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absolute convergence of series, 547
acceleration vector, 88
addition rule for probabilities, 618, 623
addition theorem for spherical harmonics

Ym� (θ, φ), 340
adjoint, see Hermitian conjugate
adjoint operators, 303–7
adjustment of parameters, 506–7
algebra of

functions in a vector space, 300
matrices, 9–10
unions and intersections, 616
vectors

in a vector space, 2
Ampère’s rule (law), 132, 160
amplitude modulation of radio waves,

203
analytic (regular) functions, 542
angular frequency, 405n

in Fourier series, 174
angular momentum

of particles, 90
of solid body, 148

angular velocity, vector representation,
103

anti-Hermitian matrices, 39
eigenvalues, 43
eigenvectors, 43

antisymmetric functions, 171
and Fourier series, 174–5
and Fourier transforms, 203

antisymmetric matrices, 38
general properties, see anti-Hermitian matrices

aperture function, 195
arbitrary parameters for ODE, 229
Archimedean upthrust, 147, 165
area of

region, as a line integral, 137
surfaces, 95

as vector, 145–6, 160
area, maximal enclosure, 492
Argand diagram, 541
arrays, see matrices

associated Laguerre equation, 277, 366–8
as example of Sturm–Liouville equation, 310,

367
natural interval, 311, 367

associated Laguerre polynomials Lmn (x), 366
generating function, 368
orthogonality, 367
recurrence relations, 368
Rodrigues’ formula, 367

associated Legendre equation, 277, 333–9, 441,
481

as example of Sturm–Liouville equation, 310,
336, 337

general solution, 334
natural interval, 311, 336, 337

associated Legendre functions, 333–9
of first kind Pm� (x), 334, 441, 481

generating function, 338
normalization, 336
orthogonality, 336, 337
recurrence relations, 338
Rodrigues’ formula, 334

of second kindQm
� (x), 334

associative law for
addition

in a vector space of finite dimensionality,
2

in a vector space of infinite dimensionality,
300

of matrices, 9
convolution, 205, 216
linear operators, 6–7
multiplication

of a matrix by a scalar, 9
of matrices, 11

multiplication by a scalar
in a vector space of finite dimensionality,

2
in a vector space of infinite dimensionality,

300
atomic orbitals, s-states, 639
auxiliary equation, 234

repeated roots, 234
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811 Index

basis functions
for linear least squares estimation, 732
in a vector space of infinite dimensionality, 300

basis vectors, 3
non-orthogonal, 5
orthonormal, 4–5

Bayes’ theorem, 625–6
Bessel correction to variance estimate, 724
Bessel equation, 277, 347–52, 360

as example of Sturm–Liouville equation, 310
natural interval, 353

Bessel functions Jν(x), 347–59, 437, 446
generating function, 357
graph of, 351
integral relationships, 355
integral representation, 358–9
orthogonality, 353–6
recurrence relations, 356–7
second kind Yν(x), 352

graph of, 352
series, 349
ν = 0, 351
ν = ±1/2, 349

spherical j�(x), 360, 449
zeros of, 437, 447

Bessel inequality, 5, 303, 785
best unbiased estimator, 715
bias of estimator, 714

root mean square error, 717
binomial coefficient nCk , 629–31
binomial distribution Bin(n, p), 654–7

and Gaussian distribution, 673
and Poisson distribution, 661, 664
mean and variance, 656
MGF, 656
recurrence formula, 656

birthdays, different, 627
bivariate distributions, 683–91

conditional, 685
continuous, 684
correlation, 686–91

and independence, 687
matrix, 689–91
positive and negative, 687
uncorrelated, 687

covariance, 686–91
matrix, 689

expectation (mean), 686
independent, 684, 687
marginal, 685
variance, 686

Born approximation, 320
Bose–Einstein statistics, 632

boundary conditions
and Laplace equation, 472, 475
for Green’s functions, 254, 256–8

inhomogeneous, 257
for ODE, 229, 230, 242
for PDE, 393, 397–9
for Sturm–Liouville equations, 308–9
homogeneous and inhomogeneous, 397, 431,

460, 462
superposition solutions, 426–33
types, 411–12

branch cut, 552
branch points, 551
Breit–Wigner distribution, 680
Bromwich integral, 599

calculus of residues, see zeros of a function of a
complex variable and contour integration

calculus of variations
constrained variation, 496–8
estimation of ODE eigenvalues, 501
Euler–Lagrange equation, 489–90
Fermat’s principle, 498
Hamilton’s principle, 499
higher-order derivatives, 495
several dependent variables, 495
several independent variables, 495
soap films, 493–4

card drawing, 619, 620, 621, 622, 629, 630, 689
carrier frequency of radio waves, 203
catenary, 494, 498
Cauchy

boundary conditions, 411
distribution, 643
inequality, 568
integrals, 566–8
root test, 547
theorem, 563

Cauchy–Riemann relations, 543–6, 564, 584, 586
in terms of z and z∗, 545

central limit theorem, 681–2
central moments, see moments (of distributions),

central
CF, see complementary function
change of basis, see similarity transformations
change of variables in RVD, 642–5
characteristic equation, 46

normal mode form, 61
of recurrence relation, 240

characteristic function, see moment generating
functions (MGF)

charge (point), Dirac δ-function representation,
199
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812 Index

charged particle in electromagnetic fields,
121

Chebyshev equation, 277, 341–7
as example of Sturm–Liouville equation, 310,

344
general solution, 342
natural interval, 311, 344
polynomial solutions, 296

Chebyshev functions, 341–7
Chebyshev polynomials

of first kind Tn(x), 341
generating function, 346
graph of, 342
normalization, 345
orthogonality, 344
recurrence relations, 346
Rodrigues’ formula, 344

of second kind Un(x), 342
generating function, 346
graph of, 343
normalization, 345
orthogonality, 344
Rodrigues’ formula, 344

chi-squared (χ 2) distribution, 679
and goodness of fit, 752
and likelihood-ratio test, 739, 748
percentage points tabulation, 738
test for correlation, 753, 762

Cholesky decomposition, 33, 76
circle of convergence, 547–8
closure property of eigenfunctions of an

Hermitian operator, 307
cofactor of a matrix element, 17–18
column matrix, 8
column vector, 8
combinations (probability), 627–33
commutative law for

addition
in a vector space of finite dimensionality, 2
in a vector space of infinite dimensionality,

