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CHAPTER I
FORMAL PRELIMINARIES

1. The summation convention.

The theory of differential invariants, like the theory of algebraic
invariants, is essentially formal. It has many geometrical and
physical applications which have played a large réle in the develop-
ment of the theory. Yet, after all, it is the actual formulas which
are the essential subject matter of the theory. This, at least, is the
point of view which we are adopting at present, and so we shall
devote a chapter to questions of notation before we try to say what
a differential invariant is.

Recent advances in the theory of differential invariants and the
wide use of this theory in physical investigations have brought about
a rather general acceptance of a particular type of notation, the
essential feature of which is the systematic use of subscripts and
superscripts and the resulting abandonment of all sorts of notations
for special operations. The only operations for which we shall
employ special signs are addition, subtraction, multiplication,
division, differentiation and integration. These, with the usual run
of symbols for functions and sets of functions, are found to suffice
for all our purposes.

We shall follow the usage of Einstein of indicating a summation
by means of a repeated index: i.e. any term in which the same index
(subscript or superscript) appears twice shall stand for the sum of
all terms obtainable by giving the index all possible values. Thus,
for example, if 7 can take on the values* from 1 to n,

(-1 G2+ a2+ ...+ @, 2" = a,T".
Before the advent of Relativity, this expression would have been
written n
Xa;x.
i-1

The innovation consists simply in leaving off the summation sign
whenever an index is repeated. Its only inconvenience arises when

* The superscript k in 2* does not mean that z is raised to the power & but is
merely an index to distinguish among n variables, 2%, z% ..., 2".

v X
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2 FORMAL PRELIMINARIES [cHAP. 1

we wish to speak of the general term in an expression like (1:1)
without carrying out the summation. But in the theory of differential
invariants this situation arises so rarely that the inconvenience is
negligible in comparison with the advantages of the notation.

The repeated index is sometimes called a dummy or an umbral
index because, like a variable of integration, the symbol for it in
any expression can be changed without affecting the meaning of
the expression. Thus 0,7 = a2t

We shall have to deal with sets of quantities

db...

(1-2) Ty.%
which are in general functions of » variables 21, 22, ..., z*. If there
are p superscripts and ¢ subscripts each taking values from 1 to n,
the expression (1-2) indicates a set of n?+¢ quantities. By setting
a subscript and a superscript equal to each other and summing
according to the summation convention we can get a new set of
quantities, for example,

Phi- T
This operation is called contraction (German, Verjingung).

‘When we have two sets of quantities and multiply every quantity
in one set by every quantity in the other set, for example,

ab...c qde...f ab...cde...f
P'ij...k le...p = Rij...klm..‘p s

we get a new and more numerous set of quantities of the same type.
This operation is called multiplication. When we have two sets of
quantities indicated by the same numbers of subscripts and of
superscripts a new set of quantities of the same type is obtained by

addition, ab... ab...
' P:,blf'*‘ Qi %=8g.%-
As an illustration of these operations we may write the formula for
a multiple power series
A+ A2+ —é Ay xia? + 3% Apxtaiadk+ ...
A set of quantities such as (1-2) is said to be symmetric in any set

of indices provided that the value of the symbol (1-2) is unaltered
by any permutation of the indices in question. For example, if

i i
FJ’k“_‘ ij:
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§2] KRONECKER DELTAS 3

the quantities I are symmetric in the subscripts. A set of quantities
is said to be alternating (or antisymmetric or skew-symmetric) in a
given set of indices providing it is unchanged by any even permu-
tation* of the set of indices in question and merely changed in sign
by any odd permutation of the same indices. For example, if

Dh=— T,
the quantities I" are alternating in the subscripts.

2. The Kronecker deltas.

The theory of determinants and allied expressions is essentially a
theory of alternating sets of quantities, and can be made to depend
on certain fundamental alternating sets of quantities which have
only the values 0 and + 1 and — 1. These sets of quantities are
known as generalized Kronecker deltas because of their analogy with
the Kronecker delta which is already well known. The latter is
defined as follows:

8j=1, if i=7; and 8;=0, if 1 #.

