street, vortex, 221, 224, 233, 234
stress, Reynolds, 83, 147–149, 172
Strouhal number, 224
structural stability, 33
structure, coherent, 221
Sturm–Liouville problem, 135, 193
subcritical instability, 22, 212

subharmonic, 210, 211
supercritical stability, 21
supernova, 51
surface gravity wave, 50
surface tension, 57, 59, 62
Laplace’s law of, 57, 62
varying with temperature, 121

Swift–Hohenberg model, 116
symmetric mode, 153, 189
symmetry breaking, 13, 21, 51, 210, 211,

221, 226, 232
system, Lorenz, 114, 115

Taylor number, 126
Taylor vortices, 127
weakly nonlinear theory of, 128

Taylor–Goldstein equation, 194, 195
temporal mode, 200
theorem
semicircle, 147
Serrin’s, 8, 84, 91, 208, 224, 226
Squire’s, 156

theory, Floquet, 209, 234
thermohaline instability, 122
Tollmien’s solutions of Orr–Sommerfeld

equation, 165
Tollmien–Schlichting wave, 168, 173, 174
top-hat jet, instability of, 187
toy problem, 12
transcritical bifurcation, 12, 20, 35, 209
transfer of energy, 82
transformation
Galilean, 53, 69, 73, 87, 147
Gaster’s, 200
Squire’s, 141, 156, 197

transition
by period doubling, 213
bypass, 5, 176, 177, 211, 212
intermittent, 213
to turbulence, 130, 176, 208, 212

triangular jet, instability of, 153
triple deck, 166
turbulence, 1, 4, 116
clear-air, 54
phase, 212
route to, 11, 212
shear-flow, 212
transition to, 130, 208, 212

turbulent burst, 4
turbulent spot, 4
turning point, 12, 20, 35, 209

unbounded shear layer, marginal curve for,
170

uniform flow, stability of, 91, 198
uniform flow in a channel, stability of, 167
uniform rotation, stability of, 91
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uniformly rotating fluid, stability of, 91
upper branch of marginal curve, 166, 170

valleys, 174
variation of surface tension with

temperature, 121
variational principle, 92, 114
varicose mode, 66, 153, 168, 169,

187–189
velocity
group, 70, 72, 73, 86, 87, 200
phase, 50, 51

Venetian-blind mechanism of
instability, 184

vibrating ribbon, 159, 173
viscous solution of Orr–Sommerfeld

equation, 164
vortex sheet, 202
instability of, 47, 53, 151

vortex street, 221, 224, 233, 234
Kármán’s, 233

vortices
Görtler, 131
lambda, 174
Taylor, 127

wake
instability of, 169, 219
marginal curve for, 170

wall mode, 170, 182
wave
internal gravity, 50, 192, 193
surface gravity, 50
Tollmien–Schlichting, 168, 173, 174

wave packet, 75, 87
waves
stability to short, 202
wind generation of, 46

weakly nonlinear stability, 74
weakly nonlinear theory of Taylor vortices,

128
WKBJ approximation, 159, 164, 219
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