300
of matrices, 9

convolution, 205, 216
inner product, 4, 782

commutator of two matrices, 74
complement, 614

probability for, 618
complementary equation, 231
complementary error function, 377
complementary function (CF), 231

for ODE, 233
partially known, 248
repeated roots of auxiliary equation, 234

completeness of
basis vectors, 3
eigenfunctions of an Hermitian operator, 304,

307
eigenvectors of a normal matrix, 793
spherical harmonics Ym� (θ, φ), 340

completing the square to evaluate Gaussian
integral, 194, 458

complex conjugate
z∗, of complex number, 545
of a matrix, 14–16

complex exponential function, 549
complex Fourier series, 180–1
complex integrals, 559–63, see also contour

integration
Cauchy integrals, 566–8
Cauchy’s theorem, 563
definition, 560
Jordan’s lemma, 594–5
Morera’s theorem, 565
of z−1, 561
path dependence, 562–5
principal value, 594
residue theorem, 573–5

complex logarithms, 550
principal value of, 550

complex numbers
complex conjugate of, see complex conjugate
de Moivre’s theorem, see de Moivre’s theorem

complex potentials, 582–7
and fluid flow, 584–5
equipotentials and field lines, 582
for circular and elliptic cylinders, 587
for parallel cylinders, 607
for plates, 588–90, 607
for strip, 607
for wedges, 589
under conformal transformations, 587–90

complex variables, see functions of a complex
variable and power series in a complex
variable and complex integrals

complex variables, further applications,
602

components of a vector, uniqueness, 3
conditional (constrained) variation, 496–8
conditional distributions, 685
conditional probability, see probability,

conditional
confidence interval, 719
confidence limits, of estimators (statistics),

718
confluent hypergeometric equation, 277

as example of Sturm–Liouville equation, 310
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813 Index

conformal transformations (mappings), 556–90
applications, 587–90
examples, 558–9
properties, 556–8

connectivity of regions, 134
conservative fields, 138–41

necessary and sufficient conditions, 139–40
potential (function), 140

consistency, of estimator, 714
constant coefficients in ODE, 233–44

auxiliary equation, 234
constants of integration, 229
constrained variation, 496–8
contingency analysis, 753
contingency table, 753
continuity correction for discrete RV, 673
continuity equation, 156
contour integration, 590–602

infinite integrals, 592–7
inverse Laplace transforms, 599–602
residue theorem, 573–97
sinusoidal functions, 591–2
summing series, 597–9

convergence of infinite series, 547–8
absolute, 547
ratio test, 548
root test (Cauchy), 547

convolution
Fourier transforms, see Fourier transforms,

convolution
Laplace transforms, see Laplace transforms,

convolution
convolution theorem

Fourier transforms, 206
Laplace transforms, 215

coordinate systems, see curvilinear, cylindrical
polar, plane polar and spherical
polar coordinates

coordinate transformations
and matrices, see similarity transformations

correlation matrix, of sample, 712
correlation of bivariate distributions, 686–91
correlation of sample data, 710–12
correlation, chi-squared test, 753, 762
correspondence principle in quantum mechanics,

699
cosh, hyperbolic cosine, 550, see also hyperbolic

functions
cosine, cos(x), orthogonality relations, 171–2
coupled pendulums, 80, 82
covariance matrix

of linear least squares estimators, 732
of sample, 712

covariance of bivariate distributions, 686–91
covariance of sample data, 710–12
CPF, see probability functions, cumulative
Cramér–Rao (Fisher’s) inequality, 715
Cramer determinant, 34
Cramer’s rule, 34–5
curl of a vector field, 102

as a determinant, 102
as integral, 149–50, 152
curl curl, 106
in curvilinear coordinates, 118
in cylindrical polars, 110
in spherical polars, 112
Stoke’s theorem, 158–61

current-carrying wire, magnetic potential,
437

curvilinear coordinates, 113–19
basis vectors, 115
length and volume elements, 115
scale factors, 115
surfaces and curves, 114
vector operators, 116–19

cut plane, 596
cycloid, 122
cylinders, conducting, 585, 587, see complex

potentials, for circular and elliptic
cylinders

cylindrical polar coordinates, 107–11
area element, 109
basis vectors, 108
Laplace equation, 436–9
length element, 109
vector operators, 107–11
volume element, 109

δ-function (Dirac), see Dirac δ-function
δij (δji ), Kronecker delta, see Kronecker delta, δij

(δji )
D’Alembert’s ratio test, 548
D’Alembert’s solution to wave equation, 406
damped harmonic oscillators and Parseval’s

theorem, 208
data modeling, statistics, 730–5
de Broglie relation, 194, 417, 480
de Moivre’s theorem, 591
de Morgan’s laws, 617
deconvolution, 207, see Fourier transforms,

deconvolution
defective matrices, 44, 77
degenerate (separable) kernel, 519–21
degenerate eigenvalues, 43, 47–8, 793
degree

of ODE, 228
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814 Index

del ∇, see gradient operator (grad)
del squared ∇2 (Laplacian), 102, 388

as integral, 152
in curvilinear coordinates, 118
in cylindrical polar coordinates, 110
in polar coordinates, 433
in spherical polar coordinates, 112, 449

delta function (Dirac), see Dirac δ-function
dependent random variables, 683–91
derivative

Fourier transform of, 202
Laplace transform of, 213
normal, 99
of basis vectors, 89–90
of composite vector expressions, 90–1
of function of a complex variable, 541
of vectors, 87

derivative method for second series solution of
ODE, 287–90

determinant form
and εijk , 790
for curl, 102

determinants, 17–21
adding rows or columns, 20
and singular matrices, 21
as product of eigenvalues, 53
evaluation

using εijk , 790
using Laplace expansion, 18

identical rows or columns, 20
in terms of cofactors, 18
interchanging two rows or two columns,

20
notation, 17
of Hermitian conjugate matrices, 20
of order three, in components, 18
of transpose matrices, 20
product rule, 20
properties, 19–21, 79
relationship with rank, 25–6
removing factors, 20
secular, 46

diagonal matrices, 37
diagonalization of matrices, 51–3

normal matrices, 52–3
properties of eigenvalues, 53
simultaneous, 81, 82

dice throwing, 619, 641, 655, 688
differentiable function of a complex variable,

541–3
differential equations, see ordinary differential

equations and partial differential equations
differential equations, particular

associated Laguerre, 277, 310, 366–8
associated Legendre, 277, 310, 333–9
Bessel, 277, 310, 347–52
Chebyshev, 277, 310, 341–7
confluent hypergeometric, 277, 310
diffusion, 389, 408–11, 424, 431–2
Euler, 245
Euler–Lagrange, 489–90
Helmholtz, 445–9
Hermite, 277, 310, 369–73
hypergeometric, 277, 310
Lagrange, 499
Laguerre, 277, 310, 361–5
Laplace, 391, 402, 425, 427
Legendre, 275, 277, 310, 322–32
Legendre linear, 244–6
Poisson, 391, 452–4
Schrödinger, 391, 449, 480, 506
simple harmonic oscillator, 277, 310
Sturm–Liouville, 501
wave, 388–9, 401, 405–7, 422, 445, 500

differential of a vector, 91, 93
differential operators, see linear differential

operator
differentiation

of Fourier series, 179–80
diffraction, see Fraunhofer diffraction
diffusion equation, 389, 400, 408–11

combination of variables, 408–11
integral transforms, 455–6
separation of variables, 424
simple solution, 408
superposition, 431–2

diffusion of solute, 389, 408, 455–6
dimensionality of vector space, 2
Dirac δ-function, 105, 157, 197–202

and convolution, 205
and Green’s functions, 253, 254
as limit of various distributions, 201
as sum of harmonic waves, 200
definition, 197
Fourier transform of, 201
impulses, 199
point charges, 199
properties, 197
reality of, 201
relation to Fourier transforms, 200–2
relation to Heaviside (unit step) function, 200
three-dimensional, 199, 209

