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Rational functions

This chapter takes partial fractions on from P3 Chapter 7. When you have completed it,
you should

. be able to put a rational function into partial fractions when one of the factors is a
guadratic which does not factorise

. be able to put a rational function into partial fractions when the degree of the numerator
is not less than the degree of the denominator.

Partial fractions
In P3 Chapter 7, you learned how to split rational functions of the forms

ax+b and ax® + bx+ ¢
(px+q)(rx+ 9 (px+ Q)(rx+ 92
into partial fractions.
Neither of these types includes a form suchﬁasi where the quadratic
(x- 1)(x +2X+ )

factor x> + 2x + 3 in the denominator does not factorise.

In this case, you would certainly expect to write

6X A N something
(x—l)(x2+2x+3) x-1 x*+2x+3

But what is the ‘something’? Multiply bx —1, and putx =1 in the subsequent identity.

h 1)
> bx =EA+ (somet m«x with x =1 givesA=1.
(x +2x+3) X2 +2x+3
Therefore 6x - 1 + something

(x—1)(x2 +2x+3) x-1 x2+2x+3

You can now find what the ‘something’ is by subtraction, since

something_ 6X 1 _ 6x—(x®+2x+3
x2+2x+3 (x-)(x2+2x+3 x-1 (x-1)(x%+2x+3
-X? +4x-3 -(x-1)(x-3 -X+3

) (x-D(x+2x+3  (x-1(x2+2x+3  x2+2x+3’

The ‘something’ has the forrBx + C.

The method shown in this example will be called Method 1, with the change that
Bx+ C will be used in place of ‘something’.
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Here are two other methods which you can use.

. 6x _ A Bx+C . .. .
If you write = +— initially, you can combine the
(x—1)(x2+2x+3) x=1 x*+2x+3

partial fractions to get a numerator which is a quadratic, so you can equate the

coefficients ofx°, x* and x? to get three equations, and solve themAorB andC .
This is Method 2.

Or you can multiply byx -1 and putx =1 as before to gefA =1, and then equate
coefficients to findB and C. This is Method 3.

The two examples which follow show these three methods of getting the partial
fractions. Use whichever method you find easiest.

Method 1 has the advantage that it is self-checking. If the fraction just before the final result
does not cancel, you have made a mistake. If it cancels, there is probably no mistake.

Method 2 is in many ways the most straightforward, but involves solving three
equations forA, B andC.

Notice that in Method 3 the coefficients &f and x° are used to get the values Bf

and C. This is because they give the simplest equations. You will usually find that the
highest and lowest powers give the simplest equations in these situations. However, you
should be aware that equating the coefficientsbhas the same result as putting

x =0; you get no extra information.

Example 1.1.1

Split X4

5 into partial fractions.
(x+2)(x°+3

5x — 4 A  Bx+C
x+2)x2+3 x+2 x°+3°
(x+2)(x*+3)

Method 1  Write

5x-4 _ , (Bx+C(x+2)

Multiply by x+ 2 to get A , and putx = -2. Then
ply by g (X2+3) 243 p

Lzz)_d':A,soA:—z_

(-2)-+3

Then Bx+ C= 5x-4 -2

x* +3 _(x+2)(x2+3)_x+2
_5x=4-(-2(¥+3
B (x+2)(x2 +3)

_ 22X +5x+2 _ (x+2)(2x+]) _ 2x+1
(x+2)(x2+3) (x+2)(x2+3) X2 +3’
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5x-4 -2 2x+1

0 + )
(x+2)(x2+3) X+2 x?+3

Method 2 Write X~ 4 = A +B)2(Jr C.
(x+2)(x2+3) x+2 x*+3

Multiply by (x+2)(x2 + 3) to get X — 4= A(x2 + )3+( Bx+ Q( x+ 2,

which you can write as
5x-4=(A+B)xX +(2B+ Q x+ 3A 2C

The three equations which you get by equating coefficient® pk* and x? are
3A+2C=-4 2B+C=5 and A+B=0.

