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PREFACE

This book is a first step in a new direction: to modify existing theory from
a constructive point of view and to stimulate the readers to make their
own computational experiments. We are thoroughly convinced that their
observations will help to build a new basis from which to venture into new
theory on algebraic numbers. History shows that in the long run, number
theory always followed the cyclic movement from theory to construction to
experiment to conjecture to theory.

Consequently, this book is addressed to all lovers of number theory. On
the one hand, it gives a comprehensive introduction to (constructive) algebraic
number theory and is therefore especially suited as a textbook for a course
on that subject. On the other hand, many parts go far beyond an introduction
and make the user familiar with recent research in the field. For experimental
number theoreticians we developed new methods and obtained new results
{e.g., in the tables at the end of the book) of great importance for them. Both
computer scientists interested in higher arithmetic and in the basic makeup
of digital computers, and amateurs and teachers liking algebraic number
theory will find the book of value.

Many parts of the book have been tested in courses independently by both
authors. However, the outcome is not presented in the form of lectures, but,
rather, in the form of developed methods and problems to be solved.
Algorithms occur frequently throughout the presentation. Though we do not
give a thorough definition of an algorithm (but just a rough explanation in
1.1), the underlying idea is that a definite output is obtained from prescribed
input data by certain arithmetical rules in a finite number of computational
steps. Clearly, an upper bound for the number of those computational steps
depending on the input data should be desirable in each case. However, the
bounds obtainable for many well-known, frequently used algorithms are
completely unrealistic. Hence, we usually do without a complexity analysis.
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viii Preface

{The derivation of rough estimates is a good exercise for the reader interested
in that topic, however.) This approach is justified by the fact that the
algorithms under consideration yield good to excellent results for number
fields of small degree and not too large discriminants. In those cases
O-estimates are not very helpful in general. Rather, our intention is to make
the readers conscious of weak performances of (parts of) algorithms and to
strengthen their ability to improve them. From our experiences those weak
links in the chain of operations can be detected often only by numerical
computation. Hence, we highly recommend the interaction of developing
algorithms, observing their performance in practical application, followed by
improving them.

Moreover, new algorithms are used to replace older proofs of theorems
by means of using their output to show the existence of certain mathematical
objects, such as the shortest vector in a lattice, or of a polynomial in
the elementary symmetric functions representing an arbitrary symmetric
function (principal theorem on symmetric functions). Any such aigorithm —
respectively, its performance for specified data — yields new observations,
giving rise to new conjectures and thus to an improvement of the theory.
That is one of the major goals of this book since many of the available
numerical invariants of algebraic number fields were already obtained without
the use of modern electronic computers. So there is still very little known
about algebraic number fields other than abelian extensions of the rational
number field.

The contents of the book are divided into six chapters. The first chapter
serves as a kind of an introduction. Some basic material (e.g. the Euclidean
algorithm, quadratic extensions, Gaussian integers) is to stimulate the readers
and to make them curious for more systematic theory. The second chapter
gives a self-contained account of Galois theory and elementary prerequisites
(e.g. a good knowledge of finite field theory). The reader is introduced to
E. Galois’ idea of studying the algebraic relations between the roots of a
given algebraic equation and thus to recognition of the algebraic background
generated by the solutions. Eventually, a method of determining the Galois
group of an equation is developed.

The third chapter contains an independent introduction to those parts of
the geometry of numbers which will be used in later chapters. Most of
Minkowski’s classical theorems are presented, as well as some recent
reduction methods. The fourth chapter discusses the problem of embedding
an equation order into its maximal order, thereby establishing the arithmetical
background of a given equation. An algorithm for the computation of an
integral basis of an algebraic number field is included. A local account (using
valuation theory and the theory of algebraically ordered fields) of the
Hilbert—-Dedekind—-Krull ideal theory is part of the exposition.
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Preface ix

The last two chapters deal with the main difference between arithmetics
of the rational numbers and of the higher algebraic number fields. Chapter 5
gives a logarithm free proof of Dirichlet’s famous unit theorem. It is followed
By developing several methods (some new ones) for the computation of the
roots of unity and of a full system of fundamental units of an order. In
chapter 6 the maximal order of an algebraic number field is studied as a
Dedekind ring. We then present efficient methods for the computation of the
class number and the class group of an algebraic number field. Primarily
they are based on a normal presentation of an ideal by two elements and a
fast method for solving norm equations, both of them developed only recently.
As an Appendix we present several tables with numerical data concerning
the calculation of Galois groups, integral bases, unit groups and class groups.

Chapters 1-4 are essentially self-contained, using only formal results but
no conceptual theory of other chapters. The last two chapters rely on the
knowledge of parts of chapters 3 and 4; chapter 6 also on parts of chapter
5. Throughout this book, we only assume that the readers have a proper
basic knowledge of algebra. Should they not be familiar with some topic
supposed to be known they will certainly find it in the book on algebra by
S. Lang to which we refer quite frequently in the early chapters. We have also
provided a bibliography for each chapter at the end of the book.

We hope to succeed in encouraging some of our readers to engage in
enlightened experimentation with numbers and obtain deeper insights into
their structure.