Dirichlet boundary conditions, 411, 566n
Green’s functions, 462, 464–73
method of images, 466–73

Dirichlet conditions, for Fourier series, 170–1

Cambridge University Press
978-0-521-76114-7 - Essential Mathematical Methods for the Physical Sciences
K. F. Riley and M. P. Hobson
Index
More information

www.cambridge.org© in this web service Cambridge University Press

http://www.cambridge.org/9780521761147
http://www.cambridge.org
http://www.cambridge.org


815 Index

discontinuous functions and Fourier series, 175–6
discrete Fourier transforms, 221
disjoint events, see mutually exclusive events
displacement kernel, 521
distributive law for

addition of matrix products, 12
convolution, 205, 216
inner product, 4, 782
linear operators, 6–7
multiplication by a scalar

in a vector space of finite dimensionality, 2
in a vector space of infinite dimensionality,

300
multiplication of a matrix by a scalar, 9

div, see divergence of vector fields
divergence of vector fields, 100

as integral, 149–50, 151
in curvilinear coordinates, 117
in cylindrical polars, 110
in spherical polars, 112

divergence theorem
for vectors, 153–4
in two dimensions, 135
physical applications, 156–8
related theorems, 155

dot product, see scalar product
drum skin, see membrane

εijk , Levi–Civita symbol, 789–92
identities, 791
vector products, 790

ex , see exponential function
efficiency, of estimator, 715
eigenequation for differential operators, 298

more general form, 299
eigenfrequencies, 61

estimation using Rayleigh–Ritz method, 64–7
eigenfunctions

completeness for Hermitian operators, 304, 307
construction of a real set for an Hermitian

operator, 307
definition, 298–9
normalization for Hermitian operators, 306
of integral equations, 530
of linear differential operators, 299
of simple harmonic oscillators, 299
orthogonality for Hermitian operators, 305–7

eigenvalues, 40–8, see Hermitian operators
characteristic equation, 46
definition, 41
degenerate, 47–8
determination, 45–8
estimation for ODE, 501

estimation using Rayleigh–Ritz method, 64–7
notation, 41
of anti-Hermitian matrices, see anti-Hermitian

matrices
of Fredholm equations, 521
of general square matrices, 44
of Hermitian matrices, see Hermitian matrices
of integral equations, 521, 529
of linear differential operators

adjustment of parameters, 506–7
definition, 298–9
error in estimate of, 504
estimation, 501–7
higher eigenvalues, 504, 513
simple harmonic oscillator, 299

of linear operators, 41
of unitary matrices, 43
under similarity transformation, 53

eigenvectors, 40–8
characteristic equation, 46
definition, 41
determination, 45–8
normalization condition, 41
notation, 41
of anti-Hermitian matrices, see anti-Hermitian

matrices
of commuting matrices, 44
of general square matrices, 44
of Hermitian matrices, see Hermitian matrices
of linear operators, 41
of unitary matrices, 43
stationary properties for quadratic and

Hermitian forms, 55–7
Einstein relation, 194, 417, 480
electromagnetic fields

flux, 147
Maxwell’s equations, 124, 160

electrostatic fields and potentials
charged split sphere, 443
conducting cylinder in uniform field, 587
conducting sphere in uniform field, 442
from charge density, 453, 466
from complex potential, 584
infinite charged plate, 467, 588
infinite charged wedge, 588
infinite wedge with line charge, 590
of line charges, 469, 583
semi-infinite charged plate, 588
sphere with point charge, 472

ellipse
area of, 137
as section of quadratic surface, 57

elliptic PDE, 399, 402
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816 Index

empty event ∅, 614
end-points for variations

contributions from, 495
fixed, 490

energy levels of
particle in a box, 480
simple harmonic oscillator, 382–3

energy spectrum and Fourier transforms,
208

entire functions, 549n
equivalence transformations, see similarity

transformations
error function, erf(x), 376, 409, 456
error terms in Fourier series, 189
errors, first and second kind, 736
essential singularity, 554, 571
estimation of eigenvalues

linear differential operator, 503–6
Rayleigh–Ritz method, 64–7

estimators (statistics), 713
best unbiased, 715
bias, 714
central confidence interval, 719
confidence interval, 719
confidence limits, 718
consistency, 714
efficiency, 715
minimum-variance, 715
standard error, 716

Euler’s differential equation, 245, 261
Euler–Lagrange equation, 489–90

special cases, 490–4
even functions, see symmetric functions
events, 612

complement of, 614
empty ∅, 614
intersection of ∩, 614
mutually exclusive, 622
statistically independent, 623
union of ∪, 614

exact equations, 246–8
expectation values, see probability distributions,

mean
exponential distribution, 678

from Poisson, 678
MGF, 678

exponential function
and a general power, 549
and logarithms, 550
of a complex variable, 549

F -distribution (Fisher), 746–51
critical points table, 750

logarithmic form, 751
factorial function, general, 373
Fermat’s principle, 498, 510
Fermi–Dirac statistics, 632
Fibonacci series, 267
field lines and complex potentials, 583
fields

conservative, 138–41
scalar, 96
vector, 96

fields, electrostatic, see electrostatic fields and
potentials

fields, gravitational, see gravitational fields and
potentials

first-order differential equations, see ordinary
differential equations

Fisher distribution, see F -distribution (Fisher)
Fisher’s inequality, 715
fluids

Archimedean upthrust, 147, 165
complex velocity potential, 584
continuity equation, 156
cylinder in uniform flow, 585
flow, 584–5
flux, 147, 586
irrotational flow, 103
sources and sinks, 156–8, 584
stagnation points, 584
velocity potential, 161, 391
vortex flow, 161, 585

Fourier cosine transforms, 204
Fourier series, 170–90

and separation of variables, 427–30, 432
coefficients, 172–4, 180
complex, 180–1
differentiation, 179–80
Dirichlet conditions, 170–1
discontinuous functions, 175–6
error term, 189
integration, 179–80
non-periodic functions, 176–8
orthogonality of terms, 171–2

complex case, 180
Parseval’s theorem, 181–3
standard form, 172
summation of series, 183
symmetry considerations, 174–5
uses, 170

Fourier series, examples
square-wave, 174
x, 180, 181
x2, 178
x3, 179–80

Cambridge University Press
978-0-521-76114-7 - Essential Mathematical Methods for the Physical Sciences
K. F. Riley and M. P. Hobson
Index
More information

www.cambridge.org© in this web service Cambridge University Press

http://www.cambridge.org/9780521761147
http://www.cambridge.org
http://www.cambridge.org


817 Index

Fourier sine transforms, 204
Fourier transforms, 191–210

as generalization of Fourier series, 191–2
convolution, 204–8

and the Dirac δ-function, 205
associativity, commutativity, distributivity,

205
definition, 205
resolution function, 204

convolution theorem, 206
cosine transforms, 204
deconvolution, 207–8
definition, 192
discrete, 221
evaluation using convolution theorem,

207
for integral equations, 521–5
for PDE, 457–60
Fourier-related (conjugate) variables,

