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:=, A := B means A is defined by B, xii s A, §-interior of A, 298
=:, A =: B means B is defined by A, xii 8x, point mass at x, 1
=, of the same order, 288 D5, F), 239
X, set of Cartesian products, 193 D;P)(& F, 0),205
=, converges in law, 136 D) (g, F), 205
®, product o -algebra, 152 DP)(e, F, Q), 205
1, class of intersections, 175 DP, partial derivative, 287
'_'];-: 1> class of intersections, 286 dens, combinatorial density, 178
LI, class of unions, 193 diam, diameter, 8
'—'];-:1» class of unions, 286 dp,dp(A, B) :== P(AAB), 200
Il - lla, differentiability norm, 287 dy.0, LP(Q) distance, 205
Il - | 5, bounded Lipschitz norm, 154 dsup. supremum distance, 269
I-le, 179
-1z, 137 E(k, n, p), binomial probability, 13
| - Iz, Lipschitz seminorm, 154 E*, upper expectation, 138
I - |I', dual norm, 67 e, 1 a signed measure, 332
L Lfigli=1{h: f<h<g}269 ess.inf, essential infimum, 138
(-, )o, p, covariance, 62 ess.sup, essential supremum, 66
oy = n'2(F, — F),3 &, normal distribution function, 98
AEC(P, 1), asymptotic equicontinuity ¢, normal density, 98
condition, 159 F, distribution function, 1
F,, empirical distribution function, 1
B(-, ), bounded Lipschitz distance, 157 Fr, envelope, 205
B(k, n, p), binomial probability, 13 fir 141
f o g, composition, 136
C(F) == I(F)UR(F), 297 f*, measurable cover function, 138
€', polar of C, 87 Fu k (F), a-differentiable functions, 287
card, cardinality, 175 F'(8,d), 373
cov p, covariance, 62
C(e, K, d), subgraphs of a-smooth f’s, 288 G p, Gaussian limit process, 61

Gu.k .4, differentiable functions, 288
D(e, A, d), packing number, 8

A, symmetric difference, 137 H(e, A,d)=1ogN(e, A,d), 8

AA, set of symmetric differences, 184 Hy(F, M), hull, 169

A€, number of induced subsets, 175 h(-, -), Hausdorff metric, 284
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I(F), inside F boundary, 297
I = [0, 1], unit interval, 57
i.i.d., indep. identically dist., 1

L(-), isonormal process, 64

L(A)*, ess.sups L, 66

|L(A)|*, ess.sup4|L|, 66

Ez(u), set of square-integrable functions,
64

L2, equivalence-classes for L2, 64

L, law = distribution, 62

£0,137

£3,134

LLy, lower layers in R4, 300

LLg,1, lower layers in unit cube, 300

mCn), 175

v, empirical process, 133
vf , bootstrap empirical process, 324
~NC<k, N choose < k, 176

N(e, A, S, d), ball covering number, 8
N(e, C, d), covering number, 8
Njy(e,C, P),270

N (e. F. P), 269

nn(g) = {x: gx) > 0}, 179

70, centering projection, 133
P,, empirical measure, 1
P,F , bootstrap empirical measure, 323

P*, outer probability, 137

pos(G) = {pos(g) : g € G}, 179

pos(g) = {x : g(x) > 0}, 179
[pl=p1+--pa, 287

p(-, -), Prokhorov distance, 157

pp,covp distance, 134
R(F), range(F), 297
R =[—o00, 00], 136

R¥, all functions X — R, 180

J*, upper integral, 136
[+, lower integral, 141
S!. unit circle, 179

sco, symmetric closed convex hull, 91
sco, symmetric convex hull, 159

S(R™), L. Schwartz space, 80

U10, 1], uniform law on [0, 1]

, 168

V(C) = S(C) + 1, VCindex, 175

var(X) = E(X — EX)?),9

Wp, isonormal process on L2(P), 65

[x1,57
xP = xlp(])x;(z) ..., 287
x;, Brownian motion, 3

yt, Brownian bridge, 3
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a.s., almost surely, 9
acyclic graph, 187
admissible (measurability), 222, 227
Alaoglu’s theorem, 93
almost uniformly, see convergence
analytic sets, 238, 440-442
asymptotic equicontinuity, 159, 162, 174,
336
atom
of a Boolean algebra, 181, 202, 203, 207
of a probability space, 141
soft, 237, 282

