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Chapter 1

Introduction and problem formulation

1.1 History, background, and rationale

In examining the dynamics of any physical system the concept of stability
becomes relevant only after first establishing the possibility of equilibrium.
Once this step has been taken, the concept becomes ubiquitous, regardless of
the actual system being probed. As expressed by Betchov & Criminale (1967),
stability can be defined as the ability of a dynamical system to be immune
to small disturbances. It is clear that the disturbances need not necessarily be
small in magnitude but the fact that the disturbances become amplified as a
result and then there is a departure from any state of equilibrium the system had
is implicit. Should no equilibrium be possible, then it can already be concluded
that that particular system in question is statically unstable and the dynamics
is a moot point.

Such tests for stability can be and are made in any field, such as mechanics,
astronomy, electronics and biology, for example. In each case from this list,
there is a common thread in that only a finite number of discrete degrees of
freedom are required to describe the motion and there is only one indepen-
dent variable. Like tests can be made for problems in continuous media but the
number of degrees of freedom becomes infinite and the governing equations
are now partial differential equations instead of the ordinary variety. Thus, con-
clusions are harder to obtain in any general manner but it is not impossible. In
fact, successful analysis of many such systems has been made and this has
been particularly true in fluid mechanics. This premise is even more so to-
day because there are far more advanced means of computation available to
supplement analytical techniques. Likewise the means for experimentation has
improved in profound ways.

Fundamentally, there is no difficulty in presenting the problem of stability
in fluid mechanics. The governing Navier-Stokes continuum equations for the
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2 Chapter 1. Introduction

momenta and the conservation of mass that are often expressed by constraints,
such as incompressibility that requires the fluid velocity to be solenoidal in a
somewhat general sense, are the tools of the science. A specific flow is then
fully determined by satisfying the boundary conditions that must be met for
that flow. Other considerations involve the importance of the choice of the
coordinate system that is best to describe the flow envisioned and whether or
not there is any body force, say. Then, the important first step is to identify a
flow that is in equilibrium. For this purpose, a flow that is in equilibrium need
not necessarily be time independent but the system is no longer accelerated due
to the balance of all forces. For such flows meeting these conditions very few,
if any, remain that have not been theoretically evaluated using this approach
but, because the governing equations of motion are a set of nonlinear partial
differential equations, the results are most often the result of approximations.
Nevertheless these flows are well established, many have been experimentally
confirmed, and they are all laminar. In addition, a few exact solutions of the
governing equations are known. In such cases, where more complex physics is
entailed, such as compressibility or electrical conductivity of the fluid, similar
arguments can be made and results have been equally obtainable.

Essentially there are three major categories of base mean flows, namely:
(a) flows that are parallel or almost parallel; (b) flows with curved streamlines
and; (c) flows where the mean flow has a zero value. Examples of the parallel
variety are channel flows, such as plane Couette and Poiseuille flows where
the flows are confined by two solid boundaries. There is but one component
for the mean velocity and it is a function of the coordinate that defines the
locations of the boundaries. In a polar coordinate system, pipe flow is another
example of note. Almost parallel flows are of two main categories: (i) free
shear flows, such as the jet, wake and mixing layer where there are no solid
boundaries in the flow and (ii) the flat plate boundary layer where there is but
one solid boundary. In these terms, (i) and (ii) have two components for the
mean velocity and they are both functions of the coordinate in the direction
of the flow as well as the one that defines the extent of the flow. In Cartesian
terms, if U and V are the mean velocity components in the x and y spatial
directions, respectively, then almost parallel assumes that V « U and that the
variation of U with respect to the downstream variable x is weak. Group (b) has
flows such as that between concentric circular cylinders (Taylor problem) or
flow on concave walls (Gortler problem). The cases where there is no mean
flow (Rayleigh problem, Bénard cells, e.g.) are simply special cases of the
more general picture. Whether from the standpoint of view of the physics or
the mathematics needed to make analyses, each of these prototypes has its
own unique features and it is the stability of same that is the question to be
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Fig. 1.2, Turbulent Boundary Layer (after van Dyke, 1975).

answered. It should be clear that the actual causes of any resulting instability
will vary as well.