194
in higher dimensions, 209–10
inverse, definition, 192
odd and even functions, 203
Parseval’s theorem, 208
properties: differentiation, exponential

multiplication, integration, scaling,
translation, 202

relation to Dirac δ-function, 200–2
sine transforms, 204

Fourier transforms, examples
convolution, 205
damped harmonic oscillator, 208
Dirac δ-function, 201
exponential decay function, 193
Gaussian (normal) distribution, 193
rectangular distribution, 201
spherically symmetric functions, 209
two narrow slits, 207
two wide slits, 196, 207

Fourier’s inversion theorem, 192
Fraunhofer diffraction, 195–7

diffraction grating, 220
two narrow slits, 207
two wide slits, 196, 207

Fredholm integral equations, 518
eigenvalues, 521
operator form, 518
with separable kernel, 519–21

Fredholm theory, 528–9
Frobenius series, 281
Fuch’s theorem, 281
function of a matrix, 13
functional, 489

functions of a complex variable, 541–56, 568–73
analyticity, 542
behavior at infinity, 555
branch points, 551
Cauchy integrals, 566–8
Cauchy–Riemann relations, 543–6
conformal transformations, 556–9
derivative, 541
differentiation, 541–6
identity theorem, 569
Laplace equation, 546, 582
Laurent expansion, 570–3
multivalued and branch cuts, 551–3, 600
particular functions, 549–51
poles, 554
power series, 547–8
real and imaginary parts, 541, 546
singularities, 542, 553–6
Taylor expansion, 568–9
zeros, 555

functions of one real variable
decomposition into even and odd functions, 171
Fourier series, see Fourier series

fundamental solution, 465–6
fundamental theorem of

algebra, 579
complex numbers, see de Moivre’s theorem

gamma distribution, 678
gamma function

as general factorial function, 373
definition and properties, 373
graph of, 374

Gauss’s theorem, 474
Gaussian (normal) distribution N (μ, σ 2), 667–77

and binomial distribution, 673
and central limit theorem, 681
and Poisson distribution, 675–6
continuity correction, 673
CPF, 668

tabulation, 670
Fourier transform, 193
mean and variance, 667–72
MGF, 672, 676
multiple, 676–7
sigma limits, 669
standard variable, 667

Gaussian elimination with interchange, 29–30
generalized likelihood ratio, 737
generating functions

associated Laguerre polynomials, 368
associated Legendre polynomials, 338
Bessel functions, 357
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generating functions (cont.)
Chebyshev polynomials, 346
Hermite polynomials, 372
Laguerre polynomials, 364
Legendre polynomials, 329–31

generating functions in probability, 646–53
generating functions, probability, see also

moment generating functions and
probability generating functions

geodesics, 510
geometric distribution, 648, 659
Gibbs’ phenomenon, 176
golden mean, 267
gradient of scalar, 97–100
gradient operator (grad), 97

as integral, 149–50
in curvilinear coordinates, 116
in cylindrical polars, 110
in spherical polars, 112

Gram–Schmidt orthogonalization of
eigenfunctions of Hermitian operators, 306–7
eigenvectors of

Hermitian matrices, 43
normal matrices, 793

functions in a Hilbert space, 301–2
gravitational fields and potentials

Laplace equation, 391
Newton’s law, 92
Poisson equation, 391, 452
uniform disc, 484
uniform ring, 450

Green’s functions, 312–15, 460–76
and boundary conditions, 254, 256
and Dirac δ-function, 253
and partial differential operators, 461
and Wronskian, 269
diffusion equation, 457
Dirichlet problems, 464–73
for ODE, 252–8
Neumann problems, 473–6
particular integrals from, 256
Poisson’s equation, 463

Green’s theorems
applications, 413, 462, 563
in a plane, 135–8, 159
in three dimensions, 154

ground-state energy
harmonic oscillator, 507
hydrogen atom, 513

Hn(x), see Hermite polynomials
Hamilton’s principle, 499
Hamiltonian, 506

Hankel functions H (1)
ν (x), H (2)

ν (x), 352
Hankel transforms, 217
harmonic oscillators

damped, 208
ground-state energy, 507
Schrödinger equation, 506
simple, see simple harmonic oscillator

heat flow
diffusion equation, 389, 408, 431
in bar, 431–2, 457, 483
in thin sheet, 410

Heaviside function, 199
relation to Dirac δ-function, 200

Heisenberg’s uncertainty principle, 193–5
Helmholtz equation, 445–9

cylindrical polars, 447
plane polars, 446–7
spherical polars, 448–9

Hermite equation, 277, 369–73
as example of Sturm–Liouville equation, 310
natural interval, 311

Hermite polynomials Hn(x), 369
generating function, 372
graph of, 369
normalization, 371
orthogonality, 371
recurrence relations, 373
Rodrigues’ formula, 370

Hermitian conjugate, 14–16
and inner product, 16
product rule, 15

Hermitian forms, 53–8
positive definite and semi-definite, 55
stationary properties of eigenvectors, 55–7

Hermitian kernel, 529
Hermitian matrices, 39

eigenvalues, 42–4
reality, 42

eigenvectors, 42–4
orthogonality, 42–4

Hermitian operators, 303–7
boundary condition for simple harmonic

oscillators, 303–4
eigenfunctions

completeness, 304, 307
orthogonality, 305–7

eigenvalues
reality, 305

Green’s functions, 312–15
importance of, 299, 304
in Sturm–Liouville equations, 308–9
properties, 305–7
superposition methods, 312–15
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819 Index

higher-order differential equations, see ordinary
differential equations

Hilbert spaces, 301–3
homogeneous

boundary conditions, see boundary conditions,
homogeneous and inhomogeneous

differential equations, 231
dimensionally consistent, 262
simultaneous linear equations, 27

hydrogen atom
s-states, 639
ground-state energy, 513

hyperbola, as section of quadratic surface, 57
hyperbolic functions, 550

definitions, 550
hyperbolic PDE, 399, 402
hypergeometric distribution, 660–1

mean and variance, 660
hypergeometric equation, 277

as example of Sturm–Liouville equation, 310,
311

natural interval, 311
hypothesis testing, 735–55

errors, first and second kind, 736
generalized likelihood ratio, 737
generalized likelihood-ratio test, 737
goodness of fit, 751
null, 735
power, 737
rejection region, 736
simple or composite, 735
statistical tests, 736
test statistic, 736

identity matrices, 12, 13
identity operator, 7
image source, 466, 590
images, method of, see method of images
impulses, δ-function representation, 199
incomplete gamma function, 375
independent random variables, 645, 687
indices, of regular singular points, 282
indicial equation, 282

distinct roots with non-integral difference,
282–4

repeated roots, 284, 288, 289
roots differ by integer, 284–6, 288

inequalities
Bessel, 5, 303
Schwarz, 5, 302
triangle, 5, 303

infinite integrals by contour integration, 592–7
infinity, point at, 276, 555

inhomogeneous
boundary conditions, see boundary conditions,

homogeneous and inhomogeneous
differential equations, 231
simultaneous linear equations, 27

inner product in a vector space, see also scalar
product

of finite dimensionality, 3–5, 782
and Hermitian conjugate, 16
commutativity, 4, 782
distributivity over addition, 4, 782

of infinite dimensionality, 300
integral equations

eigenfunctions, 530
eigenvalues, 521, 529
Fredholm, 518
from differential equations, 516–17
homogeneous, 517
linear, 517

first kind, 517
second kind, 517

nomenclature, 517
singular, 518
Volterra, 518

integral equations, methods for
differentiation, 525
Fredholm theory, 528–9
integral transforms, 521–5

