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The Gauss—Manin connection

1 Milnor fibration, Picard—Lefschetz monodromy transformation,
topological Gauss—Manin connection

1.1 Milnor fibration

(1.1.1) Let f:(C"*, 0) — (C, 0) be a germ of holomorphic function
t = f(xo, x1, ..., Xn). We assume as a rule that f has an isolated critical
point at 0 € C"*!, in other words, f has (or is) an isolated singularity. Let
B = {|x| <&} C C""! be a ball of radius &, and let § = {|#| <6} C Cbea
disk of radius 6. Put X = BN £ ~'(S) and let f also denote the restriction
of f onto X, f: X — S. Let §'=S\{0} be the punctured disk,
X, = f~Y() be the fibre over the point r € S’, and Xy = f~}(0) be a
singular fibre, X' = X\ X,. Denote by f the restriction of f on X’

X DX DX,

flour

$SOS' >t

As is shown by Milnor [Mi], if ¢ and § < ¢ are sufficiently small, then f'
is a smooth locally trivial fibration, the diffeomorphism type of which only
depends on the germ of f at 0. Usually the fibration f': X' — §" is called
the Milnor fibration. In the following it will be convenient for us to call the
whole morphism f: X — § the Milnor fibration. Any fibre X, t € §’, is
called a Milnor fibre. We can think of the singular fibre X, as a degenera-
tion of a family of manifolds X, Replacing the fibres X, by their
(co)homology we get a ‘linearization’ of the family X,.

1.2 Cohomological Milnor fibration

(1.2.1) A Milnor fibration /' defines a vector bundile H — S’ on S, or a
locally constant sheaf (or a system of local coefficients, in different
terminology)
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2 I The Gauss—Manin connection

H=|]J H"(X,, C) = RPf,Cy

tes’

and it also defines a dual vector bundle

Hy = Home, (i, Cs) = | Hy(X,, ©).
tes’
We call H the cohomological, and H, the homological Milnor fibration of
a singularity f.

1.3 Topological Gauss—Manin connection
(1.3.1) Denote by
H=HRCOs =R [ Cx @ %
Cys Cs

the locally free sheaf of sections of the fibration H. A local section w of 4
can be viewed as a family of cohomology classes w(?) depending on
parameter ¢. The flat system H in the sheaf .# allows us to translate
cohomology classes w(f) from a fibre X, to a nearby fibre and, con-
sequently, allows us to differentiate the cohomology classes wrt parameter,
and to define a connection on the sheaf (see the §2). This connection is
called the topological (or transcendental) Gauss—Manin connection and is
denoted by Asgp.

1.4 Picard—Lefschetz monodromy transformation

(1.4.1) A locally constant bundle H (or H, ) defines (and is defined by) an
action of the fundamental group 7;(S’, ¢) on a fibre H, = H?(X,, C). Let
v: [0, 1] — S’ be a loop representing an element of 71(S’, #). The inverse
image of the locally trivial fibration f': X' — S’ defines a locally trivial,
and consequently, trivial fibration y~1X’ —ﬂ[(), 1] on the segment. A
trivialization of this family defines a diffeomorphism A,: X, = ¢~'(0)
— X; = ¢~ !(1). We thus obtain the monodromy representation

(1.4.2) (S, )~ Aut HP(X,, ©), [y] — (B

Let [y] € m (S, t) be the generator of the fundamental group represented
by a counter-clockwise oriented circle y around the origin. The linear

transformations
(1.4.3) M = (hy)y: Hp(X,, C) — H,(X,, C)
(1.4.4) T =(h) 't H(X,, C) - HP(X,, ©)
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are called the (local) Picard—Lefschetz monodromy transformation of
homology and cohomology, respectively.

(1.4.5) The Milnor fibration, the Gauss—Manin connection and the Pi-
card—-Lefschetz monodromy are the main objects associated with a singu-
larity f and they contain a great deal of information about this singularity.
These objects can be studied by topological methods. In the case of
isolated singularities the most important fact ([Mi]) is that the fibre X, has
the homotopy type of a bouquet $” v --- V §" of u spheres of dimension
n. In particular, the Betti numbers b; = dim H'(X,, C) = 0 for i # 0 and n
and, consequently, H = R"f,Cy is the only non-trivial fibration among
the fibrations R?f,Cy'. The number 4 = dim H"(X,, C) = b, (the rank
of this fibration) is called the Milnor number of the singularity f. We refer
the reader to other surveys ([AGV], ch. 1; [Di3]) for topological methods
for the study of singularities. In this survey we’ll be interested in the study
of singularities by algebraic methods in which the main subject as well as
the main tool of investigation is the differential forms associated with a
singularity.