Solving these equations givés= -2, B=2 and C=1, so

5x-4 -2 +2x+1
(x+2)(x*+3 x+2 x*+3’

Method 3  Write o5~ 4 = A Bx+C

(x+2)(x2+3) X+2+ x°+3°

: 5x—4 (Bx+ C)(x+2)
Multiply by x+2 t t = A+ ,and putx =-2. Th
ultiply by x 0 ge 213 213 and putx en
LW':A,soA:—Z_
(-2)°+3

Combining the fractions in 5X_24 2 + Bx+ C and equating the

(x+2)(x +3) x+2 x*+3

numerators gives
5x—4= —2(x2 +%+(Bx+ O( x+ 2,
which you can write as
5x—4=(-2+B)X +(2Bx+ Q x- 6+ 2C
Equating the coefficients of? gives—2+B =0, soB=2.
Equating the coefficients of° gives -4 = -6 +2C, soC =1.

Checking thex-coefficient: on the left side 5; ontherighB2 C= x2 +2=1.

5x-4 -2 +2x+1
(x+2)(x*+3 x+2 x*+3’

Therefore
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Example 1.1.2
3
Fing [ XL

?2 (x —1)(x2 + 1)

dx.

(x-1)(x*

X-+1
Method 1  Write x+1 = A +BX+C

(x—1)(x2 +1) Tx-1 x2+1°

+
To integrate you need to pu{% into partial fractions.

Multiplying by x -1 and puttingx =1 givesA=1.

Calculating X +i S to find the other fraction on the right gives
(x—l)(x +1) x-1
X +1 1 _x+1—(x2+1)_ —(x? - x
(x—1)(x2+1) x-1 (x—l)(x2+1) _(x—:I)(x2+:l)
_ ~X(x-1) _ X
(x—l)(x2+1) x?+1
Therefore x+1 = ! X Then

(x—l)(x2 +1) x-1 x2+1

3 3
x+1 _["o1 X O _[ 1 ]3
dx=p 52— —————ax=[In(x-1) -1 In[>® +1
#2(X—1) X2 +1 § ﬁ’]ztb(_l x* +10 -] 2n( )2
:(Inz—%lnlo)—(ln 1-2In E):In 2-1(In 10-In
=In2-%(In2)=3In2

Example 1.1.3

[ 2 X2 + X
Calculate > dx.
?_z(x—4)i X“+ 4i

. X2 + X . . . . X2 + X _ 1 1
Putting > into partial fractions gives 5 = .
(x—4)ix +4i (x—4)(x +4) X=4 X +4

2
o [ X2 + X _4]251 1 O

?_z(x—4)ix2+4i &=

The first of these integrals [$n|x - 4], =In2-In 6=In{ =-In 3

The second integral is carried out by the substitutiern2 tanu (P3 Section 10.2).



CHAPTER1: RATIONAL FUNCTIONS 5

2 1 d tant1 1 C'Z d 1 1 1
X = x2secudu=5[u*, ==rr.
|E|]—2 x> +4 l;ljtanfl(—l) 4secu Z[q_%" 4

[2 X2 + X

Thus dx=1m-In3.
?_2(x—4)i a8

Exercise 1A

1 Express each of the following in partial fractions.

@) X + X ) 2x+1 © 2x% +x-3
(x—l)ix2+1i (x+1)(x2+2x+ 2) (x+3)(x* +3
@ 2x?% +15x © 1+ 2x2 o 17+ 10x
(2x—3)(x2+ x+3) (2+3x)(3+ X+ 2x2) 1+ 4x)(2+ X+ x2)
@ 9x + 4 ) 9-x—4x2 0 17x+ 3
P (x-2)(@+3x+1 (2x-3(22 -3 (3x- 24 + 3
7x-13 X% +25x + 12 11x - 2x% - 60

0

(k)

o

(2x+1)(x* - x+2) (5x-7)(2¢ - 2x+ § 8x% + 27

2 Express each of the following in partial fractions.
5x% +3x- 3 26x% - 15 4x? - x+3
a b ) ——————
@) (2x—])(x2+3x—g (®) (4x—3)(2x2+x—2) © (x—l)(x2+x+1)

12x% - 15¢ + 10 9-16x 3-4x-x°

d e
(@) (3x—2)(3x2—x+2) ©) (2—x)(4x2+3x+]) ® 1+x°
3 Find the values of the following definite integrals.

