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absolute integral closure, 382
acyclic complex, 23
acyclicity criterion, 24, 25, 27, 351
admissible grading, 260
affine algebra, 416417
affine hull, 224
affine semigroup, 256
simplicial, 269
affine semigroup ring, 256-263, 305
and regularity, 263

Cohen-Macaulay property of, 269

graded prime ideals of, 261

local cohomology of, 266269
affinely (in)dependent, 225
a-invariant

free resolution and, 141

of a Veronese subring, 144

of a Cohen-Macaulay ring, 141

of a Gorenstein ring, 140

of a positively graded algebra, 176

of a simplicial complex, 222
a-invariant

and F-rationality, 405
Alexander duality, 241

algebra structure on a resolution, 121

algebra with straightening law, see
graded ASL

alternating graded algebra, 40
alternating homomorphism, 120
analytic deviation, 202
analytic spread, 190

inequalities for, 191
analytically independent, 190
antiderivation, 43
Artin’s approximation theorem, 340
*Artinian, 142
ASL, see graded ASL
associated graded module, 6, 7, 182

444

associated graded ring, 6, 182, 303
dimension of an, 185

augmented oriented chain complex,
229, 266

Auslander’s conjecture, 365

Auslander—Buchsbaum formula, 17

Auslander—Buchsbaum-—Nagata
theorem, 70

Auslander-Buchsbaum-Serre
theorem, 66

Bass number, 101-103, 135, 138,
372-375
Bass’ conjecture, 96, 374
Betti number, 16, 17, 367-371
and characteristic, 243
fine, 240
graded, 37
bidual, 19
big Cohen—Macaulay algebra, 347,
382
big Cohen—Macaulay module, 323,
334, 336
balanced, 342-346, 352
completion of, 343
big rank, 360
boundary complex, 224
Boutot’s theorem, 293
Briangon—Skoda theorem, 391-393
Bruggesser—-Mani theorem, 228
Buchberger algorithm, 158
Buchsbaum ring, module, 86
Buchsbaum-—Eisenbud
acyclicity criterion, 23-25, 351
structure theorem, 121

canonical element theorem, 359, 361,
366
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canonical module, 107-120
and finite extension, 112
and flat extension, 115-116, 118
and ground field extension, 120
and polynomial extension, 118
and power series extension, 118
class of, 315
completion of, 110
existence of, 111, 113
free resolution of, 113
is divisorial ideal, 117
localization of, 110
modulo regular sequence, 110, 118
of a graded ring, 136-144
of a non—Cohen—Macaulay ring,
134
of an Artinian algebra, 113
rank of, 117
uniqueness of, 109
*canonical module, 139-144
existence of, 141, 143
localization of, 140
modulo regular sequence, 141
uniqueness of, 139
catenary, 62
Cech complex
modified, 130
cell complex, 264-266
chain, 208
character, 279
inverse determinant, 279
class group, 315
of a localization, 315
of a polynomial extension, 315
of a positively graded algebra, 315
closed half-space, 223
codimension
conjecture, 366
of a complex, 352, 361, 368, 370
of an ideal, 413
coeflicient field, 419
Cohen’s structure theorem, 419
Cohen-Macaulay approximation, 119
Cohen—Macaulay complex, 210, 219,
346
and base ring, 222
and links, 237

445

doubly, 252-254
level, 240, 252
topological characterization of, 239
type of, 240
upper bound for h-vector, 213
Cohen-Macaulay module, 57-65, 68,
69
and completion, 60
and flat extension, 60
and polynomial extension, 60
and power series extension, 60
big, see big Cohen—Macaulay
module
graded, 64
localization of, 58
maximal, 57, 73, 108
modulo regular sequence, 58
multiplicity of, 197
Cohen—Macaulay ring, 57-65, 68, 96,
367, 374
see also Cohen—Macaulay module
and F-rationality, 394
and associated graded ring, 186
and base field extension, 61
and faithfully flat extension, 64
and Reynolds operator, 282
graded, 64
is universally catenary, 62
one dimensional, 192
unmixedness of ideals in, 59
Cohen-Seidenberg theorems, 414
coideal in a poset, 312
*complete, 142
complete intersection, 73-85, 96, 119,
367
and flat extension, 77
and ground field extension, 77
and polynomial extension, 77
and power series extension, 77
graded, 85
localization of, 76, 77
locally, 77-78, 85
modulo regular sequence, 76
complete intersection defect, 77
complete local ring, 62, 113, 133,
418-419