Banach space, 63, 93

binomial distribution, 3, 13, 164, 425
Blum-DeHardt theorem, 270

Bochner integral, 93, 283, 432436
Boolean algebras, 181, 202

bootstrap, 323-347

bordered, 197

Borel classes, 224

Borel injections, 440-442
Borel-isomorphic, 161

Borisov—Durst theorem, 279
boundaries, differentiable, 287-300, 391
bracket, bracketing, 269-393

Brownian bridge, 3, 6, 7, 56, 58, 322, 323
Brownian motion, 3

C-estimator, 262

Cantor set, 223, 230

cardinals, 428

ceiling function, 57

centered Gaussian, 68-71

central limit theorems
general, 137, 251, 274

see also Donsker class, 137
in finite dimensions, 3
in separable Banach spaces, 252
chain, 184
characteristic function, 69, 74, 128, 325
closed regular measure, 430
coherent process, 135, 159, 361
comparable, 186
complemented, 185
composition of functions, 136
confidence sets, 345-346
continuity set, 150, 154
continuous mapping theorem, 158
convergence
almost uniform, 143, 144, 149, 150, 155,
324
in law, 6, 136
classical, 135, 171, 174
Dudley (1966), 173, 174
Hoffmann-Jgrgensen, 136, 137, 141, 144,
147, 149, 154-158, 173, 174, 346
in outer probability, 143-145, 147, 155,
169, 260, 324
convex
combination, 90, 367
function, 11
functions, 67, 73, 82, 128, 443, 445
hull, 90, 128, 159, 168, 170, 209, 366
metric entropy of, 366-372
sets, 266, 410
and Gaussian laws, 85-87
approximation of, 305-316, 318,
366-372
classes of, 179, 209, 266, 282, 318, 393,
401, 410, 414
symmetric, 85, 90
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convolution, 332, 421, 423
correlation, 76
cotreelike ordering, 189
coupling

Vorob’ev form, 32, 56, 160, 161
Cramér-Wold device, 325
cubature, numerical integration, 392
cubes, unions of, 282, 392
cycle in a graph, 187

Darmois—Skitovi¢ theorem, 68, 131
desymmetrization, 326, 327, 330
determining class, 220, 222
diameter, 122
differentiability degrees for functions, and
bounding sets, 287-300, 391
differentiating under integrals, 417423
dominated family of laws, 215
Donsker classes, 137, 175
criteria for, 336
asymptotic equicontinuity, 159
multipliers, 343
examples
all subsets of N, 267, 279
bounded variation, 266
convex sets in 12, 306, 318
unions of k intervals, 172
unit ball in Hilbert space, 171
weighted intervals, 266
non-Donsker classes, 172, 173, 179, 266,
391-415
‘P-universal, 320
stability of
convex hull, 171
sums, 171
union of two, 162—-163
sufficient conditions for
bracketing, 274-283
differentiability classes, 289, 300
Koltchinskii-Pollard entropy, 252
sequences of functions, 163-168, 172
Vapnikf(vjervonenkis classes, 258,
260
uniform, 322, 372-388
universal, 322, 360-366, 372, 374,
389
Donsker’s theorem, 6, 58, 172
dual Banach space, 92, 93, 272

edge (of a graph), 187

Effros Borel structure, 233, 234, 238

Egorov’s theorem, 144, 430

ellipsoids, 128, 129, 171, 181, 364, 374,
389

empirical measure, 1, 133, 137, 144, 179, 242,
424
as statistic, 219, 235, 264, 319, 323
bootstrap, 323, 324
empirical process, 133-137, 159-162
in one dimension, 3, 6, 56, 58
envelope function, 205, 239, 265, 269, 362
e-net, 8, 267
equicontinuity, asymptotic, 159, 162, 174,
336
equivalent measures, 216
essential infimum or supremum, 66, 138, 141,
173
estimator, 262-264
exchangeable, 235
exponential family, 235, 423