2 Connections, locally constant sheaves and systems of linear
differential equations

2.1 Connection as a covariant differentiation

Let S be a complex manifold of dimension m, and £ be a locally free sheaf
of rank » on S. The presence of a connection on ¢ enables us to
differentiate sections of # along vector fields on the base S. On the other
hand, the notion of a connection on & is a way of having an invariant
definition of S of a system of homogeneous linear differential equations
with » unknown functions in m variables. In the following we’ll be mainly
interested in the Gauss—Manin connection. First we briefly recall the
necessary facts about connections. An excellent exposition of this subject
can found in Deligne’s paper [D1].

(2.1.1) Definition A connection on a quasicoherent sheaf of ¢ g-modules
& 1s a C-linear homomorphism

V£ - QL @ £ =QuU¥)
N

satisfying the Leibniz identity
V(gs) =dg®s+ gVs,

© in this web service Cambridge University Press www.cambridge.org



http://www.cambridge.org/9780521620604
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

978-0-521-62060-4 - Mixed Hodge Structures and Singularities
Valentine S. Kulikov

Excerpt

More information

4 I The Gauss—Manin connection

where g and s are local sections of sheaves &g and &, respectively. V is
called the covariant differentiation.

This notion originates from the corresponding classical definition. The
classical definition of a connection on & enables us to compare infinitely
close fibres of the sheaf & and consists in giving for any pair of points x
and y, ‘infinitely close to first order in S, an isomorphism of fibres
y: &(x) — &(y). To translate this into modern language we have to
consider points in the categorical sense, i.e. morphisms 7' — S. Then two
T-valued points x: T — S and y: T — § are said to be infinitely close to
first order, if (x, y): T — S X § factors through the neighbourhood of the
first order A; = (A, @ xx x/I?) of the diagonal A in § X S. In this way we
come naturally to the previous formal definition [D1].

2.2 Equivalent definition: a covariant derivative along a vector field

(2.2.1) For a local vector field w on S, i.c. a local section of the sheaf of
vector fields Oy = Hows (Q_lg, %s), and for a section s of the sheaf & the
covariant derivative of s along w is defined by
2.2.2) V..(s) = (Vs, w)

where (, ) is induced by the pairing QIS X B — .
V., defines a C-linear homomorphism

(2.2.3) Vo: & = &
and the Leibniz identity transforms into the (Leibniz) identity
2.2.4) V.{gs) = w(g)s + gV..(s).

We obtain one more definition of the notion of connection on & as an @'s-
linear homomorphism

Derc (@s) = O0s — Ca'c(£), w—V,,

where V,, satisfies the Leibniz identity.

In particular, if dim S = 1 and w = d/d¢ is a basis vector field on S, then
giving a connection on & is equivalent to giving an operator D =
Vy/ai: & — & satisfying the Leibniz identity. The operator D will be also
denoted by 0.

(2.2.5) Description of all connections on & If Vi, V, € Homg (&,
Q}g(ép }) are two connections on &, then it follows from the Leibniz identity
that their difference V, — V; € Hom/ ( (&, Qs(#%)) is not only a C-linear,
but also an (7's-linear homomorphism from & to le(é’ ). Conversely, if Vg
is a connection on & and I' € Hom, ( (¥, Q;(é")), then V=Vy+T is a
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connection on £ . Thus connections on # form a principal homogeneous
space over Hom, ( (£, Qg(éf’)).

2.3 Local calculation of connections. Relation to differential equations
(2.3.1) Let # be a locally free sheaf of rank ». Choose in 4 a basis

(locally) ey, ..., ey, and let e: Ce~&, e(0,...,1,...,0) — e;. For
brevity we’ll use matrix notation: let ¢ = (ey, ..., e,) be a row of base
vectors, and let y = (31(x), ..., y»(x))’ be a column of coordinates of a

section s wrt the basis e. The section s of & is represented by the scalar
product s = ey.

A choice of basis e defines a constant subsheaf e: Cg C & and a
connection Vy on &, Vs = ds, i.e.

Vos = edy = Z dy;e;,

i=1

for which the sections e; are horizontal, Vy(e;) = 0. Any connection V on
# is represented as

(2.3.2) V=Vy+T, where T €Hom, (£, QY¥)).

In the basis e, the homomorphism I': & — Qfg RE, I Cgey &+ B
Ose, — leel G- lee,, is given by a matrix of connection forms
w = (wy)

(2.3.3) Tep) =) wyer, ie T(e)=ew,
i=1

i.e. w is the matrix of the linear transformation I" in the basis e: the
coordinates of vector I'(e;) are in the jth column of the matrix w. Now, if
s = ey, then Vs = Vos + I's, i.e.

eVy=edy+T(ey) =edy+T(e)y = edy + ewy

or in coordinates

R4 dy i
Vy=dy+wy, V| i |[=( 1 [+@p]| : |
Yn dy, Yn
ie.
(2.3.4) (Vy)i=dyi+ > wyy, i=1,...,n
=1

J

Now let xi, ..., x,; be local coordinates on S. Then the connection
forms w;; € Q} are written in the form
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6 1 The Gauss—-Manin connection
(2.3.5) wy=» Thdx,
k=1

where the holomorphic functions Ffj(x) are called the connection coeffi-
cients (wrt the basis e and coordinates x).