completely integral, 186
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completely integrally closed, 186

complex with finite length homology,

324, 327, 329, 362

cone, 230, 258
convex

combination, 223

hull, 223

set, 223
cotangent module, 200
cover, 215
cross-section, 262
cyclic polytope, 226-227

decomposable module, 100
Dehn—Sommerville equations

for Euler complexes, 238

for polytopes, 228, 229
dehomogenization, 38-39, 73
depth, 8-16, 96, 353

and dimension, 12

and Ext, 11

and finite extension, 15

and flat extension, 13

and projective dimension, 16-18

of a non-finite module, 350

of completion, 60
determinantal ring, 306, 311-318

a-invariant of, 317

canonical module of, 316

Cohen—Macaulay property of, 312

dimension of, 312
Gorenstein property of, 316
normality of, 312
of alternating matrix, 318
of symmetric matrix, 317, 318
Serre condition (R;) for, 315
diagonalizable group, 279
difference operator, 148
dimension, 304, 303, 365, 412418
and flat extension, 415-416
and polynomial extension, 416
and power series extension, 416
inequality, 418
of completion, 60
*dimension, 35
direct summand theorem, 356, 361
divisible module, 91
divisor class group, see class group

Index

divisorial ideal, 315
doset algebra, 318
d-sequence, 202
dual, 19

edge, 208
Ehrhart
function, series, 275
quasi-polynomial, 276
embedded deformation, 200
embedding dimension, 74
equicharacteristic local ring, 419
equidimensional, 383
equimultiple ideal, 202
essential extension, 97
maximal, 98
proper, 97
*essential extension, 136
proper, 136
Euler characteristic
and multiplicity, 195
and multiplicity symbol, 193
of a simplicial complex, 212, 231
reduced, 231
of the Koszul homology, 193
partial, 197
Euler complex, 238
f-vector of, 239
Euler relation, 229
Evans—Qriffith syzygy theorem, 371
excellent ring, 382
expanded subsemigroup, 290
expected rank, 24, 351, 353, 370
exterior algebra, 4043, 79, 80
of free module, 42
of graded module, 43
exterior power, 41, 53-54

face lattice, 224, 262

face of a cell, 264

face of a simplicial complex, 207
dimension of, 207

face ring, 209

facet of a simplicial complex, 208

factorial ring, 70-72, 117, 315

F-finite ring, 398

fibre, 414

filtered ring, 182
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filtration, 182
Noetherian, 183, 184
separated, 183
strongly separated, 183
fine grading, 210
finite flat dimension, 87
finite regular cell complex, see cell
complex
F-injective ring, 401
first deviation, 75, 76
Fitting invariant, 21-23
of maximal ideal, 84
flag variety, ASL property of
coordinate ring of, 311
form, 28
initial, 186
F-pure ring, 406
fractionary ideal, 119
F-rational ring, 393
and Cohen—Macaulay property, 394
and completion, 400
and flat extensions, 398
and localization, 395, 397
and pseudo-rationality, 404
Gorenstein, 395
graded, 398
is normal, 394
modulo regular element, 397, 401
F-rational type, 405
F-regular ring, 385-386
see also F-rational ring
Frobenius functor, 327-331
flatness of, 330
Frobenius homomorphism, 327
action on local cohomology,
400402
Frobenius power, 328
F-stable, 402
full subsemigroup, 263
function of polynomial type, 148
f-vector, 209
and h-vector, 213

Gauss’ lemma, 315

general linear form, 163

generic flatness, 297

generically complete intersection, 200
generically Gorenstein, 117, 179

447

geometric realization, 225
G-graded ring, 210
going-down, 414, 415
going-up, 414, 415
Gordan’s lemma, 259
Gorenstein complex, 243-246
and Euler complex, 244
simplicial sphere is, 246
topological characterization of, 244
Gorenstein ideal, 120
of grade three, 121
Gorenstein ring, 95-97, 102, 112, 118,
119
and flat extension, 116
and associated graded ring, 186
and faithfully flat extension, 120
defined by monomials, 181
extremal, 155
graded, 143
is Cohen—Macaulay, 102
localization of, 95
modulo regular sequence, 95
of dimension one, 119
of dimension zero, 107
ring of type 1 is, 374
type of a local, 102
Gotzmann space, 173
Gotzmann’s theorem
persistence, 172
regularity, 169
Grobner basis, 158
grade, 8-16, 27, 36
and acyclicity, 23, 351
and dimension, 58
and exact sequence, 11
and Ext, 10
and height, 13, 59
and Koszul complex, 50-52
formulas for, 11
of a module, 12, 25, 366
of a non-finite module, 348-354
graded algebra, 28
graded ASL, 301
Cohen—Macaulay property of, 305
discrete, 304
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graded Hodge algebra, 300
Cohen—Macaulay property of, 304
discrete, 301
Gorenstein property of, 304