[1 1-2x - x? 2 243x2

a ————vdx b ————

@) ?0(1+ x)(1+ x2) ®) #1 x(x? +2)

© [ x+9 - Yo1sx+10x+ 7 y
Fl (2x—])(x2+x+ 2) o (1+3x)(2¢ + x+ 2

1.2 Improper fractions

So far all the rational functions you have seen have been ‘proper’ fractions. That is, the
degree of the numerator has been less than the degree of the denominator.
. . x> —3x+5 2
Rational functions such and———, in which the degree of the
x+1)(x-2) x“+1
numerator is greater than or equal to the degree of the denominator, are called
improper fractions.
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Improper fractions are often not the most convenient form to work with; it is frequently
better to express them in a different way.

For example, you cannot fin# X6—dex with the integrand in its present form, but it is quite

straightforward to integrate the same expressiog}] % + XilDdx. You get
%+imdx=6x+ 6In x-1 +k
x—10
Similarly, if you wish to sketch the graph gf= 6—)(1 although you can see
X —

immediately that the graph passes through the origin, other features are much clearer in

the formy =6 +il. This idea will be taken further in Chapter 4.
X -_—

You may find it helpful to think about an analogy between improper fractions in arithmetic
and improper fractions in algebra. Sometimes in arithmetic it is more useful to think of
the number 2—65 in that form; at other times it is better in the form 4%. The same is true in
algebra, and you need to be able to go from one form to the other .

In P2 Section 1.4, you learned how to divide one polynomial by another polynomial to
get a quotient and a remainder.

For example, when you divide the polynomigk)aby the polynomial ) you will
get a quotient (k) and a remainder(x) defined by

a(x) = b(x) ¥ + (¥

where the degree of the remaindéx)ris less than the degree of the divis¢x)b

If you divide this equation by (l), you get

a() _ b0A0)*+ () _ 1)
O OOk

Therefore, if you dividex? —3x+ 5 by (x +1)(x— 2) to get a numbeA and a
remainder of the fornPx+ Q, it is equivalent to saying that

x* —3x+5 _ L Px+Q
(x+)(x-2 (x+Y(x- 2’

This form will be calleddivided out form.

The analogous process in arithmetic is to say that 25 divided by 6 is 4 with remainder
1; thatis, 25= 4% 6+ 1 or %5: 4+% = 4%_



1.3

CHAPTER1: RATIONAL FUNCTIONS 7

Example 1.2.1
2
X —=-3x+5 . Px+ Q _—
Express,————— inthe formA+-————, by finding A, P andQ.
PresS v 1)(x- 2) (x+1)(x-2) Y inding Q
2 _
Writing XT-3X+5 PX+Q and multiplying both sides by

=A+
(x+1)(x-2) (x+1(x-2
(x+1)(x-2) givesx? —-3x+5= A x+I)(x- )+ Px+ Q
Equating the coefficients of? gives A=1.

At this stage you can either continue to equate coefficients of other powers or
2
-3x+ +
X7~ 3x+5 -1 to find Px+Q

calculatem m

Taking the second alternative,

x?=3x+5 _x?=3x+5-(x+])(x- 2

x+)(x-2 — (x+D(x-2)
S —3x+5—(x2 - x—2) _ ox+7
B (x+1)(x-2) T (x+1)(x-2)

ThereforeA=1, P=-2 andQ=7.

2 _ —
You can see from the for.m.x 3x+5 =1+ 2x+ 7 that, for large values of,
(x+1)(x-2) (x+1)(x-2)
the term on the right gets very small X ~3x+5 gets very close to 1. This point is
"(x+1)(x-2) '

taken further in Chapter 4.

Improper fractions and partial fractions
You can now put together the work on improper fractions in Section 1.2 with the work
on partial fractions in Section 1.1 and P3 Chapter 7.

For example, if you take the result from Example 1.2.1,

x> =3x+5 _ -2x+7

(x+)(x-2) = (x+1)(x-2)’
you can go further by putting the right side into partial fraction form using the standard
method and getting

x*-3x+5 _, 3 1
(x+1)(x-2) = x+1 x-2
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Example 1.3.1
2
+ —
Split X Ax=3 into partial fractions.

(x+1)(2x-3

There are a number of methods you can use. You could go immediately into a
partial fraction form and find the coefficients either by equating coefficients or by
other methods. Or you could put it into divided out form first, and then use one of
the standard methods for the remaining partial fractions.