Denote by 9; = 9/0x; the differentiation wrt the coordinate x;, and let
Vi =Vs,: & — & be the covariant derivative wrt the vector field ;. Then
(2.3.4) turns into a system of equalities

n
(23.6) (Viy)i = 0yi/Oxi + »_ T§0yi/0x,
=1
’ i=1,....nmk=1,...,m
(2.3.7) Definition A local section s of the sheaf & is called horizontal if
Vs=0,ie.s € KerV,V: & — Qfg ®&.
The condition of horizontality of section s can be written in the form
Vis=0,k=0,..., m ie. in the form of system of homogeneous linear
differential equations of the first order

n
(238) Oyi/Oxi=—Y Thoy/oxi, i=1,...,mk=1,...,m
J=1
This is a system of nm equations with » unknown functions y;(x) in m
variables xq, ..., Xn.

IfdimS = m =1, tis a coordinate on S, w; = Ij(H)de, and T = (Iy(#))
is the matrix of connection coefficients, then the operator D = 9, acts on a
section s = ey according to the formula:

(2.3.9) Dy =dy/dt+T(t)y

and the condition for horizontality of s is written in the form of a system of
ordinary differential equations

(2.3.10) dy/dt = -T'(H)y.

2.4 The integrable connections. The De Rham complex

(2.4.1) A connectionV =V, & — le ® & can be extended to a C-linear
homomorphism of sheaves

ViQie¥ - Qi @ &
“s s

by means of the equalities
Vilw ® s) = do @ s + (—D'w A Vo(s).

(2.4.2) The C-linear homomorphism
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2 Connections 7
R=V, 0V & — Q4¥)
is called the curvature of the connection V on #, so that R is a section of
the sheaf #ov.c (&, QZS(EE )) =~ Q%(Zm/q; (#)). A connection V is called
integrable if R =V Vy = 0.
One can show that for vector fields X, X, € 65 and a section s € £ one
has
R(X1, X2)(s) = Vx, Vs —~ Vi, Ve s — Vix xp8,
and the condition of integrability of connection V is equivalent to the
condition Vix y; =[Vy, Vy] for arbitrary vector fields X and Y If
dim § = 1, then any connection is integrable. A local calculation of
curvature R shows that the condition of integrability of V is equivalent to
the classical condition of integrability of the corresponding system of
linear differential equations.

(2.4.3) One can show that V; Vi (w ® s) = w A R(s) (the Ricci identity).
Therefore the condition of integrability of a connection V, R =0, is
equivalent to the condition that
244) Q) 0-csesBQleorl  Targ s S0

s s s
is a complex, i.e. V;;;V; = 0. The complex Q(#) is called the De Rham
complex with values in a locally free sheaf # with an integrable connec-
tion V.

2.5 Local systems and integrable connections

(2.5.1) Let S be a connected and locally connected topological space. A
locally free sheaf of vector spaces £ on S, i.e. a sheaf locally isomorphic to
a constant sheaf C”, is called a local system on S.

(2.5.2) The fundamental group (S, xp), X0 € S, acts on the fibre
E,, ~ C". The functor E — E,  establishes an equivalence of the category
of local systems on § with the category of complex-valued representations
of the group 7,(S, xp).

(2.5.3) Now let £ be a local system on a complex manifold S. Consider a
locally free sheaf # of holomorphic sections of E, £ = “'s ®¢ E. Then
there is a canonical connection V on # for which the sheaf of horizontal
sections coincides with E, Ker V = E. Here V is defined by the formula

V(gs)=dg s
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8 I The Gauss—Manin connection

where g and s are sections of s and E. Clearly, the canonical connection
is integrable. Conversely, one has the following:

(2.5.4) Theorem [D1] Let V be a connection on a locally free sheaf & . Put
E=KerV = {s € &|Vs =0}. If V is an integrable connection, then E is
alocal system on Xand & = &5 ®¢ E. n

Therefore, the functors:

(a) a local system E — the sheaf & =@y ® ¢ £ and the canonical
connection V; and
(b) a locally free sheaf # with an integrable connection —F = Ker V,

establish an equivalence of categories of local systems on E and locally
free sheaves with integrable connections.