graded ideal, 28

graded module, 27-39
category of, 28, 38
depth of, 33, 36
dimension of, 32, 39
grade of, 36
projective, 36
projective dimension of, 36
support of, 30
type of, 33

graded ring, 27-39
Noetherian, 29
polynomial ring as, 28
trivial, 29

graded submodule, 28

Grassmannian, 306
ASL property of coordinate ring

of, 307

Grothendieck’s condition (CMU), 62

G-subspace, 292

g-theorem, 255

height, 412, 413
Henselian local ring, 339
Henselization, 340
Hilbert function, 147
of a positively graded algebra, 174
and f-vector, 212
and graded free resolution, 153
higher iterated, 150
of W45 246
of a Z"-graded module, 211
of a Gorenstein complex, 246
of a graded Gorenstein ring, 177
of a homogeneous complete
intersection, 181
of a homogeneous ring, 157
of a one dimensional homogeneous
domain, 181
of an Euler complex, 246
of the *canonical module, 176, 177
Hilbert polynomial, 149
coefficients of, 151
Hilbert quasi-polynomial, 175

Index

Hilbert ring, 417
Hilbert series, 147

see also Hilbert function
Hilbert’s Nullstellensatz, 417
Hilbert’s syzygy theorem, 69
Hilbert—Burch theorem, 26
Hilbert-Samuel function, 188
Hilbert-Samuel polynomial, 188
Hochster’s finiteness theorem, 336-342
Hochster-Roberts theorem, 292, 386
Hodge algebra, see graded Hodge

algebra

homogeneous

algebra, ring, 29, 147

component, 28

element, 28

homomorphism, 28

of degree i, 33

localization, 31

system of parameters, 35, 37
homogeneous socle, 142
homogenization, 39
homological height theorem, 363
h-vector, 212-214

of a homogeneous

Cohen-Macaulay algebra, 166

of a level ring, 179

of an integral polytope, 277
hyperplane, 223
hypersurface ring, 298

I-adic filtration, 182
ideal generated by monomials, 181
ideal in a semigroup, 257
primary, 257
prime, 257
radical, 257
radical of, 257
ideal of definition, 188
ideal of minors, 21-23
ideal of the principal class, 59
incidence function, 264
indecomposable module, 100
indiscrete part, 302
injective dimension, 92-95
and localization, 92
finite, 94, 119, 374, 375
modulo regular sequence, 94
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‘injective dimension, 138
injective hull, 97-101, 103, 107
localization of, 99
*injective hull, 136
injective module, 88-92
decomposition of, 100
direct sum of, 90
localization of, 90
*injective module, 136-139
injective resolution, 91, 96
minimal, 99, 101
“injective resolution, 138
integral closure of an ideal, 388
of monomials, 393
integral dependence on an ideal,
387-391
and on a ring, 393
valuative criterion for, 390
integral extension, 414415
integral over an ideal, see integral
dependence on an ideal
integral polytope, 276
intersection multiplicity, 366
intersection theorem, 361-367
improved new, 362, 366, 371
new, 329, 362, 366
Peskine—Szpiro, 365
Serre’s, 364, 367
invariant of a group, 278

join, 221

Koszul algebra, 83

and the canonical module, 127

of a complete intersection, 78—85

of a Gorenstein ring, 125, 127
Koszul cohomology, 45, 131
Koszul complex, 43-54, 74, 75, 85

algebra structure on, 44

and flat extension, 46

and grade, 50-52

as an invariant, 52

functorial properties, 48

of a sequence, 46

of regular sequence, 50

rigidity of, 54

449

Koszul homology, 44—54, 348, 368

algebra structure on, 44

and cohomology, 48

and flat extension, 46

annihilator of, 326

exact sequence of, 49

functorial properties of, 47
Krull dimension, see dimension
Krull’s principal ideal theorem, see

principal ideal theorem

leading monomial, 157
lemma of Rees, 94
lemme d’acyclicite, 27
length of a module
and flat extension, 15
length of a poset, 215
level ring, 179, 240
lexsegment, 158
ideal, 161
line segment, 223
line shelling, 228
linear algebraic group, 278
linear resolution, 169
link, 232
local cohomology, 127-136, 372
and depth, 132
and dimension, 132
annihilator of, 323-327
canonical element in, 357-361
functors, 128
of a Gorenstein ring, 129
vanishing of, 132
local duality, 133, 134
for graded rings, 141-144
*local ring, 35-37, 64, 72, 85
locally free module, 136
locally upper semimodular, 215
lying over, 414