Fourier, 521–5
Laplace, 523

Neumann series, 526–8
Schmidt–Hilbert theory, 529–32
separable (degenerate) kernels, 519–21

integral functions, 549n
integral transforms, see also Fourier transforms

and Laplace transforms
general form, 217
Hankel transforms, 217
Mellin transforms, 217

integrals
complex, see complex integrals
Fourier transform of, 202
inequalities, 302–3
Laplace transform of, 214
line, see line integrals
of vectors, 92

integrals of vectors, see vectors, calculus of,
integration

integrating factor (IF), 247
integration

multivalued functions, 596–7, 600
of Fourier series, 179–80
of sinusoidal functions, 591
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820 Index

integration, methods for
contour, see contour integration

intersection ∩
algebra of, 616
probability for, see probability, for intersection

inverse integral transforms
Fourier, 192
Laplace, 212, 599–602

uniqueness, 212
inverse matrices, 21–4

elements, 22
in solution of simultaneous linear equations,

30–1
left and right, 22n
product rule, 24
properties, 24

inverse of a linear operator, 7
inversion theorem, Fourier’s, 192
irregular singular points, 275
irrotational vectors, 102
isotope decay, 267
iteration schemes for integral equations, 526–9

Jν(x), see Bessel functions Jν(x)
j�(z), see spherical Bessel functions
joint distributions, see bivariate distributions and

multivariate distributions
Jordan’s lemma, 594–5

kernel of an integral transform, 217
kernel of integral equations

displacement, 521
Hermitian, 529
of form exp(−ixz), 523–5
of linear integral equations, 517
resolvent, 527, 528
separable (degenerate), 519–21

kinetic energy of oscillating system, 59
Klein–Gordon equation

Green’s function for, 485
uniqueness of solution, 419

Kronecker delta, δij , 787, 789–92
and orthogonality, 4
identities, 791

Lagrange equations, 499
and energy conservation, 509

Lagrange undetermined multipliers
and ODE eigenvalue estimation, 503
application to stationary properties of the

eigenvectors of quadratic and Hermitian
forms, 56

integral constraints, 496

Lagrangian, 499, 509
Laguerre equation, 277, 361–5

as example of Sturm–Liouville equation, 310,
363

natural interval, 311, 363
Laguerre polynomials Ln(x), 362

generating function, 364
graph of, 362
normalization, 364
orthogonality, 363
recurrence relations, 365
Rodrigues’ formula, 363

Laplace equation, 391
expansion methods, 449–52
in two dimensions, 400, 402, 425, 427

and analytic functions, 546
and conformal transformations, 587–90
plane polars, 433–5
separated variables, 425

in three dimensions
cylindrical polars, 436–9
spherical polars, 439–45

uniqueness of solution, 449
with specified boundary values, 472, 475

Laplace expansion, 18
Laplace transforms, 210–17, 599

convolution
associativity, commutativity, distributivity,

216
definition, 215

convolution theorem, 215
definition, 210
for ODE with constant coefficients, 242–4
for PDE, 455–6
inverse, 212, 599–602

uniqueness, 212
properties: translation, exponential

multiplication, etc., 214
table for common functions, 212

Laplace transforms, examples
constant, 211
derivatives, 213
exponential function, 211
integrals, 214
polynomial, 211

Laplacian, see del squared ∇2 (Laplacian)
Laurent expansion, 570–3

analytic and principal parts, 570
region of convergence, 570

least squares, method of, 730–5
basis functions, 732
linear, 732, 795
response matrix, 732, 795
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821 Index

Legendre equation, 275, 277, 322–32
as example of Sturm–Liouville equation, 310,

328
associated, see associated Legendre equation
general solution, 323, 325
natural interval, 311, 328

Legendre functions P�(x), 322–32
associated Legendre functions, 481
of second kindQ�(x), 324

graph of, 326
Legendre linear equation, 244
Legendre polynomials P�(x), 323

associated Legendre functions, 441
generating function, 329–31
graph of, 324
normalization, 324, 327
orthogonality, 328, 444
recurrence relations, 330–2
Rodrigues’ formula, 326

Levi–Civita symbol, see εijk , Levi–Civita symbol
line charge, electrostatic potential, 583, 590
line integrals

and Cauchy integrals, 566–8
and Stokes’ theorem, 158–61
of scalars, 128–38
of vectors, 128–41
physical examples, 132
round closed loop, 138

linear dependence and independence
definition in a vector space, 2
relationship with rank, 25

linear differential operator L, 253, 287, 298
adjoint L†, 303
eigenfunctions, see eigenfunctions, of linear

differential operators
eigenvalues, see eigenvalues, of linear

differential operators
for Sturm–Liouville equation, 308–12
Hermitian, 299, 303–7
self-adjoint, 303

linear equations, differential
general ODE, 230–58
ODE with constant coefficients, 233–44
ODE with variable coefficients, 244–58

linear equations, simultaneous, see simultaneous
linear equations

linear independence of functions, 231
Wronskian test, 232, 274

linear integral operator K, 518
and Schmidt–Hilbert theory, 529–31
Hermitian conjugate, 518
inverse, 518

linear least squares, method of, 732, 795

linear molecules, normal modes of, 63–4
linear operators, 5–7

associativity, 6–7
distributivity over addition, 6–7
eigenvalues and eigenvectors, 41
in a particular basis, 6
inverse, 7
non-commutativity, 7
particular: identity, null or zero, singular and

non-singular, 7
properties, 6–7

linear vector spaces, see vector spaces
Liouville’s theorem, 568
Ln of a complex number, 550
ln, natural logarithm of a complex number, 550
longitudinal vibrations in a rod, 389
lottery (UK), and hypergeometric distribution,

661
lower triangular matrices, 37
LU decomposition, 31–3

marginal distributions, 685
matrices, 1–58

as a vector space, 10
as arrays of numbers, 7
as representation of a linear operator, 7
column, 8
elements, 7

minors and cofactors, 17
identity or unit, 12
row, 8
zero or null, 12

matrices, algebra of
addition, 9–10
and normal modes, see normal modes
change of basis, 49–51
Cholesky decomposition, 33, 76
diagonalization, see diagonalization of matrices
LU decomposition, 31–3
multiplication, 10–12

and common eigenvalues, 44
commutator, 74
non-commutativity, 12

multiplication by a scalar, 9–10
similarity transformations, see similarity

transformations
simultaneous linear equations, see

simultaneous linear equations
subtraction, 9

matrices, derived
adjoint, 14–16
complex conjugate, 14–16
Hermitian conjugate, 14–16
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822 Index

matrices, derived (cont.)
inverse, see inverse matrices
table of, 68
transpose, 8

matrices, properties of
anti- or skew-symmetric, 38
anti-Hermitian, see anti-Hermitian matrices
determinant, see determinants
diagonal, 37
eigenvalues, see eigenvalues
eigenvectors, see eigenvectors
Hermitian, see Hermitian matrices
normal, see normal matrices
order, 7
orthogonal, 38–9
rank, 25
square, 7
symmetric, 38
trace or spur, 16
triangular, 37
unitary, see unitary matrices

