
Index

action
area, 342, 343
classical, 3, 4
coordinates and conservation, 189
E&M, 212
Einstein–Hilbert, 237, 243, 253, 293
field, 183
first-order, 200–2
first-order form, 234, 243
geodesic, 331
length, 62
mass term, 201, 228
Nambu–Goto, 347f
Palatini, 242f
Polyakov, 360
relativistic, 63ff
reparametrization invariance, 62, 71, 331, 342
scalar field, 174f, 183, 201, 226
second-order form, 213, 253
source term, 214, 240
tensor field, 241
variation, 3f, 175, 177, 178, 180
vector field, 206–8, 226

advanced solution, 309f
analytic extension, 282
angle between vectors, 121
angular momentum, 48, 69, 71

conservation, 47
scalar field, 195f
Schwarzschild geodesics, 266

aphelion, 21
apparent singularity, 294
arc-length parametrization, 129, 138
area minimization, 340–2

relativistic, 345
axial symmetry, 258

balls and springs, 171
basis vectors, 99, 102, 109, 289f, 294

coordinate, 115, 117
spatial, 287
transformation, 102–4, 109

bending of light, 272, 276f
Bianchi identity, 149, 162f

for E&M, 166
linearized, 240

Birkhoff’s theorem
E&M, 259

black holes, 285
Born–Infeld E&M, 259
bound orbit, 51
boundary condition

Dirichlet, 349
free endpoint, 349

Boyer–Lindquist coordinates, 331, 334

canonical infinitesimal transformations, 37
canonical momentum, 30f, 73, 193

field, 193, 200
relativistic, 71, 73
scalar field, 234
strings, 348, 352
tensor field, 233, 241
vector field, 206

canonical transformations, 33
generating functions, 34, 35
identity, 38
infinitesimal, 38
infinitesimal generator, 39

Carter’s constant, 335
central potential, 7, 16, 45
centripetal acceleration, 84
charge conservation, 162, 191, 213ff
Chern–Simon term, 247
Christoffel connection, 115f, 122, 135, 241
circular light-like orbits for Kerr, 336
circular orbit, 316
comma notation, 22, 32
complex scalar fields, 220
conformal flatness, 151
conjugate momentum, 18
connection, see Christoffel connection, 14, 44,

114–16, 123
transformation, 114
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conserved current, 220
continuity, 199
continuity equation, 191, 223
contravariant transformation, 98
coordinate basis vectors, see basis vectors, 115, 117,

292
coordinate differential, 22
coordinate invariance, 217
coordinate singularity, 282, 294
coordinate time, 76, 78
coordinate transformation, 21, 23
cosmological constant, 293f
cosmological model, 326
Coulomb gauge, 297
Coulomb potential, 253, 255
covariant derivative, 44, 113f, 122, 125, 130f,

145, 245
density, 185
E&M, 223

covariant transformation, 98, 106
cross polarization, 305
cross-derivative equality, 130f
current, 191, 213

from fields, 220
curvature

curves, 139
Ricci scalar, 140f

curved space, 134
cylindrical coordinates, 5, 123

D’Alembertian, 306, 308
deflection angle, 277
density, 184
derivative along a curve, 119
determinant, 126, 230
determinant of the metric, 182
dipole moment, 313
dipole radiation, 314f
dipole source, 305
Dirac delta function, 198, 306, 308, 310
Dirichlet boundary conditions, 349
divergence theorem, 180, 186, 192
dummy index, 13

eccentricity, 269
Eddington coordinates, 283–285
Einstein summation notation, 11

dummy index, 13
Einstein tensor, 163

linearized, 260f
Einstein’s equation, 153, 157, 161–3, 237
Einstein–Hilbert action, 237, 243, 253
ellipse, 16, 19–21, 50

eccentricity, 269
Kepler’s laws, 52
period, 52
semi-major axis, 52

elliptical orbit, 19
energy

Schwarzschild geodesics, 266
energy and momentum conservation, 162

energy density, 95, 193, 200
field, 194
particle, 199

energy–momentum tensor, see stress energy tensor,
see stress tensor, 191, 197, 200

density, 198
E&M, 211f
particles, 197

equations of motion, 2–5, 14, 31
continuum limit, 170
relativistic, 75

equivalence principle, 152
escape speed, 286
Euler’s method, 337
Euler–Lagrange equations, 3–5, 178, 181

field equations, 180
event horizon, 280, 285
extended body infall, 287
extremal length, 128
extrinsic curvature, 141

field equations
first-order, 201
linearized, 260
tensor, 232
vector, 208

field-strength tensor, 206, 210
finite difference, 337
first-order form, 200
flat space, 134
Fourier transform, 298, 308, 310, 312f

charge conservation, 312
Dirac delta function, 310
Lorentz gauge, 312

free endpoint boundary conditions, 349
free scalar field, 178, 193

gauge choice, 300
E&M, 297f
linearized GR, 299–301
string, 349

gauge field, 229
gauge freedom, 217, 354

charge conservation, 215
E&M, 209

gauge invariance, 213
general covariance, 181
generating function, 34f
geodesic, 14, 122–4, 129, 132, 145, 161