Hence using the summation convention

(211) Si=mn,
and 8;: a;=a;, and 8;: @ =da’
If 2%, 2%, ..., 2" are independent variables,
ort s
(2:2) 5 = 5.

The generalized Kronecker delta has % superscripts and k sub-
scripts, each running from 1 to #, and is alternating both in super-
scripts and subscripts. It is denoted by

§ i
213243k ¢
If the superscripts are distinct from each other and the subseripts
are the same set of numbers as the superscripts, the value of the
symbol is + 1 or — 1 according as an even or an odd permutation
is required to arrange the superscripts in the same order as the
subscripts; in all other cases its value is 0.

* It is proved in books on algebra that any permutation of n objects can be
brought about by a finite number of transpositions of pairs of these objects, and
that the nimber of transpositions required to bring about a given permutation is
always even or always odd. If this number is even the permutation is said to be
even. In the opposite case the permutation is said to be odd.

I-2
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4 FORMAL PRELIMINARIES [cHAP. 1
For example,if n =3 and k = 2
0=84 =85 =087, =013,ete. 1=0812=813=>521, etc.
—1=831 =83 =813, etc.

Using these symbols, the general formula for any two-rowed deter-
minant formed from the matrix

(m‘:ﬁ z”)
yly2 yn
is ziy — Dy = § o, 2P
In like manner we can represent differential expressions which are
analogous to determinants. For example, if 4,, 4,, ..., 4, are
functions of z1, z2, ..., 2%,
04; 04; qav0d,
or o' 7 ozt
The general three-rowed determinant formed from the matrix
4, 4, 45 ... 4,
(B1 B, B, .. B,,)

¢, C 0O ..C,

Ai Ai Ak
is 8o 4,B,C.=| B, B, B,
C; C; G

If A; and B, are analytic functions of &%, 22, ..., =%, we can form
determinant-like expressions as follows:

If a set of quantities T is symmetric in two or more subscripts
(2:3) Spar TH.1 =0,
and if it is symmétric in two or more superscripts an analogous

relation holds. If a set of quantities 4 is alternating in its subscripts,
which are k in number,

(2-4) qu':'..lr Aj.a=k'dp..r-

3. In studying determinants it is often advantageous to use two
other permutation symbols defined as follows:

xigeenin triyeein 12..n
(3-1) € =81g.m = si,i,...i. = € yein *
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§3] DETERMINANTS 5

Thus € is + 1 or — 1 according as the subscripts or superscripts are
obtained from the natural numbers 1 2 ... # by an even or an odd
permutation; otherwise it is zero. The number of indices on an
epsilon is always n. By the definition of a determinant,

1 1 1
al ay ... &,
2 2 2
_ Ty _ a dy, ... @
(3.2) a_lajl__ .1 2 n
n n n
a; a, ... a,
 igigenin 1 2 n_ e in
=€ aixai’...aiﬂ—eili'._.i‘ 1(12...an.

For example, a generalized Kronecker delta is a determinant of the
simple Kronecker deltas,

(3:3) 8o = €aprcdss 830 - B3
(Here we are applying the summation convention to indices and
subscripts of indices.) From either of the expansions in (3-2) it is
evident that interchanging two rows of the determinant changes its
sign. Hence for any permutation of rows

. ab...c _ ..k ,a b c
(3-41) ae =€ a;a;..ag.
Likewise, for any permutation of columns
. - 1,0 k
(3 42) aeab...c~€ij...kaaab A

It is an obvious corollary of these two formulas that @ = 0 if any
two rows or any two columns of the determinant are identical.

The formula for the product of two determinants may be derived

as follows:
(35) ab=ae,, ,bb% .. bS
= ei’.‘_'mafz af} eal b‘lzbg bl
=€y..m (@, 0] (@} 03) ... (@7 b7)
= Il
where
(3-6) c;=albi=albl+albl+ ...+ alb}.