Maxwell’s electromagnetic equations, 124,
160

Maxwell–Boltzmann statistics, 632
mean μ

from MGF, 651
from PGF, 647
of RVD, 638–9
of sample, 706
of sample: geometric, harmonic, root mean

square, 707
median of RVD, 639
Mellin transforms, 217
membrane

deformed rim, 433–5
normal modes, 447
transverse vibrations, 389, 447, 480

method of images, 413, 466–73, 589
disc (section of cylinder), 472, 475
infinite plate, 467
intersecting plates in two dimensions,

469
sphere, 470–2, 484

MGF, see moment generating functions
minimum-variance estimator, 715
minor of a matrix element, 17–18
mode of RVD, 639
moment generating functions (MGFs), 651–3

and central limit theorem, 682
and PGF, 651
mean and variance, 651
particular distributions

binomial, 656

exponential, 678
Gaussian, 652, 672
Poisson, 664

properties
scaling and shifting, 652
sums of RVs, 653
uniqueness, 653
variable-length sums of RVs, 653

moments (of distributions)
central, 653
of RVD, 641

Morera’s theorem, 565
multinomial distribution, 657–9
multiplication theorem, see Parseval’s theorem
multivalued functions, 551–3

integration of, 596–7
multivariate distributions, 683

multinomial, 657–9
mutually exclusive events, 614, 622

n�(z), see spherical Bessel functions
nabla ∇, see gradient operator (grad)
natural interval

for associated Laguerre equation, 311, 367
for associated Legendre equation, 311, 336,

337
for Bessel equation, 353
for Chebyshev equation, 311, 344
for Hermite equation, 311
for Laguerre equation, 311, 363
for Legendre equation, 311, 328
for simple harmonic oscillator equation, 311
for Sturm–Liouville equations, 309, 311

natural logarithm, see ln and Ln
negative binomial distribution, 659
negative function, 300
negative vector, 2
Neumann boundary conditions, 411

Green’s functions, 462, 473–6
method of images, 473–6
self-consistency, 473

Neumann functions Yν(x), 352
Neumann series, 526–8
Neyman–Pearson test, 737
nodes of oscillation, 406
non-Cartesian coordinates, see curvilinear,

cylindrical polar, plane polar and spherical
polar coordinates

non-linear differential equations, see ordinary
differential equations, non-linear

norm of
function, 301
vector, 4, 782
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823 Index

normal
to coordinate surface, 116
to surface, 95, 100, 141

normal derivative, 99
normal distribution, see Gaussian (normal)

distribution
normal matrices, 40

eigenvectors
completeness, 793

normal modes, 58–67
characteristic equation, 61
coupled pendulums, 80, 82
definition, 62
frequencies of, 61
linear molecular system, 63–4
membrane, 447
normal coordinates, 62
normal equations, 62
number of, 61n
rod–string system, 59–62
zero frequency mode, 64

normalization of
eigenfunctions, 306
eigenvectors, 41
functions, 301

null (zero)
matrix, 12, 13
operator, 7
vector, 2, 300

observables in quantum mechanics, 43, 304
odd functions, see antisymmetric functions
ODE, see ordinary differential equations
operators

Hermitian, see Hermitian operators
linear, see linear operators and linear

differential operator
order of ODE, 228
ordinary differential equations (ODE), see also

differential equations, particular
boundary conditions, 229, 230, 242
complementary function, 231
degree, 228
exact, 246–8
general form of solution, 229–30
higher-order, 228–62
homogeneous, 231
homogeneous in x or y alone, 260
linear, 230–58
non-linear, 258–62
x absent, 259
y absent, 258

order, 228

ordinary point, see ordinary points of ODE
particular integral (solution), 229, 232, 235–6
singular point, see singular points of ODE
singular solution, 229

ordinary differential equations, methods for
eigenfunctions, 298–315
equations with constant coefficients, 233–44
Green’s functions, 252–8
Laplace transforms, 242–4
partially known CF, 248
series solutions, 273–92, 349
undetermined coefficients, 235
variation of parameters, 250–2

ordinary points of ODE, 275, 277–80
indicial equation, 286

orthogonal matrices, 38–9
general properties, see unitary matrices

orthogonal systems of coordinates, 115
orthogonality of

eigenfunctions of an Hermitian operator, 305–7
eigenvectors of an Hermitian matrix, 42–4
functions, 301
terms in Fourier series, 171–2, 180
vectors, 4

orthogonalization (Gram–Schmidt) of
eigenfunctions of an Hermitian operator, 306–7
eigenvectors of a normal matrix, 793
functions in a Hilbert space, 301–2

orthonormal
basis functions, 301
basis vectors, 4–5

under unitary transformation, 50–1
oscillations, see normal modes
outcome, of trial, 612

P�(x), see Legendre polynomials
Pm� (x), see associated Legendre functions
parabolic PDE, 399, 402
parallelogram equality, 5
parameter estimation (statistics), 713–29

Bessel correction, 724
error in mean, 722
mean, 721
standard deviation, 724
variance, 722–4

parameters, variation of, 250–2
parametric equations

of cycloid, 122
of surfaces, 94

Parseval’s theorem
conservation of energy, 208
for Fourier series, 181–3
for Fourier transforms, 208
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824 Index

partial differential equations (PDE), 387–413,
421–76, see also differential equations,
particular

arbitrary functions, 392–3, 394–7
boundary conditions, 393, 411–13, 431
equation types, 399
first-order, 393–9
general solution, 393–405
homogeneous, 397
inhomogeneous equation and problem, 397–99,

452–4, 460–76
particular solutions (integrals), 397–405
second-order, 399–411

partial differential equations (PDE), methods for
change of variables, 403–5, 408–11
constant coefficients, 399

general solution, 401
integral transform methods, 455–60
method of images, see method of images
separation of variables, see separation of

variables
superposition methods, 425–33
with no undifferentiated term, 396–7

partial fractions, in inverse Laplace transforms,
213, 243

particular integrals (PI), 229, see also ordinary
differential equation, methods for and
partial differential equations, methods for

path integrals, see line integrals
PDE, see partial differential equations
PDF, see probability functions, density functions
PDFs, 635
Pearson’s chi-squared test, 753
pendulums, coupled, 80, 82
periodic function representation, see Fourier

series
permutations, 627–33

distinguishable, 628
symbol nPk , 627

perpendicular vectors, 4
PF, see probability functions
PGF, see probability generating functions
PI, see particular integrals
plane polar coordinates, 89

arc length, 111
area element, 111
basis vectors, 89
velocity and acceleration, 89

plane waves, 407, 423
planes, and simultaneous linear equations,

35–6
plates, conducting, see also complex potentials,

for plates

line charge near, 469
point charge near, 467

point at infinity, 276, 555
point charges, δ-function representation,

199
Poisson distribution Po(λ), 661–6

and Gaussian distribution, 675–6
as limit of binomial distribution, 661, 664
mean and variance, 663
MGF, 664
multiple, 665–6
recurrence formula, 663