It should be again stressed that, regardless of the methods required for ob-
taining any mean flow, they are laminar and are in equilibrium or near equi-
librium. But, unfortunately, just as the adage states, “turbulence is the rule and
not the exception to fluid motion”. In other words, laminar flows are extremely
hard to maintain; transition to turbulence will occur in the short or the long
term. One need only to observe the flow over the wings of an airplane, the
meandering of a river, the outflow from the garden hose, or the resulting flow
behind bluff bodies in both the laboratory and in nature to witness this pre-
dominance first hand. Laminar flow is orderly, can be well predicted, and is
most generally desired. The illustrations of Figs. 1.1 and 1.2 vividly demon-
strate the more than subtle differences for these two flows in the boundary
layer setting. Here, a benefit of laminar flow is less drag when compared to
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Fig. 1.3. Reynolds Pipe Experiment (after Drazin & Reid, 1984).

the turbulent state. Contrary to this, a case where a benefit from turbulent flow
would be desired over laminar is mixing, for example. The goal of predicting
or even approximating the process of transition has been a stated goal through-
out the history of fluid mechanics and, it was once thought, stability analysis
would be able to do this. Any success has been limited but stability analysis
can explain — for almost all of the major cases — why a basic flow cannot be
maintained indefinitely.

Figure 1.3 shows the classical experiment due to Reynolds for flow in a cir-
cular pipe. Here, dye was inserted and the mean flow run at different values.
The original organized parallel laminar flow is seen at several stages with the
ultimate breakdown and fully random three-dimensional motion transpiring.
Ironically, this problem is one where stability theory has not been able to make
any conclusions whatsoever and remains an enigma in the field. In short, linear
theory has been used to investigate this flow in many ways and no solutions
that predict instability have been found. This has been found to be true regard-
less of any added complexities that might be envisioned. For example, axisym-
metric versus non-axisymmetric disturbances. Still, it is clear that this flow is
unstable.
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Drawings of vortices can be traced as far back as those of Leonardo da Vinci
that were made in the 15th century! The first significant contribution to the
theory of hydrodynamic stability is that due to Helmholtz (1868). The principal
initial experiments are due to Hagen (1855). Later a major list of contributions
can be cited. Reynolds (1883), Kelvin (1880, 1887a,b), and Rayleigh (1879,
1880, 1887, 1892a,b,c, 1895, 1911, 1913, 1914, 1915, 1916a,b) were all active
in this period. Here, the birth of the Reynolds number as well as the first theo-
rems due to Rayleigh appeared. As has been noted before, Lord Rayleigh was
36 when he considered the stability of flames and then published his work on
jets. At 72 he began to do work in nonlinear stability theory! Unlike Reynolds’
pipe experiment, which was intrinsically viscous, the exceptional theoretical
work of Kelvin and Rayleigh was all done using the inviscid approximation in
the analysis.

Independently, Orr (1907a,b) and Sommerfeld (1908) framed the viscous
stability problem. Both workers were attempting to investigate channel flow
with Orr considering plane Couette flow and Sommerfeld plane Poiseuille flow.
Of course one case is the limit of the other and the combination has led to the
Orr-Sommerfeld equation that has become the essential basis in the theory of
hydrodynamic stability. But, even here, it should be remembered that it was not
until 22 years after the derivation of this equation that any solution at all could
be produced. Tollmien (1929) calculated the first neutral eigenvalues for plane
Poiseuille flow and showed that there was a critical value for the Reynolds
number. This work was made possible by the development of Tietjens’ func-
tions (Tietjens, 1925) and analysis of Heisenberg (1924) connected with the
topic of resistive instability. Romanov (1973) proved theoretically that plane
Couette flow is stable. Unlike pipe flow, there is no experimental controversy
here. Plane Poiseuille flow, on the other hand, is unstable.

Schlichting (1932a,b, 1933a,b,c, 1934, 1935) continued the work of Tollmien
and extended it even further. The combination of these efforts have led to the
designation for the oscillations that are now the salient results for the stabil-
ity of parallel or nearly parallel flows, namely Tollmien-Schlichting waves. It
should be noted that such waves correspond to those waves where friction is
critical and do not exist for any problem that does not include viscosity and
are known to be present only in flows where a solid boundary is present in the
flow. Also, in the limit of infinite Reynolds number, the flow is stabilized.

Prandtl (1921-1926, 1930, 1935) was active in problems related to stability
in the hopes that the theory might lead to to the prediction of transition and the
onset of turbulence. As mentioned, to date no such success has been achieved
but the effort continues as the understanding makes progress. But, for the first
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6 Chapter 1. Introduction

time during this period, a major boost to stability analysis was given by the
work of Taylor (1923) where theory was confirmed by his experiment for the
case of rotating concentric cylinders. Taylor himself was responsible for this
and the work continues to be a model for understanding the stability of mean
flows with curved stream lines.