Macaulay

coeflicient, 160

representation, 160
Macaulay’s theorem

on Hilbert functions, 162

on order ideals of monomials, 156
Matlis duality, 103-107

for graded modules, 143
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*maximal, 35
minimal
complex of length s, 353
free resolution, 16
graded, 36
multiplicity, 191
number of generators, 16
presentation of a local ring, 74
reduction, 190
system of generators, 16
homogeneous, 36
m-linear resolution, 155
modification, 331-336
non-degenerate, 331
of type s, (51,--.,5), 331
module of semi-invariants, 279
Molien series, 283
Molien’s formula, 284
monomial theorem, 354
monomial with exponent, 300
support of, 300
multiplicity, 150, 277
and Cohen—-Macaulay module, 197,
199
and rank of a module, 197
of a (non-graded) module, 188
symbol, 193
system, 192

Nagata’s theorem, 315
Nakayama’s lemma, graded variant,
39
neighbourly, 227
Noether normalization, 416
graded, 37
in complete local ring, 419
normal domain, see normal ring
normal ring, 71-72, 117
as direct summand, 357
ring of invariants is, 279
normal semigroup, 290
normal semigroup ring, 257-261,
270-278
canonical module of, 272, 273
Cohen—Macaulay property of, 272
Gorenstein property of, 274
local cohomology of, 271
normal vector, 223

Index

normality criterion, 71, 73, 187

numerical semigroup, 178
conductor of, 178
symmetric, 178

octahedron, 208

order complex, 208

order ideal of a module element, 360,
368

order ideal of monomials, 156

orientation of a module, 47

oriented simplicial complex, 229

perfect ideal, see perfect module
perfect module, 25-27, 366
Cohen—-Macaulay property of, 59,
68, 69
Pfaffian, 120
ideal, 318
Pliicker relation, 307
Poincaré
algebra, 125
duality, 124-127
series, 87
polyhedral set, 223
polyhedron, 223
f-vector of, 224
combinatorial equivalent, 224
dimension of, 224
edge of, 224
face of, 224
facet of, 224
subfacet of, 224
vertex of, 224
polynomial ring
ASL property of, 310
polynomial ring over a field, 69, 72
polynomials with coefficients in a
module, 5
polytope, 223, 224
f-vector of, 229
see also polyhedron
simplicial, 225
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poset, 208 reduced singular homology
bounded, 215 and simplicial homology, 231
graded, 215 and cell complex, 266

locally upper semimodular, 305
of minors, 306
pure, 215
shellable, 215
positive cone, 262
positive semigroup, 259
positively graded algebra, ring, 29, 37,
287
Noetherian, 29
prime avoidance, 8, 34
principal ideal domain, 96
principal ideal theorem, 359, 364, 412
projective dimension, 16-18, 25
finite, 66, 69, 119, 365, 367, 375
projective module, 20
projective resolution, 16
pseudo-rational ring, 393, 403
and rational singularities, 402-405
pseudo-reflexion, 285
pure
extension, 293
subring, 293
pure resolution, 153
pure subring, 406

quasi-polynomial, 174
quasi-regular sequence, 5-8, 52, 342

rank
of a homomorphism, see rank of a
module
of a module, 19-21, 27, 54
of a poset element, 215
of a semigroup, 257
with respect to a module, 351
rational
cone, 258
half-space, 258
polytope, 258
real projective plane, 236
reduced simplicial (co)homology, 230
relative, 241