Poisson equation, 319–20, 391, 452–4
fundamental solution, 465–6
Green’s functions, 462–76
uniqueness, 412–13

Poisson summation formula, 221
polar coordinates, see plane polar and cylindrical

polar and spherical polar coordinates
pole, of a function of a complex variable

contours containing, 590–7, 599–602
order, 554, 571
residue, 571–3

polynomial equations, number of roots, 579
polynomial solutions of ODE, 280, 290–2
populations, sampling of, 706

covariance and correlation, 726–9
moments, 725

covariance, 726
variance, 725

positive (semi-)definite quadratic and Hermitian
forms, 55

positive semi-definite norm, 4
potential energy of oscillating system, 59
potential function

and conservative fields, 140
complex, 582–7
electrostatic, see electrostatic fields and

potentials
gravitational, see gravitational fields and

potentials
vector, 141

power series
and differential equations, see series solutions

of differential equations
power series in a complex variable, 547–8

analyticity, 548
circle and radius of convergence, 547–8
convergence tests, 547, 548
form, 547

power, in hypothesis testing, 737
powers, complex, 549
principal axes of quadratic surfaces, 57
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825 Index

principal value of
complex integrals, 594
complex logarithms, 550

probability, 617–91
axioms, 618
conditional, 622–6

Bayes’ theorem, 625–6
combining, 623

definition, 618
for intersection ∩, 614
for union ∪, 614, 618, 621

probability distributions, 633, see also probability
distributions, individual

bivariate, see bivariate distributions
change of variables, 642–5
generating functions, see moment generating

functions and probability generating
functions

mean μ, 638–9
mean of functions, 639
mode, median and quartiles, 639
moments, 641–2
multivariate, see multivariate distributions
standard deviation σ , 640
table of

continuous distributions, 666
discrete distributions, 654

variance σ 2, 640
probability distributions, individual

binomial Bin(n, p), 654–7
Cauchy (Breit–Wigner), 680
chi-squared (χ 2), 679
exponential, 678
gamma γ (λ, r), 678
Gaussian (normal) N (μ, σ 2), 667–77
geometric, 659
hypergeometric, 660
multinomial, 657–9
negative binomial, 659
Poisson Po(λ), 661–6
uniform (rectangular), 667

probability functions (PFs), 633
cumulative (CPFs), 633, 635
density functions (PDFs), 635

probability generating functions (PGFs),
646–51

and MGF, 651
binomial, 650
definition, 647
geometric, 648
mean and variance, 647–8
Poisson, 647
sums of RV, 649

trials, 647
variable sums of RV, 650–1

quadratic forms, 53–8
positive definite and semi-definite, 55
quadratic surfaces, 57–8
removing cross terms, 54–5
stationary properties of eigenvectors, 55–7

quartiles, of RVD, 639

radius of convergence, 547
random variable distributions, see probability

distributions
random variables (RV), 612, 633–7

continuous, 635–7
dependent, 683–91
discrete, 633–4
independent, 645, 687
sums of, 648–51
uncorrelated, 687

rank of matrices, 25
and determinants, 25–6
and linear dependence, 25

ratio test (D’Alembert), 548
Rayleigh–Ritz method, 64–7, 512, 513
rectangular distribution, 667

Fourier transform of, 201
recurrence relations (functions), 330, 356–7

associated Laguerre polynomials, 368
associated Legendre functions, 338
Chebyshev polynomials, 346
Hermite polynomials, 373
Laguerre polynomials, 365
Legendre polynomials, 332

recurrence relations (series), 237–42
characteristic equation, 240
coefficients, 278, 280
first-order, 238
second-order, 240
higher-order, 242

regular functions, see analytic (regular) functions
regular singular points, 275, 280–2
repeated roots of auxiliary equation, 234
residue

at a pole, 571–3
theorem, 573–5

resolution function, 204
resolvent kernel, 527, 528
response matrix, for linear least squares, 732,

795
Rodrigues’ formula for

associated Laguerre polynomials, 367
associated Legendre functions, 334
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Rodrigues’ formula for (cont.)
Chebyshev polynomials, 344
Hermite polynomials, 370
Laguerre polynomials, 363
Legendre polynomials, 326
orthonormal polynomials, 326n

root test (Cauchy), 547
roots of a complex variable, 550
rope, suspended at its ends, 496
rotation of a vector, see curl of a vector field
row matrix, 8
RV, see random variables
RVD (random variable distributions), see

probability distributions

sampling
correlation, 711
covariance, 711
space, 612
statistics, 706–12
with or without replacement, 622–3

scalar fields, 96
derivative along a space curve, 98
gradient, 97–100
line integrals, 128–38
rate of change, 98

scalar product
and inner product, 3, 782
and perpendicular vectors, 4

scale factors, 109, 111, 115
scattering in quantum mechanics, 223
Schmidt–Hilbert theory, 529–32
Schrödinger equation, 391

constant potential, 480
hydrogen atom, 449
variational approach, 506

Schwarz inequality, 5, 302, 784
second-order differential equations, see ordinary

differential equations and partial
differential equations

secular determinant, 46
self-adjoint operators, 303–7, see Hermitian

operators
separable kernel in integral equations, 519–21
separation constants, 423, 425
separation of variables, for PDE, 421–54

diffusion equation, 424, 430–2, 445, 459
expansion methods, 449–52
general method, 421–5
Helmholtz equation, 445–9
inhomogeneous boundary conditions, 430–2
inhomogeneous equations, 452–4
Laplace equation, 425, 427–30, 433–45, 449

polar coordinates, 433–54
separation constants, 423, 425
superposition methods, 425–33
wave equation, 422–3, 445, 447

series
convergence of, see convergence of infinite

series
summation, see summation of series

series, particular
Fourier, see Fourier series
power, see power series

series solutions of differential equations, 273–92
about ordinary points, 277–80
about regular singular points, 280–2

Frobenius series, 281
convergence, 278
indicial equation, 282
linear independence, 282
polynomial solutions, 280, 290–2
recurrence relation, 278, 280
second solution, 279, 286–90

derivative method, 287–90
Wronskian method, 286, 325

shortest path, 491
similarity transformations, 49–51

properties of matrix under, 50
unitary transformations, 50–1

simple harmonic oscillator, 299
energy levels of, 382–3
equation, 277, 310

simple poles, 554
simultaneous linear equations, 27–36

and intersection of planes, 35–6
homogeneous and inhomogeneous, 27
number of solutions, 27–8
solution using