action, 331
effective force, 262
Euclidean, 123
Kerr, 334
light, 277, 280f, 284
light-like, 272–4, 276f
on cylinder, 124
on sphere, 123
perturbation, 268, 274
radial, 277, 281, 284
Schwarzschild, 265

geodesic deviation, 158–161, 288, 292, 303
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geodesic equation, 98, 246, 266
gradient, 22, 108f
gravitational field, 153

general relativity, 94
Newtonian, 88, 96

gravitational radiation, 318
energy, 318
energy loss, 321

gravitational redshift, 286f
gravitational wave detector, 317
gravitational waves, 302, 305, 316

sources, 305
gravitomagnetic force, 93, 264, 328
gravity

as geometry, 154
Newtonian, 19, 87, 152

Gravity Probe B, 93, 333
Green’s function, 306–10, 322
Green’s theorem, 307

Hamiltonian, 28, 30
canonical infinitesimal transformations, 38
canonical transformations, 37
equations of motion, 30–2
field, 200
relativistic, 71, 73
total energy, 73
transformation, 39

Helmholtz equation, 309
Hulse, Taylor, 321
hyperbolic motion, 76

identity transformation, 38
ignorable coordinate, 18, 33
indefinite length, 58
induced metric, 341, 346
inertial mass, 153
infall

extended body, 287
light, 280
light and coordinates, 281, 284
massive, 277

infinitesimal Lorentz boost, 70
infinitesimal rotation, 48f, 53, 67f

generator, 69
integration by parts, 3, 178, 180, 313
intrinsic curvature, 141
isometry, 40

Jacobian, 182–4

Kepler’s second law, 52
Kepler’s third law, 52
Kerr metric, 328, 331, 333

equatorial geodesic, 339
geodesics, 334–6, 339
linearized, 332
singularity, 337

Killing tensor, 125f, 335
Killing vector, 44, 46, 125
Killing’s equation, 44, 46, 53, 125f, 335

Klein–Gordon equation, 196, 201–203
Kronecker delta, 13, 24, 126

Lagrange density, 175, 179, 181, 189, 200
particles, 198

Lagrange multiplier, 74
Lagrangian, 2, 5, 61

central potential, 8
classical, 12
classical mechanics, 2
for fields, 167, 173, 181
relativistic, 65, 78
scalar field, 174, 226
tensor field, 236
vector field, 226

Legendre transform, 25–8, 30, 35, 73, 200
length-extremizing curve, 124
Lense–Thirring precession, 93, 333
Levi–Civita symbol, 69
Levi–Civita tensor density, 229f
light-like, 58, 272, 299
LIGO, 317, 321
line element, 11f, 58, 63, 128
linear ODE, 274
linearized Einstein tensor, 261
linearized gravity, 260
LISA, 321
local gauge invariance, 218, 222, 224f
local rest frame, 64
longitudinal waves, 172
Lorentz boost, 59
Lorentz gauge, 192, 209, 229, 297f, 312

GR, 306
Lorentz gauge condition, 192
Lorentz transformation, 58f

boost, 59, 70
infinitesimal, 70
infinitesimal generator, 71
rapidity, 60, 70

lowering, 22, 107

mass current, 262, 264
mass distribution, 262
mass in meters, 165
massive scalar field, 196, 201
massive vector field, 228
matrix, 16

antisymmetric, 15
determinant, 126
inverse, 22
orthogonal, 101
rotation, 100f
symmetric, 16

matrix–vector notation, 9
Maxwell stress tensor, 162, 200, 212
Mercury, 270
metric, 9, 10, 12, 23, 107

as tensor field, 237, 242
Christoffel connection, 115f, 122
connection, 14, 123
derivative, 32
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metric (cont.)
derivative identity, 43
determinant, 182, 184
Euclidean, 9
indefinite, 58, 63
induced, 341
Kerr, 328, 331–3
line element, 11
Minkowski, 57f
perturbation, 251, 260, 301
Reissner–Nordstrom, 295
Schwarzschild, 257, 264
signature, 134, 183
spherically symmetric ansatz, 252, 255
transformation, 105
Weyl, 258

metric connection, 115
metric density, 242
metric field, 157
metric perturbation, 251, 301
minimal substitution, 119, 224, 237, 245
minimal surface, 342
Minkowski diagram, 60
Minkowski distance, 82
Minkowski metric, 58
Minkowski space-time, 57
momentum conservation, 33
momentum density, 195, 199f

scalar field, 194
momentum for relativistic particles, 199
monopole source, 305

Nambu–Goto action, 347, 348
static gauge, 350

Newton’s second law, 1
Newtonian

gravity, 16, 87, 152f
potential, 16, 19

Newtonian deviation, 158, 161
Newtonian gravity, 152f
Newtonian orbits

Hamiltonian, 46
Noether’s theorem, 40, 173

fields, 190
particles, 40

non-tensorial derivative, 111
normal coordinates, 146–9, 151
null vector, 272, 281, 299

observer at infinity, 287
open index, 14
orbital motion, 16, 46, 264
orbital period, 52
orthonormal basis, 292