of a sphere, 231
reduction ideal, 189, 388
reduction to characteristic p, 65, 296,
336, 363
Rees ring, 182
and reduction ideal, 189
dimension of, 185
extended, 182
minimal prime ideals of, 184
reflexive module, 19, 27, 107
regular element, 3, 9, 21
regular equational presentation, 337
regular local ring, 65-73, 97
as a direct summand, 354-357
associated graded ring, 66
Cohen—Macaulay property of, 66
completion of, 65
factoriality of, 70
localization of, 67
normality of, 71
of characteristic p, 330-331
regular ring, 68-73, 96, 97
and ground field extension, 70
and polynomial extension, 69
and power series extension, 69
graded, 72
positively graded, 72
regular sequence, 3-8, 15, 67, 79, 342
and completion, 4
and finite projective dimension, 365
and flat extension, 4
and localization, 4
and system of parameters, 12
homogeneous, 34
of 1-forms, 35
regular system of parameters, 65, 79
regularity (Castelnuovo-Mumford),
168
Reisner’s criterion, 235
relative interior, 225, 261
representation of a group, 278
resolution with algebra structure, 82
reverse degree-lexicographic order,
156

© Cambridge University Press

www.cambridge.org



http://www.cambridge.org/0521566746
http://www.cambridge.org
http://www.cambridge.org

Cambridge University Press

0521566746 - Cohen-Macaulay Rings, Revised Edition

Winfried Bruns and Jurgen Herzog
Index
More information

452

Reynolds operator, 281, 282, 292
ring of characteristic p, 327
ring of invariants, 278-298
a-invariant of, 296
and regularity, 287
canonical module of, 280, 285, 296
Cohen—Macaulay property of, 280,
283,292
complete intersection property of,
290
Gorenstein property of, 281, 285,
296
of a diagonalizable group, 279-281
of a finite group, 281-291
of a group of pseudo-reflexions,
286291
of a linearly reductive group,
292-297
ring of type one, 374

saturation, 168
second deviation, 81
self-dual complex, 48
semi-invariant of a group, 279
separable, 70
sequence, see regular sequence
Serre’s condition (R,), 71, 73
Serre’s condition (S,), 63-64, 71, 73
Serre’s normality criterion, 71
shellable complex, 214-221
h-vector of, 218
is Cohen—-Macaulay, 217
shelling, 214
of a polytope, 228
simplex, 208, 225
simplicial complex, 207
acyclic, 230
connected, 222
constructible, 219
core of, 244
dual, 241
of a simplicial polytope, 225
pure, 210
restriction of, 241
shellable, see shellable complex
simplicial sphere, 237
singular locus, 382
skeleton, 221

Index

small support of a module, 345
socle, 15, 79
solution of height n, 336
split acyclic complex, 23
standard basis, 158
standard monomial, 301
standard representation, 302
Stanley’s reciprocity law, 275
Stanley—Reisner ring, 209, 301
and punctured spectrum, 237
canonical module of, 246-254
Cohen-Macaulay property of, see
Cohen—Macaulay complex
dimension of, 210
Gorenstein property of, see
Gorenstein complex
homogeneous system of parameters
of, 220
local cohomology of, 232-236
minimal prime ideals of, 210
of order complex, 304
Stanley—Reisner rings
Betti numbers of, 240-243
star, 232
straightening law, relation, 301
on poset of minors, 306-311
superficial element, 192
superheight, 363
support
of a monomial, 211, 300
of an element a € Z", 211
supporting hyperplane, 224
symmetric ASL, 311
system of homogeneous linear
diophantine equations, 274
system of parameters, 334, 336, 354,
413
and multiplicity, 195
syzygy, 16, 64
rank of, 367-371

test element, 398-399

tight closure, 378
and completion, 381, 399
and integral closure, 391-393
and localization, 381, 396
and module-finite extension, 381
and regular rings, 383
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and system of parameters, 384

of m-primary ideal, 385
of a principal ideal, 392
tightly closed ideal, 378

primary component of, 387

torsion module, 19

torsion-free module, 19, 26, 27

torsionless module, 19, 27
torus, 279

transpose of a module, 27
transversal, 262
triangulation, 231

trivial extension, 118

type of a module, 13-15, 102, 103, 114

and flat extension, 13
and localization, 115

UFD, see factorial ring
universally catenary, 62
unmixed ideal, 59, 63
unmixed ring, 63

453

upper bound theorem
for polytopes, 227
for simplicial complexes, 237-240

valuation ring, 390
vanishing of Exty (M, wg), 135
Veronese subring, 144
vertex, 207
scheme, 225
visible, 270
volume of a polytope, 277

weak sequence, see weakly regular
sequence

weakly F-regular, see F-regular ring

weakly regular sequence, 3-9, 50, 353

x-regular module, 3

Z"-grading, 210
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