Cramer’s rule, 34–5
Gaussian elimination, 29–30
inverse matrix, 30–1
LU decomposition, 31–3

sine, sin(x), orthogonality relations, 171–2
singular and non-singular

integral equations, 518
linear operators, 7
matrices, 21

singular point (singularity), 542, 553–6
essential, 554, 571
pole of order n, 554
removable, 555

singular points of ODE, 275
irregular, 275
particular equations, 277
regular, 275
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singular solution of ODE, 229
sinh, hyperbolic sine, 550, see also hyperbolic

functions
sinusoidal functions, common values, 172
skew-symmetric matrices, 38
Snell’s law, 498
soap films, 493–4
solenoidal vectors, 100, 141
solid angle

as surface integral, 147
subtended by rectangle, 165

source density, 391
spaces, see vector spaces
span of a set of vectors, 2
spherical Bessel functions, 360–1

of first kind j�(z), 360
of second kind n�(z), 360

spherical Bessel functions j�(z), n�(z),
449

spherical harmonics Ym� (θ, φ), 339–40
addition theorem, 340

spherical polar coordinates, 111–12
area element, 112
basis vectors, 111
length element, 112
vector operators, 111–12
volume element, 112

spur, of a matrix, see trace of a matrix
square matrices, 7
square-wave, Fourier series for, 174
stagnation points of fluid flow, 584
standard deviation σ , 640

of sample, 708
standing waves, 405
stationary values

of integrals, 488
statistical tests, and hypothesis testing,

736
statistics, 612, 705–55

describing data, 706–12
estimating parameters, 713–29

Stirling’s
approximation, 375, 673
asymptotic series, 375

Stokes’ equation, 383, 511
Stokes’ theorem, 139, 158–61

physical applications, 160
related theorems, 159

streamlines and complex potentials, 584
string

loaded, 510
plucked, 482
transverse vibrations of, 388, 500

Student’s t-distribution
normalization, 742
plots, 743

Student’s t-test, 740–6
comparison of means, 745
critical points table, 744
one- and two-tailed confidence limits, 744

Sturm–Liouville equations, 308–12
boundary conditions, 308–9
examples, 310

associated Laguerre, 310, 367
associated Legendre, 310, 336, 337
Bessel, 310, 353–6
Chebyshev, 310, 344
confluent hypergeometric, 310
Hermite, 310
hypergeometric, 310
Laguerre, 310, 363
Legendre, 310, 328

manipulation to self-adjoint form,
309–12

natural interval, 309, 311
two independent variables, 514
variational approach, 501–6
weight function, 501
zeros of eigenfunctions, 317

submatrices, 25–6
subscripts

and the summation convention, 786
dummy, 787
free, 787

summation convention, 67, 786–8
summation of series

contour integration method, 597–9
Fourier series method, 183

superposition methods
for ODE, 298, 312–15
for PDE, 425–33

surface area, as a vector, 145–6
as a line integral, 145

surface integrals
and divergence theorem, 153
Archimedean upthrust, 147, 165
of scalars, vectors, 141–7
physical examples, 147

surfaces, 94–6
area of, 95

sphere, 95
coordinate curves, 95
normal to, 95, 100
parametric equations, 94
quadratic, 57–8
tangent plane, 95
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828 Index

symmetric functions, 171
and Fourier series, 174–5
and Fourier transforms, 203

symmetric matrices, 38
general properties, see Hermitian matrices

t-test, see Student’s t-test
tangent planes to surfaces, 95
tanh, hyperbolic tangent, see hyperbolic functions
Taylor series

and Taylor’s theorem, 568
for functions of a complex variable, 568–9

test statistic, 736
top-hat function, see rectangular distribution
trace of a matrix, 16

as sum of eigenvalues, 46, 53
invariance under similarity transformations, 50

transformation matrix, 49, 54–5
transformations

conformal, 556–9
coordinate, see coordinate transformations
similarity, see similarity transformations

transforms, integral, see integral transforms and
Fourier transforms and Laplace transforms

transients, and the diffusion equation, 431
transpose of a matrix, 8, 13–14

product rule, 14
transverse vibrations

membrane, 389, 447, 480
rod, 482
string, 388

trial functions
for eigenvalue estimation, 503
for particular integrals of ODE, 235

trials, 612
triangle inequality, 5, 303, 784
triangular matrices, 31, 37

uncertainty principle (Heisenberg), 193–5
undetermined coefficients, method of, 235
undetermined multipliers, see Lagrange

undetermined multipliers
uniform distribution, 667
union ∪

algebra of, 616
probability for, see probability, for union

uniqueness theorem
Klein–Gordon equation, 419
Laplace equation, 449
Poisson equation, 412–13

unit step function, see Heaviside function
unitary matrices, 39

eigenvalues and eigenvectors, 43

unitary transformations, 50–1
upper triangular matrices, 37

variables, separation of, see separation of
variables

variance σ 2, 640
from MGF, 652
from PGF, 647
of dependent RV, 688
of sample, 708

variation of parameters, 250–2
variation, constrained, 496–8
variational principles, physical, 498–500

Fermat, 498
Hamilton, 499

variations, calculus of, see calculus of variations
vector operators, 96–119

acting on sums and products, 103–5
combinations of, 105–7
curl, 102, 118
del ∇, 97
del squared ∇2, 102
divergence (div), 100
geometrical definitions, 149–52
gradient operator (grad), 97–100, 116
identities, 105
Laplacian, 102, 118
non-Cartesian, 107–19

vector spaces, 2–5
associativity of addition, 2
basis vectors, 3
commutativity of addition, 2
complex, 2
defining properties, 2
dimensionality, 2
inequalities: Bessel, Schwarz, triangle, 5,

784–5
matrices as an example, 10
of infinite dimensionality, 300–3

associativity of addition, 300
basis functions, 300
commutativity of addition, 300
defining properties, 300
Hilbert spaces, 301–3
inequalities: Bessel, Schwarz, triangle,

302–3
parallelogram equality, 5
real, 2
span of a set of vectors in, 2

vectors
as geometrical objects, 1
base, 89
column, 8
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829 Index

irrotational, 102
non-Cartesian, 89, 108, 111
solenoidal, 100, 141
span of, 2

vectors, calculus of, 87–119
differentiation, 87–91, 93
integration, 92–3
line integrals, 128–41
surface integrals, 141–7
volume integrals, 147–9

vectors, derived quantities
curl, 102
derivative, 87
differential, 91, 93
divergence (div), 100
vector fields, 96

curl, 158
divergence, 100
flux, 147
rate of change, 99

vectors, physical
acceleration, 88
angular velocity, 103
area, 145–6, 160
velocity, 88

velocity vectors, 88
Venn diagrams, 612–17
vibrations

internal, see normal modes
longitudinal, in a rod, 389
transverse

membrane, 389, 447, 480, 512, 514
rod, 482
string, 388, 500

Volterra integral equation, 517, 518
differentiation methods, 525
Laplace transform methods, 523

volume elements
curvilinear coordinates, 115
cylindrical polars, 109
spherical polars, 112

volume integrals, 147–9
and divergence theorem, 153

volumes, as surface integrals, 148, 153

wave equation, 388–9, 400, 500
boundary conditions, 406–7
from Maxwell’s equations, 124
in one dimension, 401, 405–7
in three dimensions, 407, 422, 445
standing waves, 405

wave number, 195, 405n
wave packet, 194
wave vector, k, 195
Weber functions Yν(x), 352
weight function, 299, 501
work done by force, 132
Wronskian

and Green’s functions, 269
for second solution of ODE, 286, 325
from ODE, 274
test for linear independence, 232, 274

Ym� (θ, φ), see spherical harmonics
Yν(x), Bessel functions of second kind, 352
Young’s modulus, 389

zero (null)
matrix, 12, 13
operator, 7
vector, 2, 300

zeros of a function of a complex variable, 555
order, 556, 570

zeros of Sturm–Liouville eigenfunctions, 317
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