The formula for the expansion of a determinant in terms of the
elements of the first column and their cofactors may be obtained as
follows:

. — 3 iz 7.n_ i 1
(37) a=aley, 05 r=a74d,,
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6 FORMAL PRELIMINARIES [cmAP. 1.
where

(38) Ai=cy 050507
More generally,

(3:9) a= a; € innin @5 oo ag’:; 8;" a;”j]‘_‘l .oal

Hence if we define the cofactor of a; as

(3-10) A;’ = ei;ig...ina? a’;‘;:‘l 8;” ag’rl aj:',

we have
. J 4D _ 8P

(3-11) ol AP = ad?.

This formula gives the expansion of the determinant in terms of
the elements of the pth column if p = ¢. In case p +# ¢ it gives the
theorem that the sum of the products of the elements of one column
into the cofactors of another is zero. The corresponding theorems
about the expansion in terms of the elements of a row are

(3-12) al A7 = a8?.

Although we have spoken about rows and columns it is clear that
the visual representation of a determinant may be left to one side
when we are using the present notation. The notation takes the
place of these other devices. It is not merely an abbreviation; it is
a measure for economy of thought. For by arranging that unessential
or routine questions are taken care of automatically it enables us to
concentrate attention on the new ideas which we have to meet.

4. Linear equations.
To solve a set of linear equations
(41) aixl—i-aé,zz—%—...-%aia:”:bl,

ale +alz?+ ... +afbx”= b2,

a’l‘zl + a’z‘z2 +...tarz"=0",
or,.as we prefer to write them,
(4-2) aie? =Y,
we multiply (4-2) by A?¥ and sum with respeet to 7,
a;fAi.‘ I — biAif’.
Using (3-11) this reduces to
adta? =A%,
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§§4, 5] FUNCTIONAL DETERMINANTS 7
or, in case @ + 0,
T4k
(4-3) z=? ‘:" ;

which is Cramer’s rule for the solution of linear equations,

5. Functional determinants.
In our work the determinant which appears most frequently is
the Jacobian of n functions of n variables
Yt (2L, 22, ..., 2",
which is defined by the equation
oL y% ..., 4" Ejg_/

(1) o(xL2? ...,2") |ox

oo o
0xh 0z~ Oxin’

For » functions 2% (¢, 92, ..., y") a fundamental theorem on partial
differentiation states that

(5-2)

= gliz-.in

o5 _ ot o
0x'  oy*ox?”
Hence by the theorem on multiplication of determinants (3-6) the
functional determinants satisfy the equation
92| _|oz||%
or| |oy||oz
In case the functions z* are such that

z (v, Y% .o y") = z?,

(5:3)

.

(5-2) becomes

oxrt oy* i
(5-4) o i = O
and (5-3) reduces to
) 1
(©3) 2| = [a]
oy

For a fixed value of j, (5-4) may be regarded as a set of n linear
equations for the determination of » unknowns, 0y*/0z/, the co-
efficients being the n? quantities 0x*/oy*. Solving these equations
according to § 4, we find

or' . |ox

_ cofactor of =— in |~

oy’ oyt oy
9y
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8 FORMAL PRELIMINARIES [crAP. 1

Other formulas about functional determinants are:

. §ab-e oyl oy ...y°)

&7 8ij.. k!&x o (zx ... 2F)’
and

. ab..c O (2P ... x%)

(5:8) 84k = G (i, )

6. By partial differentiation the formulas (5:4) give rise to the
following formulas which are often useful:

o2yt ozt 0% Oy oyt

(6-1) Bz“axba—y"+ Oy’ Oy* Ox® 0x® ;
63 g we ow o
0x°0z® 0y’ Oy*  Jyioykoxs T’
(63) 3y 81".+ 0%’ afaﬁ oy* ‘833;“ oy oy* oy*
0x20x°0x° Oy~ Ox°0x® Oy’ Oy* 0x° * Oy Oy*dy' Ox° oxb Ox°

P By op owe oy By
0y Oy* 0x°0x° 0x® Oy Oy* Ox° OxPox°
and so on.
7. Derivative of a determinant.