factorization theorem, 215, 217, 237
filtration, 398

Gaussian processes, 61
see also pregaussian, 134
GB-sets, 66, 94
and metric entropy, 96, 129
implied by GC-set, 88
necessary conditions, 88, 96
special classes
ellipsoids, 128
GC-sets, 66, 94
and Gaussian processes, 124
and metric entropy, 129
criteria for, 90
other metrics, 124
implies GB-set, 88
special classes
random Fourier series, 128, 129
sequences, 128, 129
stability of
convex hull, 90
union of two, 94
sufficient conditions
metric entropy, 94, 96, 132
unit ball of dual space, 92
generic chaining, 108-117
geometric mean, 11
Glivenko—Cantelli class, 144, 269-274
envelope, integrability, 265
examples, 281
convex sets, 306
lower layers, 317
non-examples, 170, 179, 214, 281
strong, 144
sufficient conditions for
bracketing (Blum-DeHardt), 270
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Glivenko—Cantelli class (cont.) law, probability measure, 3, 63, 332
differentiability classes, 289, 300 likelihood ratio, 218
unit ball (Mourier), 273 linearly ordered by inclusion, 182, 184, 185,
Vapnik—éervonenkis classes, 175 197, 205, 282
uniform, 264, 348-360 Lipschitz functions, seminorm, 154, 253, 286,
universal, 266, 267 344
weak, 144 Lorentz spaces, 260, 338
not strong, 267 loss function, 262
Glivenko—Cantelli theorem, 2, 57 lower layers, 300-305, 318, 361, 401410,
graph, 187 415
lower semilattice, 138
Hausdorff metric, 233, 284 Lusin’s theorem, 148, 430, 431
Hilbert space, 64
Holder condition, 287, 410 major set or class, 204
homotopy, 296, 297 Marczewski function, 224
marginals, laws with given, 32, 160, 161
image admissible, 222, 223, 225, 227, Markov property, 7, 415
238 for random sets, 400
image admissible Suslin, 230, 232, 234 measurability, 58, 136, 213-238, 262, 267,
236-238, 262, 268, 362 427-431, 437442
incomparable, 186 measurable
independent cover functions, 173
as sets, 202, 264 cover of a set, 137, 335
events, sequences of, 164, 168, 173 universally, 60, 148, 229, 230, 242, 247,
pieces, process with, 398 437, 439
random elements, 142 vector space, 67-70
independent events, 170, 172 measurable cardinals, 428
inequalities, 9—15 metric
Bernstein’s, 9-11, 58, 165, 172 dual-bounded-Lipschitz, 157, 324, 372
Chernoff, 13 Prokhorov, 56, 157, 160
Hoeffding’s, 10, 11, 58 Skorokhod’s, 58
Hoffmann-Jgrgensen, 329 metric entropy, 7-9
Jensen’s, 50, 328 of convex hulls, 366-372
conditional, 72 with bracketing, 269, 393
Komatsu’s, 99, 132 metrization of convergence in law, 154, 155,
Lévy, 14, 59, 143 324,374
Ottaviani’s, 14, 59 Mills’ ratio, 99
Slepian’s, 74, 76, 78 minimax risk, 262, 263
with stars, 328-330, 332, 340 minoration, Sudakov, 76
Young, W. H., 445 mixed volume, 306, 307
inner product, 63 modification, 65, 179, 267, 268, 446-447
integral monotone regression, 318
Bochner, 93 multinomial distribution, 13, 396, 424-426
Pettis, 93
intensity measure, 171, 396 Neyman—Pearson lemma, 98, 219
isonormal process, 64, 65, 93, 94, 121, 122, node (of a graph), 187
124, 125, 134, 446447 nonatomic measure, 235, 236, 428
norm, 63
Kolmogorov—Smirnov statistics, 323 bounded Lipschitz, 154, 288, 324
Koltchinskii—Pollard entropy, 239, 267 supremum, 6, 15, 58, 70, 223, 234
Kuiper statistic, 323 normal distribution or law, 345
in finite dimensions, 64, 69, 79
law, 62 in infinite dimensions, 64, 68
convergence in, 136 in one dimension, 67, 68, 131
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normed space, 63
null hypothesis, 319