The advent of matched asymptotic expansions and singular perturbation
analysis brought new vigor to the theory. Lin (1944, 1945) made use of these
tools and re-did all previous calculations, thereby confirming the earlier results
that had been obtained by less sophisticated means. Experiments also gained
momentum with the work of Schubauer & Skramstad (1943) in the investi-
gation of the flat plate boundary layer setting the standard. Here, a vibrating
ribbon was employed to simulate a controlled disturbance, that is a Tollmien-
Schlichting wave, at the boundary. This method is still employed by many
today. Theoretical calculations were confirmed and equally important, for the
first time, it became apparent that the value of the critical Reynolds number
meant the stability boundary for the onset of unstable Tolimien-Schlichting
waves and not the threshold for the onset of turbulence. Figure 1.4, depicting
the results of this experiment is a hallmark in this field. This conclusion has
been further substantiated today. For example, Schubauer & Klebanoff (1955,
1956), Klebanoff, Tidstrom, & Sargent (1962), and Gaster & Grant (1975) per-
formed even more extensive experiments for the boundary layer.

Investigating the stability of compressible flows was not done until much
later with the theoretical work of Landau (1944), Lees (1947), and Dunn &
Lin (1955) being the principal contributors at this time. Physically and mathe-
matically, this is a far more complex problem and, in view of the time span it
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Fig. 1.4. Experimental and theoretical stability results for neutral oscillations of the
Blasius boundary layer (after Betchov & Criminale, 1967).
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took to resolve the theory in an incompressible medium, this was understand-
able. A wide range of problems have been investigated here, including different
prototypes and Mach numbers up to hypersonic in value. Likewise, there are
experiments that have been done for these flows: Kendall (1966).

The use of numerical computation for stability calculations was made with
the work of Brown (1959, 1961a,b, 1962, 1965), Mack (1960, 1965a,b), and
Kaplan (1964) being the principal contributions. Neutral curves that were pre-
viously obtained by asymptotic theory and hand calculations are now rou-
tinely determined by numerical treatment of the governing stability equations.
Such numerical evaluation has proven to be more efficient and far more ac-
curate than any of the methods employed heretofore. Furthermore, the com-
plete and unsteady nonlinear Navier-Stokes equations are evaluated by the use
of high order numerical methods in tandem with machines that range from
the personal computer (PC) to supercomputers and the parallel class of ma-
chines. By numerical calculations, one of the earliest results for the full Navier-
Stokes calculations obtained by Fromm & Harlow (1963) where the problem
of vortex shedding from a vertical flat plate was investigated. Since this time,
the complete Navier-Stokes equations are routinely used to study the vortex
shedding process. Among others, Lecointe, & Piquet (1984), Karniadakis &
Triantafyllou (1989), and Mittal & Balachandar (1995), for example, have all
numerically solved the full equations in order to investigate instability and vor-
tex shedding from cylinders.

Effort has been made to assess nonlinearity in stability theory. Meksyn &
Stuart (1951), Benney (1961, 1964), Eckhaus (1962a,b, 1963, 1965) were all
early contributors to what is now known as weakly nonlinear theory. Each
effort was directed to different aspects of the problems. For example, the non-
linear critical layer, development of longitudinal or streamwise vortices in the
boundary layer, or the possibility of a limiting amplitude for an amplifying
disturbance were examined. The role of streamwise vorticity in the break-
down from laminar to turbulent flow has recently been explored using the com-
plete Navier-Stokes equations. For this purpose, Fasel (1990}, Fasel & Thumn
(1991), Schmid & Henningson (1992a,b), and Joslin, Streett & Chang (1993)
have introduced oblique wave pairs at amplitudes ranging from very small to
finite values. The interaction of such oblique waves leads to dominant stream-
wise vortex structure. When the waves have small amplitudes, the disturbances
first amplify but then decay at some further downstream location. When finite,
the nonlinear interactions of the vortex and the oblique waves result in break-
down.

Since the experimental setting for probing in this field is almost unequivo-
cally one where any disturbance changes in space and only oscillates in time,
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8 Chapter 1. Introduction

thought has been given to the question of spatial instability so that theory
may be more compatible with experimental data. The problem can be posed
in very much the same way as the temporal one, but the equations must be
adapted for this purpose. This is true even if the problem is governed by the lin-
ear equations. Direct numerical simulation also has major complexities when
computations are made in this way. Nevertheless, this is done. For this pur-
pose, reference to the summaries of Kleiser & Zang (1991) and Liu (1998)
can be made where the use of direct numerical simulation for many instability
problems has been given. More specifically, among this vast group, Wray &
Hussaini (1984) and Spalart & Yang (1987) both investigated the breakdown
of the flat plate boundary layer by use of a temporal numerical code. In other
words, an initial value problem prescribed at time + = 0 and the computa-
tion of the disturbance development for later times. By contrast, when a spa-
tial code is employed, and initial values are given at a fixed location and then
the development thereafter downstream, the work of Fasel (1976), Murdock
(1977), Spalart (1989), Kloker & Fasel (1990), Rai & Moin (1991a,b), and
Joslin, Streett & Chang (1992, 1993) should be noted. For three-dimensional
mean flows, where cross flow disturbances are present, Spalart (1990), Joslin &
Streett (1994), and Joslin (1995a) studied the breakdown process by means of
direct numerical simulation.