M. Pohst
H. Zassenhaus 1987

Preface to paperback edition

Since the first edition of this book in 1989 algorithmic algebraic number
theory has developed rapidly. In order to keep the changes to a minimum
I have mainly corrected the many typos and errors which have been found.
The new developments are sketched in a new chapter with numerous
references.

Unfortunately, my coauthor Hans Zassenhaus, one of the pioneers of
computational algebraic number theory, passed away on 21 November,
1991. The mathematical community lost one of its outstanding members

and a great person.
M. Pohst
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SYMBOLS USED IN THE TEXT

Symbols used throughout the book are listed in connection with the
mathematical terms with which they are associated in the text.

Arithmetic

d;; is Kronecker’s symbol; it is one for i =j, zero otherwise;

sign (x) is one for x > 0, minus one for x <0, 0 for x =0, | x| = sign(x)x;

Lx] denotes the largest integer less than or equal to x;

[x7 denotes the smallest integer greater than or equal to x;

{x} denotes the integer closest to x, for x + €Z it is either x + § or x — 3;

a|b means that there is an element c satisfying b = ac;

alb means that there is no element ¢ satisfying b = ac;

p*l|b means that p*|b and p**!/b;

ged denotes the greatest common divisor;

lcm denotes the least common multiple;

glb denotes the greatest lower bound;

a = bmod ¢ means that c|(a — b);

a = Q(a,b)b + R(a,b) denotes division with remainder in a Euclidean ring;

ged(a,b) = X(a,b)a + Y(a,b)b denotes a presentation of the ged in a
Euclidean ring;

Re(a),Im(a) real, respectively imaginary part of aeC;

max {a,,...,a,} denotes aeR satisfying ae{a,,...,q,} and a=q; (1 <i<k).

Functions and mappings

I, o, u denote the Gamma function, Euler ¢-function, Mdbius u-function,
respectively;

id = 1 identity mapping, 1 also the identity permutation;

ker denotes the kernel of a homomorphic mapping;

D, derivation with respect to the variable ¢
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xii Symbols used in the text

N, Tr norm, respectively trace;
ind index in finite fields.

Groups

S, symmetric group on n letters;
A, subgroup of S, consisting of all even permutations;
B, the Klein Four Group;
Hol the holomorph of a group;
x denotes the semidirect product of two groups;
! denotes the wreath product;
D,, dihedral group on n letters;
ord(x) order of the group element x.

Matrices

I, denotes the n x n unit matrix;

diag(ay,...,a,) denotes the n x nmatrix (a;), (<, With a; = a;(1 <i<n)and
a;;=0for i #j;

det (M) determinant of the matrix M;

H(M) Hermite normal form of the matrix M;

GL(r,Z), SL(r, Z) general linear group, special linear group of degree r.

Orders

D(A/R) discriminant ideal of the R-order A;

Do(A/R) reduced discriminant ideal;

AR(A) arithmetic radical;

€(A/R) elementary ideals (ieZ>°;

R(A/R) exponent ideal;

(A:R7\) index ideal;

(A:xr0) order ideal;

Tor (A/R) set of all x of A for which there exists a non-zero divisor A€ R such
that Aix =0.

Polynomials

d(f) discriminant of the polynomial f;

deg(f) degree of f;

1(f) denotes the coefficient of the term of f of highest degree;
Res(f,g) resultant of the polynomials f,g;

P, principal polynomial of £ over @;

M, minimal polynomial of ¢ over Q.
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Symbols used in the text xiii

Rings and fields

C(R) center of the ring R;

Q(R) quotient ring of R;

J(R) Jacobson radical;

NR(R) nilradical;

PID principal ideal domain;
[A/B] = {xeR|xB < A} for subsets 4, B of the ring R;
~ R-isomorphic;

+ inner direct sum (see 1. (3.8));
@ direct sum;

®pg tensor product over R;

F* = F\{0} for fields F.

Algebraic number fields F
o = Cl(Z, F) ring of algebraic integers of F;
dr discriminant of F (respectively of og);
BY jth conjugate of feF;
U(R) unit group of the order R of F, Up:= U(op);
TU(R) torsion subgroup (elements of finite order) of U(R);
Reg (U(R)) regulator of U(R), Reg; = Reg(Upg);
I semigroup of R-fractional ideals of the order R of F;
Hy group of principal R-fractional ideals;
hg class number of R, hp:=h, ;
Cly class group of F;
a~pf < a/feU(R),
R = {feog|fA <= A} for subsets A of o.

Special sets of numbers

N, P, Z natural numbers, prime numbers, rational integers, respectively;
Q, R, C rational numbers, real numbers, complex numbers, respectively;
F, finite field of g = p” elements (peP,neN), F,=Z/pZ=17/p;

Z=" all xeZ subject to x < m (analogously Z>",Z<™ Z>™);

[a,b] interval of real numbers x satisfying a < x <b.

Other

|S|=#S denotes the number of elements of the set S;

I Jidenotes the norm of a vector;

{§) denotes the generation of a subgroup, subring, etc. by the elements of
the set S;

lim =lim;

t1 t—=1
t>1

O marks the end of a proof.
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Xiv Symbols used in the text

We refer to a formula or theorem of the same chapter by its number (m.n),
where m denotes the number of the corresponding section and n the number
within that section. Formulae of different chapters are referred to by also
listing the number of that chapter, for example 2 (11.12).
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