2.6 Dual local systems and connections
We intend to study the local system H= R?f,Cx = ;e H?(X,, C) on
a punctured disk, introduced in §1. H is called the cohomological fibration.
Geometrically the dual homological fibration H' = H ,(X;, C) appears
in a natural way. So we consider the following general situation:

(2.6.1) Let H be a local system on, say, the punctured disk S’. Denote by
H* = Homg, (H, Cs) the dual local system, let

H = 1_‘1&@ @&S’ and %* = ﬂ* & @\'S’ = .%/}/)z/ 5 (%, (9‘5')
s Cs

be the locally free sheaves corresponding to H and H*, and let V and V* be
the connections on .7 and %™ defined by the above local systems. The
connection V* is called the dual of V.
Denote by
<9>:1__]XE*'_)Q:S'
the associated non-degenerate pairing which extends to a pairing
H X H* — O@g. Denote by Tand M the monodromy transformations on
H and H*, respectively. Obviously, these are related by the formula
T =M,

where M™ denotes linear transformation on the dual space.

(2.6.2) Let us see how the operators of covariant differentiation
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D= Vd/dt}/H}f and D —Vd/dt 7*—9%*

are related to each other.

Proposition 1 If w is a local section of the sheaf .7 and vy is a local
section of H*, i.e. a horizontal section of .% *, then the derivative of the
function I(#) = (w, y) is

(2.6.3) {w, y) = (Do, y).

Proof If the formula is true for w; and w,, then it is true for v = w; + W,
by virtue of the additivity of both sides of the formula wrt w. Let us show
that if (2.6.3) is true for w, then it is true for gw, where g € @'y
left-hand side = (gw, y)’ = (g(w, 7)) = g'(w, ¥) + glw, 7},

right-hand side = (Dgw, y) = (g'w + gDw, y) = g'{w, v) + g(Dw, 7).
The formula is true for horizontal sections w, because then {w, y) = const
and (w, y)' =0, and on the other hand Dw = 0 and (Dw, y) = 0. The
formula is true for any section w because horizontal sections generate .#
over (7 g. ]

Proposition 2 If w and y are any sections of .# and . %, then
(2.6.4) (w, ) = (Dw, y) + (w, D*y).

Proof Arguing as above (the formula is true for horizontal sections; it is
additive in y; being true for y, it is also true for gy, g € @'g), we obtain
the proof. |

(2.6.5) Now let wy, ..., w, be a local basis of sections of # and let
Yi=0l, Y= w: be the dual basis of the sheaf . #™, (w;, y;) = 0.

Proposition 3 If I' = (I'y) is the matrix of coefficients of a connection V
in a basis wy, ..., w, and r* = (I"*) is a matrix of coefficients of V*
the dual basis yy, ..., y,, then

*=-r.

Proof Recall that T and I'™ are matrices of operators D and D* in the
bases w and y:

u
Dow; = Z Lyw;, Z Thy;.
i=1
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10 I The Gauss—Manin connection
We have (w), yi)' = 0 = (Dw;, ) + {w;, D*yi) =T + T} m
(2.6.6) Letw,, ..., w, be a basis of local sections of the sheaf 7, and let

v be a section of #*. Then the functions

Il(t) = <(.U1, )’>, ceey I,u(t) = <wy, '}’>
can be considered as coordinates of y in the basis dual to {w;}:

y=nL(yr + ...+ LDy

In particular, if y is a section of H*, i.c. a horizontal section of .7, then
V*y = 0 and the coordinates of y satisfy the system (2.3.10) of differential
equations of the connection V*. Thus if ¥ is a section of H*, then the
functions /1(?), ..., 1,(¢) satisfy a system of differential equations

I I
(2.6.7) Sl =T] L
P P
where I' = (I';) is the matrix of coefficients of V in basis wy, ..., w,.

If y1,..., v, form a basis of sections of H*, then the columns
Q; = (Qi,(1), ..., Qui(1), Qy = (w, y;), form a basis of solutions, and
the matrix
(2.6.8) Q1) = (Ry(2))

is the fundamental matrix of solutions of the system 7' = T"(£)1.

3 De Rham cohomology
3.1 The Poincaré lemma

We return now to our main subject of investigation — the Milnor fibration
f: X — S of a singularity of holomorphic function f* and the connection
on the locally free sheaf . # = R?f,Cx ® “'s» on S’, defined (topologi-
cally) by the local system R?f,Cy-. In order to pass to differential forms
we have to use the Poincaré lemma.

(3.1.1) The Poincaré lemma (in its holomorphic version) asserts that if X
is a complex manifold, then the De Rham complex (€25, d) gs a resolution
of the constant sheaf Cy, i.e. the sequence 0 — Cx — &y — Qf‘, — ... 18
exact.

This implies that for a complex manifold X we have an isomorphism
HP(X, C) ~ HP(Qy), where H?(Q) is the hypercohomology of the De
Rham complex. If, moreover, X is a Stein manifold, then (see below for the
relative case) the cohomology H”(X, C) is isomorphic to the De Rham
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