Method A This method goes straight into partial fraction form, but does not
use the equating coefficient technique.

2 _ 2 _
Writewintheform 2x° + 4x 3EA+ B, C .
(x+1)(2x-3 (x+1)(2x- 3 x+1 X-3
Multiplying by x +1 gives 2%+ =32 ate1)+ B+ SXFD
plying by g9 ow—3 x—3
-1)2 -
Puttingx = -1 giveszx( D"+ 4x(-9 3: B, soB=1.
2x(-)-3
2 - —_
Multiplying instead by & - &;ivesZXJr—A'X?’z A(2x-3)+_B(2X 3)+C.
x+1 x+1

2>((%)2+4x(%)_3=c,soC::-s.

Putting x = 3 gives

3
3+1)
2 -
Therefore 2x + Ax 3EA+ 1 + 3 .
(x+1)(2x-3 x+1 2x-3
Puttingx =0 givesA=1.
2 +4x-3 _. 1 3

Therefore

=1+ .

(x+1)(2x-3 x+1 2x-3
Method B  If you divide out first, you start with the form
2x*+4x-3 _,  Px+Q

x+D(2x-3 " (x+ (-3

equating the coefficients of?, you find thatA=1.

By multiplying by (x +1)(2x- 3 and

2x2 +4x-3 _ Px+ Q 2x2+4x-3 . Px+Q
Thus =1+ SO -1= .
(x+1)(2x-3 (x+1(2x=3  (x+1)(2x-3 (x+1)(2x-3
Simplifying the left side
2x% + 4x—3-(x+)(2x- 3 _ 2 +4x-3-(2¢ -x-3 _ 5y

(x+1)(2x-3 (x+1)(2x-3 S (x+D(2x-3
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Any of the standard methods for partial fractions now shows that

5x 1, 38 2*+4x-3_, 1 3
(x+1)(2x-3  x+1 2x-3' " (x+1)(2x-3 ~ x+1 2x-3

Use whichever method suits you best. Equating coefficients and solving the resulting
equations always works, but it is not always the quickest method.

In Example 1.3.1, the numeratox?+ x4 was a polynomial of the same degree as
the denominato(x +1)(2x - 3 , but the numerator could be a polynomial of higher
degree than the denominator.

If the polynomial in the numerator of a fraction is of higher degree than the denominator,
you need to find the difference in degree. That is, if you divide the numerator by the
denominator to get a quotient and a remainder, what will the degree of your quotient be?
The answer will tell you what polynomial to write in the divided out form.

Example 1.3.2
X -3 -17% - x-1
(x=3)(x+2)

Split into partial fractions.

In this case, the degree of the numerator is 4 and the degree of the denominator is
2. This shows that the degree of the quotient polynomial when you divide the
numerator by the denominator is-4 =2 . Therefore write

x4 -3 -17x% - x-1,

in the form
(x=3)(x+2)
4 _ 3 _ 2 _ y_
3XT=3x"—-17x" - x 1EAx2+Bx+C+ D + E ,
(x=3)(x+2) X=3 x+2

where the polynomialﬁ\x2 + Bx+ Chas the degree4 2 .2

The process of multiplying by — 3, and puttingx = 3 in the resulting identity, as
in Example 1.2.1, give® =1. Similarly, multiplying by x + 2, and then putting
X = =2 in the resulting identity, as in Example 1.2.1, gitees —1. Therefore

4 _ a3 _ 2 _ g
3XT =3x°=17x° — X 15Ax2+BX+C+i‘ 1

(x-3)(x+2) x-3 x+2

It is best now to multiply both sides of the identity py- 3)(x+ 2) and to equate
coefficients, choosing carefully which powersyoto use to minimise the work.

Xt -3x° -17¢° - x—lz(sz + Bx+ ()( x 3¢ 2+( % 2-( x P
Equating the coefficients of*: 3= A.
Equating the coefficients of’: —-1=-6C +2+3 soC=1.