In case the elements of a determinant are functions of (21, 2%, ..., ")
we have by differentiating (3-2)

da <a ?1 m ua 722 in )
(7-1) E%?:ei;iz...in or ;a2 +CLIF -an-{—.../
aa“ oa!
— A ‘2 A2
ox’? ot oz’
aa: .
=877' .

In case the determinant in question is the Jacobian of a trans-
formation of coordinates, (5-1), {7-1) reduces to

d oy

ox |0z 0% Oa°

™2 ] owor oy

oz

8. Numerical relations.
The permutation symbols satisfy a number of numerical relations
which are easily verified by counting the number of terms which
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§§6,7,8,9] MINORS AND COFACTORS 9

appear in the various sums. Thus we have
=(n— 1)8;, and ng n(n—1),

(n—7)! siiai

(81) 3,’3“; o TR

c. {
(8:2) k=
(83) By =l
(8'4) eil"'ik"kﬂ-"in ejx Trik4r...%n = ( k) ! 811 ;k’
(8.5) e" 137 SEPN w&::ii ]n . (n _ ) ' 611..-1,1:]k+1...]n,
(86) ki nghnd — (RISl
ST e i e T L}
(8-8) € giam= D € impt>

if p is the number of indices % ... I.

9. Minors, cofactors, and the Laplace expansion.
The k-rowed minors of a determinant a are defined by the formula

9.1 alllz ik t1i2...1k y 41 pz Dk
&1) Jajz.dx 8:0x172 2% % By
D1D2..-Dk 1 02 (73

8]1]2 JE apl apz apk

Thus the one-rowed minors are the elements a themselves, the
two-rowed minors are the determinants,

71 iz
ajl ajl I

71 2 |’
a]'z J2

and so on. The determinant is given by
1 .. .
(9-2) @= i
and we also have

. feik L7 % SRR
(9 3) a'sjl...jk - (n — k)! JreJktkire-ein®

The cofactor of the k-rowed minor (9-1) is the detéerminant
172- 1 jrje...dn ., Tk+1 in
(9.4) Ail?bz ?t: (n — k) ! ?LI’]LzZa a;':il T a'_;:n

1 8]1 Jna1k+x i
((n k)f)z Aeein  JR41e 0

which is equivalent to (3-10) if £ = 1.
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10 FORMAL PRELIMINARIES [craP.1
Applying some of the formulas of § 8, we find
plying
. .1k g1 Jk __ QD1..DE 01 ik JreeTkeIn QR4 In
(9-5) T gt Am--.qt - 8.‘i1~--jk Ay »o Py (n—k)! qumqk...qf- Cryr o Vi
k! . A .
__  SP-DRJk+1--Tm au a* aQI:«H a(_]u
('n — k)! QU Gk Qk+1egn P17 Dk T GR4r 70T T dn

U k! il...ika+1...q,|
(m—k)! @-egrian

— I 1. Tk
k! aslh---qk’

a formula which includes the Laplace expansion, and therefore, also
(3-11), as a special case. Similarly we can get

. Jreedn gl dk o thatein __ 1y _ 1 g l1eetn
(9-6) 831...3,.ajl...j;a'jm...j,. El(n—k)lag 0,

which also includes the Laplace expansion.

10. For reference later on it will be convenient to write out the
formulas for the minors and cofactors of a matrix

I Gz -+ Gin
(10-1) 9:1] = 9n 92:2 !]2::

b4

In1 Gng --- Imn
in a notation which is slightly different in appearance from that just
given, though in fact equivalent to it. The k-rowed minors are

(10-2) Iab..c;ijm = S 90 9gi - o

According to this definition the one-rowed minors are the elements
gy themselves, The two-rowed minors satisfy the conditions

(16-3) Iab;i7 = — Jvasii

=~ Gapji>

and the k-rowed minors satisfy analogous relations. In the important
special case in which

(10-4) Gi; = Gii»
we also have
(10-5) Gapsi5 = Jijsap

The cofactors of order & are given by the formulas

i 1
. a...qk; ...k —_
10-6) @ =ih

ai... 11.in
1 (Ine 1

gakﬂ 41" Gay iy
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