Stability theory uses perturbation analysis in order to test whether or not the
equilibrium flow is unstable. Consider the flows that are incompressible, time
independent, and parallel or almost parallel by defining the mean state as

U=(U(),0,0); P

in Cartesian coordinates where U (y) is in the x-direction with y the coordinate
that defines the variation of the mean flow, z is in the transverse direction and
P is the mean pressure. For some flows, such as that of channel flow, this
result is exact; for the case of the boundary layer or one of the free shear flows,
then this is only approximate but, as already mentioned, the U component of
the velocity, U >» V or W, as well as U varying only weakly with x, and
hence the designation of almost parallel flow. In this configuration, both x and
z range from minus to plus infinity with y giving the location of the solid
boundaries, if there are any. P is the mean pressure and the density is taken as
constant.

Now assume that there are disturbances to this flow that are fully three-
dimensional and hence

U=UWy)+u,v,w); P+p
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can be written for the velocity and pressure of the instantaneous flow. By as-
suming that the products of the amplitudes (defined nondimensionally with the
measure in terms of the mean flow) of the perturbations as well as the products
of the perturbations with the spatial derivatives of the perturbations are small,
then, by subtracting the mean value terms from the combined flow, a set of
linear equations can be found and are dimensionally

a ] a
uw_ v W _ (1.1)
ox dy 9z
for incompressibility and,
ou Ju dU 10dp 5
—+ U —+——v=—— Veu, 1.2
8t+ 3x+dyv p8x+v (1-2)
av av 10p 2
— g — = Vv, 13
at ax dy Ve (13)
and
Jw ow 1op 3
et — = r \% 14
or TV T o UV (1.4

for the momenta where p is the density of the fluid and v is the kinematic
coefficient of viscosity; V? is the three-dimensional Laplace operator.

It is more prudent to consider the equations nondimensionally and this will
be done eventually but, for the purposes of the discussion of the basic
concepts, they will here be considered dimensionally. When nondimension-
alization has been done in this case, all quantities are redefined and the coef-
ficient of viscosity is replaced with the reciprocal of the Reynolds number,
defined in terms of the chosen length and velocity scales of the particular
flow.

1.2 Initial-value concepts and stability bases

At this stage a temporal initial-value, spatial boundary-value problem has been
prescribed and must be solved in order to determine whether or not the given
flow is unstable. In this respect, it is well defined but, as will be seen, there are
many difficulties in actually performing this task. There is, of course, more
than one definition for stability that can be used but the major concern is
whether or not the behavior of the disturbances causes an irreversible alter-
ation in the mean flow. In short, if, as time advances from the initial instant
there is a return to the basic state, then the flow is considered stable. There
are various ways that instability can occur but it is first essential to understand
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what means are possible for solving these problems in order that any decision
can be made. At the outset it can already be seen that the order of the system
is higher than the traditional second order boundary value problems of math-
ematical physics. As a result, some of the classic methods of exploration are
of limited value; others that may be used require extensions or alterations in
order to be employed here.

Any velocity vector field can be decomposed into its solenoidal, rotational,
and harmonic components. For the problems being discussed here there is no
solenoidal part due to the fact that the fluid is incompressible and V-u = 0. On
physical grounds the rotational part of the velocity corresponds to the perturba-
tion vorticity with the harmonic portion related to the pressure. This analogy
makes for better interpretation of the physics for, even though the boundary
conditions must be cast in terms of the velocity, the initial specification can
be considered as that of vorticity. In this respect, for each of the mean flows
that have been cited, when the governing equations are written in terms of the
vorticity, the vorticity is essentially a quantity that is diffused or advected from
what it was initially and the velocity profile is the result of this action. The
same reasoning can be made for the perturbation field.

The reasoning for the decomposition of the velocity can be best understood
by actually using the definitions for the divergence and the curl. First, operate
on (1.2) to (1.4) by taking the divergence and use (1.1) to give

p=—2——. (L.5)

The relation (1.5) is an equation for the perturbation pressure and has an inho-
mogeneous term that is effectively a source for the pressure due to the inter-
action of the fluctuating and mean strain rates. When neither is strained then
the pressure is harmonic. If the velocity had not been solenoidal, then factors
relating to the compressibility of the fluid would come into play.

Now, the definitions of the perturbation vorticity components are

9 ad
0y = — 2, (1.6)
dy 9z
u ow
=— — — 1.7
Wy 3z ax’ ( )
and 3 5
0, = — —, (18)
ax  dy

respectively, since @ = V x v.
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