orthants, as VC class, 198
outer probability, 143, 144, 324

P-Donsker class, see Donsker class
P-perfect, 146
Pascal’s triangle, 176
history, 211
perfect function, 146-150, 154, 320
perfect probability space, 148
Pettis integral, 93, 283, 432-436
Poisson
distributions, 13, 14, 57, 171, 331, 333, 396,
406
process, 171, 396, 398, 401, 414
Poissonization, 331, 333, 391, 395-400,
415
polar, of a set, 87, 127, 128
Polish space, 32, 60, 161
Pollard’s entropy condition, 252, 374
polyhedra, polytopes, 182, 309, 318, 410
polynomials, 180
portmanteau theorem, 154, 174
pregaussian, 134, 135, 137, 159, 172, 260,
361
uniformly, 373, 374
prelinear, 88, 89, 135, 179
pseudo-metric, 122
pseudo-seminorm, 70

quasi-order, 185
quasiperfect, 148

Rademacher variables, 10, 326
random element, 136-324
RAP, xii
realization

a. s. convergent, 149-153

of a stochastic process, 89, 90
reflexive Banach space, 93
regular conditional probabilities, 161
reversed (sub)martingale, 243, 245, 249
risk, 262, 263

sample, 319, 325
-bounded, 94
-continuous, 7, 94, 97, 122, 129, 134
function, 66, 123, 124
modulus, 94, 95
space, 133, 338
Sauer’s Lemma, 176, 185, 189, 190, 194, 206,
209, 250

471

selection theorem, 230, 231, 238
seminorm, 63
separable measurable space, 222
shatter, 175
o-algebra

Borel, 63, 68, 71, 121

product, 133, 140, 223, 226

tail, 72, 91
slowly varying function, 395
standard deviation, 76
standard normal law, 67, 83, 87, 95
stationary process, 248
statistic, 215, 218, 219, 345, 347
Stirling’s formula, 13
stochastic process, 62, 64, 94, 121, 122, 124,

132, 262, 398, 446

stopping set, 391, 398, 400, 414
Strassen’s theorem, 56, 174
subadditive process, 247, 248
subgraph, 204, 285, 400
submartingale, 72, 242, 243
Sudakov—Chevet theorem, 76, 83, 88
sufficient

o-algebra, 215-222

collection of functions, 220

statistic, 215, 218, 219, 235
superadditive process, 247, 248
supremum norm, 71
Suslin property, 229, 230, 234, 262, 268
symmetric random element, 142
symmetrization, 241, 249, 250, 267, 327,

330

tail event or o-algebra, 72, 91
tail probability, 92
tetrahedra, 266
tight, 148
uniformly, 148
tightness, 60
topological vector space, 68, 70, 437
tree, 187
triangle function, 128
triangular arrays, 325, 333
triangulation, 309, 318
truncation, 10
two-sample process, 172, 319-323

u.m., see universally measurable, 148

uniform distribution on [0, 1], 161

uniformly integrable, 418, 419, 422

universal class « function, 226

universally measurable, 60, 148, 229, 230,
242,247,437

upper integral, 136, 137
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Vapnik—éervonenkis classes version, 64, 121, 179, 446447
of functions version-continuous, 121, 122, 124, 125, 128
hull, 204, 207, 208, 361, 372 volume, 129, 299, 306, 365,
major, 204, 208, 209, 361 393

subgraph, 204, 258, 361, 362, 372
of sets, 176-204, 240, 258, 260, 263, 264, weak™ topology, 93

360 Wiener process, 3
VC, see Vapnik—Cervonenkis class
VC dimension, 176 Young-Orlicz norms, modulus, 97, 130,
vector space 443-445
measurable, 67-70
topological, 68, 70, 435 zero-one law for Gaussian measures, 69
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