Equating the coefficients of': -1=-6B-C +1-1 soB=0.
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4_ 3 _ 172 y_
Therefore X~ X ~IX =x=l g0, 2 1
(x=3)(x+2) X=3 X+2
Example 1.3.3
3 _ay—
Find #])(33)(4dx.
x" -1

You cannot integrate this directly, so put it into divided out form to get
3

X" —-3x—-4 -3x -3 . . - .

——dx= +———_—dx . (It is worth doing this first before goin
FIE x3-1 ﬁ[jgl x3-10 ( g going
into partial fractions, because you might be lucky and be able to integrate the term
on the right easily.) In this case you cannot directly integrate the term on the right,
so put it into partial fractions, using the fact thét-1= (x —1)( X2+ X+ ]) Then

-3x-3_ -3x-3 A + Bx+ C

x> -1 =(x—l)(x2+ x+1) Tx-1 X+ x+1

Multiplying by x -1, and puttingx =1 in the resulting identity, gives = —2.

Therefore ZBX+C = —3x-3 _ -2 E_3X_3+4X2+X+])
X%+ x+1 (X—l)(x2+x+1) x—-1 (X—l)(x2+x+1)

2x% - x-1 (x-1(2x+1J 2x+1

- (x—l)(x2 + x+1) (x—l)(x2+ x+1) X2 +x+1

3— p—
Thus X 33x 4d<: 2 + 22x+1 Dd(
x3-1 x-1 x%+x+10

=x-2In[ x -1 +In(x2 +x+:|)+ k

. . 2 .
You do not need a modulus sign fof + x +1 since x> + x +1 =(x +%) +3 andis
therefore always positive.

Exercise 1B

1 Express the following improper fractions in partial fraction form.

2x% + x+1 x? +1 7 -5 + 2%°
@ D=1 ®) i 3x-2) © Bowi- 29
d 6x% +11x+ 3 @© 43 +6x+1 0 x(17+ 30x + 9x2)
(x+2)(2x-1) (x+D(2x-1J (3+x)(1+ 3%)
2x* +5x3 - 2x -2 4x* +8x° -11x° - 36 3x*

(9)

(x+2)(2x+ 1] ) (x+3)(2x-3 ®

X +1
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2 Find the values of the following definite integrals.

3,312 2 2143
X°+xc+x-1 2+ 2X+ 2X° + X

(@) #x(xz—l) dx (b) ﬁ[sz(1+x) dx
2 1

© Lex3 - 7x2 - 11 ' ” Lox4 +3x3 - 10x2 - Bx+ 24
o(2x=3(x2 +1) o (x+1)(x¢-x-1)

Miscellaneous exercise 1

1 Express the following in partial fractions.
1+x 6+x— x4
a) ———— b) ——————
@) x?(1- X) () (x+2)(x? +2)

2 (a) Given that
2 A B Cx

= + +
(x-D*(x®+1) x-1 (x-1)* x2+1’

find the values of the constants, B andC.
3

(b) Show thatgj dx = a+ bln2, wherea andb are constants whose

L(x=1)?(x2 +1)

values you should find. (OCR)
2 _
3 (a) Find the values oA, B and C for which X 22 =A+ B + c .
(x=2) Xx=2 (x-2)
2 _
(b) The region bounded by the curve with equat}'cm(xz)zz, the x-axis and the
X —

lines x =3 andx =4 is denoted byR. Show thatR has ared 2 M )square

units. (OCR)
4 (a) Expressﬁ in partial fractions, and use the result to express

x=1D(x-

4 in partial fractions
(x-1)*(x-3? '

The finite region bounded by the curve with equatjon# and the linesx =4
(x=1)(x-3

andy = } is denoted byR.

(b) Show that the area @t is In3-1.

(c) Calculate the volume of the solid formed whRiis rotated through 72 radians
about thex-axis. (OCR)

[1 X2 +6x-4

5 Evaluate > dx
?0(x+2)ix +2i
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1
2

+ X+ X2
6 Calculate the exact value (#[ 1)(7)2(
o 1-Xx)

1 2
+ X+
7 Calculate the exact value le X .
o(@2x+1)(x+1)

8 (a) Find the value of such that a translation in the direction of thaxis transforms

x2 +ax-1 X2 -2

the curve with equatiory = into the curve with equatiog= ——

x3 (x-1)*
32—

(b) Hence find the exact value ¢f ——— dx. (OCR)
2(X -1?°