Palatini form, 242
parallel transport, 117–20, 129, 131, 133f, 145, 289
passive mass, 154
path dependence for parallel transport, 131
perihelion, 21
perihelion precession, 265, 268, 270
period, 269

perturbation
bending of light, 274
perihelion precession, 268

plane-wave solution, 302
exact, 323

plus polarization, 305
Poisson bracket, 39
polar coordinates, 6, 24, 183
polarization tensor, 299, 302f
polarization vector, 298
Polyakov action, 360
post-Newtonian approximation, 271
Poynting vector, 162, 200, 300

gravitational, 318
precession, 265, 268
Proca equation, 229
projection, 106, 289

transverse, traceless gauge, 319
prolate spheroidal coordinates, 165
proper time, 64, 72, 138

light, 272
pseudo-Riemannian manifold, 128

quadrupole moment, 314–6
quadrupole radiation, 315

radial geodesic (Schwarzschild), 280f, 284
radial geodesics (Schwarzschild), 277
radial infall, 20
radial infall, massive, 278
radius of curvature, 139
raising, 22, 106
rapidity, 60, 70
redshift of light, 286
Reissner–Nordstrom metric, 295
relativistic

circular orbits, 83, 85
constant force, 76f
infall, 82
spring force, 78ff

relativistic momentum, 72, 76
relativistic string, 345f
reparametrization invariance of action, 62, 71, 331,

342
reparametrization-invariant, 349
rest frame, 64, 290
retarded solution, 309f
Ricci curvature, 137
Ricci scalar, 137, 140f, 143, 256
Ricci tensor, 141, 143, 162, 241

Bianchi identity, 163
linearized, 238, 240, 249

Riemann tensor, 129, 132, 134, 136f, 142–6, 149, 161
Bianchi identity, 149
contractions, 140
counting components, 149
for flat space, 134
geodesic deviation, 161
linearized, 249, 303
normal coordinates, 148
symmetries, 146, 148

Riemann tensor (defined), 131
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Riemannian manifold, 127, 150
Robertson–Walker cosmological model, 326
Rosen

gravitational waves, 324
rotation, 67f, 99–101
Runge–Kutta, 337–9
Runge–Lenz vector, 126

scalar, 101
scalar density, 184
scalar field, 171, 173f

massive, 196, 201
Schwarzschild metric, 251, 257, 264

Eddington coordinates, 283, 285
light, 272–4, 276f
orbital motion, 268

Schwarzschild radius, 280, 286
second-rank tensor field, 231
self-coupling, 241
semi-major axis, 269
semicolon notation, 44
separation of variables, 41

additive, 41
multiplicative, 41

separation vector, 304
signature (metric), 134
sources in E&M, 213
sources in general relativity, 244
space-like, 58, 272
space-time, 57, 82
special relativity, 58
speed limit, 85
spherical coordinates, 8
spherically symmetric potential, 19
static gauge, 347, 352
stress energy tensor, see energy–momentum tensor,

see stress tensor, 161–3
stress tensor, see energy–momentum tensor, see stress

energy tensor, 95, 192f, 195, 240, 244, 246, 261
conservation, 162, 192
continuity, 191
density, 246
E&M, 211
field definition, 191
fields, 192, 199
for linearized gravity, 239
for metric perturbation, 318
particle, 197
perfect fluid, 293
scalar field, 193

string
arc-length parametrization, 350, 357
boundary conditions, 351
effective mass density, 358
effective tension, 358
energy density, 356
equations of motion, 352
equations of motion (arc-length), 355
gauge choice, 349
momentum, 356
Nambu–Goto action, 347
Polyakov action, 360

static gauge, 350, 357
temporal parametrization, 350
wave equation, 353

strong equivalence principle, 156f, 237, 245
superposition, 226

tensor, 22f
antisymmetric, 15
contravariant, 22f, 98, 102, 103
covariant, 22f, 98, 106
covariant derivative, 113f, 125
covariant derivative (covariant form), 125
definition, 21
density, 184
derivatives, 111f
lowering, 22
matrix form, 15
mixed, 23
raising, 22
rank, 23
second-rank, 107, 108
symmetric, 15

tensor density, 184
derivative, 185
transformation, 184
weight, 184

tensor field equations, 232
tidal force, 292
time-like, 58, 272
torsion, 116, 128, 130
trace, 166, 232

stress tensor, 166
trace-reversed form, 232
traceless, 301f
transverse, 299, 301
transverse velocity, 351
transverse, traceless gauge, 301, 304, 316,

319, 325
twin paradox, 80f

units
Gaussian, 213
SI, 212

variation, 3f
variational derivative, 4
vector field, 205
vector plane wave, 299
vector potentials, 209

wave equation, 172, 178, 180, 298
weak equivalence principle, 153f
Weyl method, 251, 253–5, 295

E&M, 254f
general relativity, 255

Weyl tensor, 151
world-line, 60
world-sheet, 346

Young’s modulus, 172

zoom-whirl, 339
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